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CHAPTER XII 


THE OLDER GERMAN ELASTIOIANS E NEUMANN, 
KIRCHHOFE AND CLEBSCH 


Section I 
Franz Neumann 

[1192] We have alieady had occasion to deal with three 
important memoirs of F Neumann s, which fall into the peiiod 
occupied by our first volume and we have now to tuin to a work 
of his which, if only published in 1885, still in substance mainly 
belongs to the years 1857-8 To Fiaiiz Neumann’s teaching m 
Konigsberg is due much of the impulse which mathematical 
physics leceived iii the fifties in Germany, the most distinguished 
German physicists of the past foity years have been nearly all 
pupils of Neum inn’s, and this icmark is specially true in the field 
of elasticity Of those who attended his lectuies on this subject 
and received piobably from him their fiist stimulus to original 
investigations, wc mi) name Kirchhoff, Stiehlke, Clebsch, Bor- 
cliaidt. Call Ntuminn and Voigt as imong the moie impoitant^ 
Franz Neum inn’s lectuies on elasticity were given in Komgsbeig 
at different times fiom 1857 to 1874, and m 1885 weie published 
under the supei vision of 0 h Meyer of Breslau with the title 
Voilesungen uhei die Theone dei Flubticttat dei festen Koiper 

1 0 I Mtyci includes m the list Von dei Muhll, Mmnigerode Zoppntz, 
Grehnng, baalschutz, Wangeim and Baumgarten see preface to the VorUi^xingen, 
S viii 
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imd des Lichtathers The volume contains xxii-f- 374 pages, and 
IS based on the notebooks of the brothers L and 0 E Meyer for 
the years 1857-60, and those of Baumgarten and W Voigt for 
the years 1869-74 According to the Editoi the work contains 
all that was of importance in Neumann’s lectures The exact 
amount of originality in the several investigations I shall endeavour 
to point out in the course of my analysis, and I content myself 
here with the followmg remarks from the preface 

Zm den Gebieten, mit welchen Professor Neumann sioh in jungeren und 
spateren Jahren mit besonderer Vorliebe beschaffcigt hat, gehort auch die 
Theone der Elastioitat , es konnte daher nicht fehlen, dass seine Vorlesungen 
uber diesen Gegenstand haufig eigene Arbeiten betrafen Seinem ausgespro 
chenen Wunsche, dass alle in verschiedenen Semestem vorgetragenen eigenen 
Untersuchungen m dieses Werk aufgenommen werden sollten, bin ich gern 
soweit nachgekommen, als es mir zu erreichen moghch war (S v-vi) 

The work is divided into twenty-one sections of which we note 
the important points in the following articles 

[1193] In Section 1, Einhitung (S 1-7), we have first some remarks 
on the origin of the theory of elasticity Neumann attributes it not so 
much to a development from the isolated problems of Bernoulli and 
Euler as to the impulse given by FresnePs new theory of light He 
says 

Die exacte Beurtheilung seiner Beobachtungen fiihrte Fresnel zu That 
sachen, welche im geraden Widerspruch standen zu den anerkannten 
Principien der Wellenbewegung in elastischen Medien In der Schallwelle 
ist die Bewegung der Theilchen parallel dem Strahl, die Welle eine longitudi 
nale , Fresnel fand, diss in der Lichtwelle jene Bewegung senkrecht gegen 
den Strahl genchtet, die Welle also eine transversale ist, und dooh soil der 
Unterschied der Eigenschaften beidei Medien, der Luft und des Lichtatheis, 
nur quantitativ, nicht qualitativ sem Die Mechaniker jencr Zcit I lugnetcn 
die Moglichkeit einer solclien Be\\egung, well sie unveitr iglich sti mit den 
hydrodynaniischen Grundgleiclumgen, welche auf elastischo 11 ckt itui lut 
Luft angewandt nur longitudmale Wellen kennen lehien hicsnel, sich 
vertheidigend, machte darauf aufmerksani, dxss moglichei wcise in diesen 
Gleichungen nicht xlle Krafte berucksichtigt sein mochtcn, welche in 
elastischen Medien /ur Wirkung kommon koniien Ei find in der lhat, 
dass in den hydrodynamischon Gleichungen nur solcho inncren Ki ifte 
enthalten sind, welche aus einer Verdunnimg odor Verdichtung des Mediums 
eiitstehen und welche wiedeiuui cine Aeiidenmg dor Dichtigkoit heivorbiin 
gen El stellto sich daher die Fi ige, oh cs in cmem el istischen Medium 
keine andeien Ki ifte gebc, ob in emem solchen System, wie es die Thcilchcn 
eines elistisdicn Korpers bilden, nicht inch Krafte entsteheii konneii lus 
eiiiei Verschiobuiig dei Theilchen, durch welche die Dichtigkeit lucht gcandert 
wird Wie jetzt die Sicheii liegen, ist es leicht, den btandpunkt, luf den 
Fresnel sich stellte, kin zu m ichcn (b 1-2) 

This account of the oiigin of the theoiy of elasticity, attributing it 
to the inability of the hydrodynamical equations to offei any explanation 
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of ■the phenomena of light, has been accepted by several 'wntfe^ (see 
the review of our first volume m the Bude^m des sczeTboes 5 
T 12, p 38, 1888), but it must be disianctly borne m mmd 
the first propounder of the theory was Navier, an elaskman of 
old, or BemouUi-Eulenan school, who both m theory and practice had^ 
frequently dealt with elastic str^ses by the old methods, and whose 
memoir of 1827 was preceded not by optical investigations but by 
researches on the elasticity of rods and plates 

Neumann after bnefiy referring to the labours of Naviei, Poisson 
and Cauchy concludes his first section by defining stress on their lines, 
ne by supposing mter-molecular force central and a function only of 
the central distance 

[1194] The second section is entitled AUg&meine Lehrmtze vb&r 
d%e Druchhrafte (S 8-25) and develops the usual stress equations 
without regard to any molecular hypothesis The third section (S 26- 
36) discusses Cauchy s and Lamp’s ellipsoids of stress and the principal 
tractions without reference, however, to those writeis see our Arts. 
610*, (iv), and 1059* The fourth section entitled Das System der 
Dilatatiomn (S 37-51) deals with the geometry of small stiains, and 
discusses the ellipsoids of strain and the prmcip^ stretches The fifth 
section IS entitled Bez%ehungen zwisehen den Druckkraften und den 
Yerruckungen (S 52-9) It deals only with uncrystalline and pre 
sum ably homogeneous and isotropic bodies Neumann lemarks that 
expel iment shows us that stiess and strain vanish and arise coevally, 
hence he argues that one must be capable of being mathematically 
expressed as a function of the othei He then states that there can 
be no doubt that in uncrystalline bodies the axes of pimcipal stretch 
and principal ti action must coincide, and he continues 


Aus imseiei Aniiahme, diss die DiHtatioiien klciiic (hosseu seien, folgt, 
dass die Druckkrafte, welclie wii xls Fimctioueii jenei aiuusehen haben, in 
der Gcstilt emer Fiitwickeliuig nicli Poteii/eii dcr Dilatatioiieii dirgestellt 
worden koniieii Dx feriier nxdi uiiseiei Aimxhme die Dihtationen so kleine 
Giossen sind, dass wii mu iliic emte Potenz /u boiucksiclitigen braiicheii, so 
musseii die H luptdiuckki iftc linciic huiictioiien dcr Dilxtxtioneu seiii und 
zwai wcrdeii sie, dx sio mit jciieii /u^leich \ei*solixMiiden, ohiie Hinzufugung 
ernes coiistautoii Glicdcs iliueii cinfach piupoitional zu botzen seui (S 62-3) 


Obviously lure Neumann falls into the sime }ion spqmini as Cauchy 
111 his memoii ot 1827 (sc( oui Ait 014*), as Mxxwell iii 1850 (see 
oui Alt 15h)*), 01 liamc ill 1852 (sec our Ait 1051*) Neuniaiiu then 
obtains by ti ansfoi m xtion the oidmaiy stiess stixin lelations and the 
body shift e(piations foi in isotiopic elastic solid He employs A foi 
oui A — B foi oui and Ji foi oui A Fuithci he uses pressuies 
not tractions thioiighout his woik 

The Sections 2-5 of Neumann’s work form an elemental y theoiy of 
elasticity, at least so fu as isotropic bodies ire concerned They do 
not possess any particular advantages in the pieseiit state of our 
science 
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imd des Lichtdthers The volume contains xiiH- 374 pages, anc 
IS based on the notebooks of the brothers L and 0 E Meyer fo] 
the years 1857-60, and those of Baumgarten and W Voigt foi 
the years 1869-74 According to the Editoi the work contain^ 
all that was of importance in Neumann’s lectures The exad 
amount of originality in the several investigations I shall endeavoui 
to point out in the course of my analysis, and I content mysel 
here with the following remarks from the preface 

Zu den Gehieten, mit welchen Professor Neumann sich m jungeren unc 
spateren Jahren nut besonderer Vorliebe heschaffcigt hat, gehort auoh du 
Theone der Elasticitat , es konnte daher mcht fehlen, dass seme Yorlesungei 
uber diesen Gegenstand haufig eigene Arbeiten betrafen Seinem ausgespro 
chenen Wunsohe, dass alle in verschiedenen Semestem vorgetragenen eigener 
Untersuchungen in dieses Werk aufgenommen werden sollten, bin ich gerr 
soweit nachgekommen, als es mir zu erreichen moghch war (S v-vi) 

The work is divided into twenty-one sections of which we notf 
the important points in the following articles 

[1193] In Section 1, Einleitung (S 1-7), we have first some remarks 
on the ongm of the theory of elasticity Neumann attributes it not sc 
much to a development from the isolated problems of Bernoulli and 
Euler as to the impulse given by Eresnel’s new theory of light He 
says 

Die exacte Beurtheilung seiner Beobachtungen fuhrte Fresnel zu That 
sachen, welche im geraden Widerspruch standen zu den anerkannter 
Prmcipien der Wellenbewegung m elastischen Medien In der Schallwelle 
ist die Bewegimg der Theilchen parallel dem Strahl, die Welle eine longitudi 
nale , Fresnel fand, dass in der Lichtwelle jene Bewegung senkrecht gegei 
den Strahl gerichtet, die Welle also eine transversale ist, und doch soil dei 
Unterschied der Eigenschaften beider Medien, dei Luft und des Liclititheis 
nur quantitativ, mcht qualitativ sein Die Mechaniker jener Zeit 1 xugnetci 
die Moglichkeit einer solchen Bewegung, well sie unveitr iglioh sti mit dei 
hydrodynamischen Grundgleichuiigen, welche auf elastische hlussigkeitcn, luj 
Luft angewandt nur longitudmale Wellen kenneii lehien Iicsnel, sicl 
vertheidigend, machte darauf aulmerksam, dass moglichei wcise in diesci 
Gleichungen mcht alle Krafte berucksichtigt sein mochten, welche m 
elastischen Medien zur Wirkuiig kommen komien Ei find in der Ihit 
dass m den hydrodynamischen Gleichungen nur sole he inncron Kriftc 
enthalten siiid, welche aus einer Verdunnung odor Verdichtung des Medium 
entstehen und welche wiederum eine Aenderung der Diclitigkeit hei vorbiin 
gen Er stellte sich daher die Frage, ob es in cinein el istiselien Medium 
keine andeien Krafte gebe, ob in einern solchen System, wic cs die Thcilcheii 
eines elastischen Korpers bildeii, mcht auch Krafte entstehen konnen ui^ 
eiiiei Veischiebung dei Theilchen, durch welche die Dichtigkcit mcht ge indcit 
wird M 10 jetzt die fexchen liegen, ist es loicht, don Stiudpuiikt, luf deii 
Fresnel sich stellte, klar zu micheii (b 1-2) 

This account of the ongm of the theoiy of elasticity, attributing it 
to the inability of the hydiodynainical ei^uations to offei any explanation 
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of the phenomena of light, has been accepted by several 
the review of our first volume in the BvUetvn des sciences 
T 12, p 38, 1888), but it must be distinctly borne m mmd 
■l^e first propounder of the theory was ISTavier, an elastiman of 
old, or Bernoulli-Eulenan school, who both in theory and practice 
frequently dealt with elastic stresses by the old methods, and whose 
memoir of 1827 was preceded not by optical mvestigations but by 
researches on the elasticity of rods and plates 

iN’eumann after briefly referring to the labours of Naviei, Poisson 
and Cauchy concludes his first section by de finin g stress on their lines, 
ne by supposing inter-molecular force central and a function only dE 
the central distance 

[1194] The second section is entitled Allgemeine LehrsoMe ub&r 
die Druckhrafte (S 8-25) and develops the usual stress equations 
without regard to any molecular hypothesis The third section (S 2fi- 
36) discusses Cauchy’s and Lame’s ellipsoids of stress and the principal 
tractions without reference, however, to those writers see our Arts. 
610*, (iv), and 1059^*^ The fourth section entitled Das System der 
Dilatationen (S 37-51) deals with the geometry of small strains, and 
discusses the ellipsoids of strain and the prmcipd stretches The fifth 
section IS entitled Beziehiungen zwisehen den Dmchhraften wnd den 
Verruckungen (S 52-9) It deals only with uncrystalline and pre 
sum ably homogeneous and isotropic bodies Neumann remarks that 
expel iment shows us that stiess and strain vanish and arise coevally, 
hence he argues that one must be capable of being mathematically 
expressed as a function of the othei He then states that there can 
be no doubt that in uncrystalline bodies the axes of puucipal stretch 
and principal ti action must coincide, and he continues 

Aus unserer Aniiahme, d iss die Dilatationen kleine Grossen seien, folgt, 
dass die Druckkrafte, welohe wir ils Fiinctionen jener anziibehen haben, m 
der Gestalt einer Eiitwickeluug inch Potenzen der Dilatationen dargestellt 
werden koiiiieii Dx ftrnei nach uiisciei Aimilime die Dilatationen so kleine 
Grossen sirid, dass wii nur ihto crsto Potcii/ /u borucksichtigeii brauchen, so 
mussen die H luptdiiickki if to line no Imnotionen der Dilxtxtionen sem und 
zwxi woideii sic, dx sic mit jonon /uglcioh xci^soliwindon, ohne Hmzufiigung 
cines oonst niton Gliodcs ilinoii ciiifaoh piopoitional zu setzen sem (S 52-3) 

Obviously hole Neumann falls into the same non sequHm as Cauchy 
in his mcinoii of 1(SJ7 (sc( oui Ait bl4’^), as Maxwtll in lb 50 (see 
oui Alt 15 h)*), ()i Ijimc 111 1852 (set oui Art 1051*) Neumann then 
obtains by ti ansfoi m ition tlu onlinaiy stie ss stiaiii lelations and the 
body shift ^(piations foi in iseitiopic clastio solid He employs A loi 
oui 6^ A~B foi GUI 2/x, xiid J* foi oui A Jbuithci he uses pressures 
not tractions thioughout Ins woik 

The Sections 2-5 of Ncuinanii’s work foi in an elemcntaiy thcoiy of 
elasticity, at least so £ii as isotropic bodies irc concerned They do 
not possess any particulai id vantages in the present state of our 
science 
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[11^5] The sixth section of the work (S 60-6) is entitled 
l)%fferent%algle%chungm It deduces the body-shift equations 
directly by Navier’s method (see our Art 266*) , this method leads to 
uni constant isotropy and avoids all introduction of the stresses In 
starting with Navier’s investigation Neumann adopts the historical 
plan He points out the objections to Navier’s process (S 66 see our 
Arts 531*-2*), and then turns to Poisson’s and Cauchy’s treatment of 
the problem in his seventh section entitled Fo^ 8801 l!s Ahhitung der 
aUgememerh Gleichungen (S 67-79) Neumann's investigation follows 
fairly closely Poisson’s of 1828 He deduces the shift-equations for 
the cases of isotropy and of three rectangular axes of elastic symmetry 
The latter system he speaks of as crystalline, although it is often 
produced by woikmg m bodies without crystallme structure He says 

Zu diesen Krystallen, deren Zahl sehr gross ist, gehoren alle Formen des 
r^laren, viergliedrigen zwei und weighemigen und sechsghedrigen Systems 
mit Ausnahme gewisser, hemiedrischer Formen, bei denen die parallelen 
Krystallflachen fehlen, z B beim regularen Tetraeder Wir nennen diese 
Formen die geneigtflachigen Hemieder Femer findet eine solche sym- 
metnsche Yertheilung mcht mehr statt bei alien Krystallen des zwei und 
einghedrigen und des ein imd einghedrigen Systems (S 75) 

The resulting equations involving six independent constants agree 
with those which would be obtained by substituting the stress sti am 
relations of our Art 117 (a) with the ran constant conditions d=^d', 

^ — ^ % f =f \ in the usual body stress equations 

The seven sections with which we have already dealt belong to the 
1857-8 notebooks Section 8 is taken from a notebook of 1859-60, 
and IS entitled ETitwicksl'ii'ifig d&r GlG%chv/ifigen atos deni PTvncvp df *7 
writielleyi Geschw%7id%gJc6%t (S 80—106) This is a repioduction of 
the method of Carl Neumann’s memoir of 1860 see our Ait 667 
F Neumann, I think, supposes the fust application of the piinciplc 
of nrtual moments to the theory of elasticity to have been made in the 
above memoir, but this is hardly correct see our Aits 268* md 759^ 
The method of the Vorhbungen is somewhat clearer and brnfei thin 
that of 0 Neumann, it is also applied to bodies with throe axes of 
elastic symmetry 

[1196] Section 9 (S 107-20), taken fiom a notebook ot 18^)7 8, 
deals with the theimo elastic equations m the method i)ieviously xdopted 
by Diihamel and Neumann himself We have seen that Neumauu in 
1841 (see oui Ait 1196*) ckimed priority in tlu deduction of tliese 
equations, and the Editor of the Vorlemiigen (S \i) ipjiauntly looks 
upon this section as an oiigmal part of the present woik The it suits 
do not seem to be moie general than those of Diihamel (l8 38 st i 
our Alts 868* and 877*-) and m all cases of doubt, piiouty of liubli 
cation must be decisive 

Neumann like Diihamel limits his equations to the range in winch 
extension is piopoitional to rise in temperature His body sti ess 



1197] 


F NEUMANN 


1 


equations involving thermal effect (2) and (3), S 113, are equivalent to 
Equations (2) of our Art 883*, his surface stress-equations (1) and 
(2), S 114, to Equation (3) of the same article, his remarks on the 
relations between temperature and normal pressure, and between the 
thermo-elastic-constant, the stretch-modulus and the thermal stretch 
coefficient are equivalent to those of Duhamel in our Arts 875* and 
888 * 


[1197] § 58 (S 115-8) IS entitled KrystaZlimsche Forper In 
it Neumann questions whether the thermo elastic constant is in crystal- 
line bodies the same for all directions He suggests equations of the 
form (see our Art 883*) 

/ \ dzx . dq 

/d^v y\ __ dpp d^/z n ^ 

^ dx^ dy^ dz dy^ 

/d?w dyz d^ ^ dq 

in which he assumes, I suppose, the body to have three lectangular 
axes of elastic symmetry, coinciding with the thermal axes The 
surface stress equations will now be given by 

X' = (55 - p^q) cos Z cos m + 55 cos 9^, 


Y' =^'xi cos Z + ( Jy — cos W -I- cos 71, 


Z' = zx cos I + J5 cos 771 + (55 - pg^q) cos 7^, 


so that it is obvious that a rise of temperature is no longei equivalent 
to a uniform surface ti action see our Arts 684-5 


Hierauf beruht die Entscheidung durch die Beobachtung Man bestimmt 
durch directe Messung die Aenderung der Winkel, wenn dei Druck auf die 
Oberflache des Kry stalls geandeit wird, wenn man ihn z B aus dem Drucke 
einer Atmosphire m den von 10 Atmosphaien oder in den luftleeien Baum 
bnngt Auf dieselbe Wcise misst man die Wmkehndeuing, welche durch 
erne Erhohung der Tempeiatui, / B von 0 auf 100 , wird 

Erhalt man beide Mxle ein entspiechendes System von U in kcliiiaei ungen, 
so Sind alle drei W tithe von /3 untoi sich gleith , befolgen die Aendei ungen 
verschiedenc Gestt/c, so sind sie verschieden (S 116-7) 

Neumann then describes a method of making the needful measuie 
ments He cites some exjieiiments of Mitschcrlich^s {Ahhandlungen dei 
Beihn&i Akademu , 1S2'“), S 212) uponcalcspu This mateiial expands 
m the direction of its axis owing to a use ot temperature and contracts 
perpendicular to the axis The stretch for 100 C increase of tempera 
ture was found to be 00286 and the squeeze - 00056 Thus the 
dilatation was 00174 A similai result was exhibited by gypsum 
which in three difftiuit dnections had diffeuut stietclies or squeezes 
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Neum^iaii does not cite any experiments to determine how far the 
thermal results for these crystals are in accordance with those which 
would he produced by unifoim surface tractions He merely remarks 
that rods might be cut in certain directions from such crystals so that 
they would not change their length with change of temperature 

Hier lost also erne krystallinisohe Substanz ein Problem, dessen Lbsung 
oft sehr gewunscht wird (S 118) 

The section concludes with a paragraph deducing the amplified form 
of Fourier's differential equation for the conduction of heat This is in 
accord with Buhamel’s results cited in our Art 883*, Equation (i) 

[1198] The tenth section of the Vorlesmigen is entitled 
Kirchhoffs allgemeine Lehrsatze (S 121-32) Of this section § 60 
reproduces Kirchhoff’s proof of the uniqueness of the solution of 
the equations for the equilibrium of an elastic sohd see our 
Art 1255 § 61 (S 125-8) extends the proof of the uniqueness of 
the solution to the case of vibrations This, I think, had not 
been done by either Earchhoff or Clebsch and is onginal^ 
Neumann, as in the previous paragraph, supposes isotropy We 
will indicate his method of proof If there be two solutions, then 
their difference, given say by the shifts 17, F, TT, must satisfy 
the body- and surface-equations with abstraction of body-force 
and surface-load 

Consider the quadruple mtegral 

/ dxy d^ dyyz\ dV 

V ^ dx^ dy ^ dz) dt 

f ^ ^ dT^ dW\ 

\ ^ dx ^ dy ^ dz) dt] ^ 

which IS zero owing to the body stress equations Integrate the stiess 
terms by paits , the suiface integrals then vanish owing to the surface 
stress equations Substitute for the stresses from the stiess stiain lela 
tions, and the whole will be found a complete diffeiential with legaid 
to the time Integrating out with legard to the time we find 


^ The whole of this section is due to the lectures of 1859-60 and thus precedes 
Clebsoh’s heatise Kirchhoft s investigation was first given m the memoii of 1858 
see our Ait 1255 
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dy) \(h: ^ dy) ^ \dy ^ dx) \j 

Hence it follows that all the squared terms must separately vanish at 
all points of the body We see then that U, V, W are not functions of 
the time and that they can only express a translation and rotation of 
the body as a whole 

[1199 ] § 62 of the Vorlemngm is entitled Y&rallgememenrung des 
Beweisea jut Krystalle It is a not very satisfactory extension of the 
proof of the preceding section to bodies for which the stress strain 
relations are of the form 

^ = a8^+fSy-\-e8g, Ta-diTyf^^ 

yy — fix + hsy + co-gas, 

^ = eca; + dsy + cSg, SJ > 

1 e to bodies for which we com aBmme ra/r'irconstancy and wlmh 
possess three rectangular axes of elasUc symmetry Even if we suppose 
ran constancy, such bodies are by no means the only existmg type of 
crystal Further Neumann’s pi oof depends on the conditions that 

a>p-\-f 6>/-{-«f, od+e (i) 

Neumann demonstiates this as follows Crystals, he states, do not 
according to experiment differ widely from isotiopic bodies, hence we 
must have 

3X = a - K, = 6 - K = c - Kg, 

\ cl — 'OT^= e - zjo =/ — 

wheie Kj, K , Kj, -zv , -zjTj aie veiy small quantities as compared with X 
Hence it follows that the lelations (i) above must be tiue This 
supposes again the limit to be uni constant isotiopy Now the objection 
to this soit of j)ioof IS that relations akin to (i) may hold, and ceitainl^ 
the uniqueness of the solution must hold, foi wood and otlier mateiials, 
in which thoK is no appioicli to isotropy at all Neumann’s concluding 
words would s< cm to suggest that he considered the proposition j)rovtd 
toi all bodies which occur in nituic In a footnote the leinaik is madf 
that the liv^s of double icfi iction lequiic tint iii the case of tlu cthoi 
we should h ivc 

r^^{d + e~f) (ii), 

xnd that siiici dy e, / differ only slightly, iclations (i) must also b( 
satisludfoi the (tlni Tint ulations (n) ne not ibsolutt ly necessai > 

2 


1 L 1 1 II 
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an the elastic jelly theory of the ether has been indicated in our Ai 
J4S A more complete proof of the iinK^uenese of hhe solution of tb 
equations of elasticity is given m Kirchhoff’s VorleswrigeTi^ see our Art 
1240, 1255 and 1278 


[1200] § 63 (S 129-32) belongs to the lectures of 1873- 
It IS an investigation of the elastic energy of the stresses for a 
isotropic solid , it IS so far more general than that to be found i 
the usual text-books, in that it legards possible changes of ten 
perature due to the strain 

Let Z, 7, Z be the body forces at the point a?, y, z of the soli< 
and X\ F, Z' the sui face-load at the element dS of the surface The 
we can deduce from the thermo elastic equations (see our Art 1197) tl 
following relation 


d 

dt 




+ Yv + Zw) dxdydz 


.,du do ^ 


dt 
1 d 




~%Jt [ff ^ ° docdydz 

d6 


//>, 


dt 


dxdydz 


(I'l). 


, dq k ^ dO , . 

dt-c,p^^-\ d, 

(see oui Alt 885*) 

Now if Z', F, Z' are independent of i e the ^mjace load I 
always the same, we may integrate the whole of this with regaid to 
except the last teim of the last line This last can be integrated easil 
in two cases 


(i) Steady tempeiatuie, oi q no function of / We ha\( 

i \\k {{t) ^ cy ^ c?) } 

^JJfp (Z?e 4- 1 ? + Zw) dm d\fdz -h ff (X'u + Yv + Z w) dS 
~^fff{^^ +2/4(9, +<?^ 4-^ Q. + (T /)} d/ d//d^ 

+ ff I Pq6 dxdyd^ (\ ) 

1 The importance of this pioposition lies in the result tliat it an;y jxt) tu uh 
solution be tomicl which satisfies all tht conditions ot an clastic prolili in th 
solution IS the oiih admissible out 
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(u) Suppose we uegleet the fiist term on the right-hand-si^ 
eijuation (iv), as i<M example m Newton’s hypothesis as to the 
of sound, then we have ^ 

I III p {{ty + (ty + ©} 

— flJP + yv + Zvi) dandy dm + / j{X'u + Tv + Z'w) dS 

- 1/// + 2/x (Sa,® + s/ + 8*®) + y, (<r^/+ (r„® + (Taj,®)} dandy dm 

~ I jj dedyda (vi) 

[1201 ] The eleventh section (S 133-163) is entitled An- 
wendungen auf mTcrgstalUnische Korper, and is occupied with the 
application of the equations of bi-constant isotropic elasticity to 
certain simple problems The object of this section, we are told, 
IS to clear up the doubtful points of those theories which starting 
from the molecular hypothesis reach um-constant isotropy Neu- 
mann here, however, does not seem to lay sufficient sti ess on the 
possibility of various distnbutions of elastic homogeneity in the 
rods, wires, hollow cylinders and spheres of which he treats We 
may note one or two points 

(a) He refers (S 136-8) to the experiments of Cagniard de la 
Tour, Regnault, Wertheim and himself on the magnitude of the sti etch- 
squeeze ratio see our Aits 368*, 1321*, 1358* and 736 He himself 
had found that foi iron wue 17 = 1/4 nearly, but that it was neaiei 1/3 
for other substances, which he unfortunately does not specify 

(h) On S 141-2 Neumann gives a theory of Wertheim’s cylinder 
method of determining 17 see oiu Ait 802 He remaiks on the 
extreme importance of ascei taming the value of rj foi tiuly isotiopic 
bodies, as the dt velopment of the molecular theoiy depends so entiiely 
upon it In investigating on S 144-5 the stress in a hollow cvlindoi due 
to internal pic&suie, Ncuin 11111 tikes a sti ess limit of stiengtli ind 
applies the thcoiy of elasticity to luptuic Both steps sdin to m< 
unjustifiable sec oui Aits 5 (a) md (c), 169 (c) and 320-1 

(c) S 146-153 deil with the oft consideied pioblem of the liollow 
spheiicil shell Neuminn discusses Oersted’s theoiy of the pie/onutfi, 
and shows how Colladon and Sturm wfie collect 111 supposing tint a 
hollow spheric il shell with cquil internal iiid txteinal jnessuHs 
contiacts as a solid sphere would do undei the same exteinil piessuie 
see our Arts 68 b*— GOO* He applies the tluoiy to tlu iinonu t( 1 
bulbs, and in paiticulai shows how tlu leading of tlu tluriuometei 
IS lowei with tlu tube in a verticil than with tlu tub( 111 i hoii/ontil 
position owing to the internal pHssuif of tlu quicksilvt i on tlu Imlh 

) 7 
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feeiiig greater m the foriner case He shows by a nnioencal example 
that the difference of the reading m the two positions might amount 
to 2‘^C 

Bei Thermometem, welche Cylinder statt Kugeln haben, ist dieser Fehler 
mcht so bedeuteiid, weil sie in der Eegel eine starkere Wand besitzen 
Hienn hegt emer der Vorzuge der Cyhnderthermometer (S 161) 

The consideration (S 151-3) of the strength of an isotropic 
spherical shell and its comparison with the strength of a cylindrical 
one^ IS for reasons we have frequently referred to, very questionable 
when applied to glass vessels see our Arts 1358* and 119 

(d) § 74 (S 153-5) deals with the problem of an isotropic solid 
elastic sphere surrounded by a shell of different isotropic elastic 
material, to the outer surface of which is apphed a uniform piessure 
Heumann finds that the sohd core will contract more or less than it 
would do, if the external pressure were directly applied to it, according 
as 3A. + 2 /a for the core is greater or less than it is for the shell 

(e) §§ 75-76 (S 155-61) are introduced by the Editor, and give 
methods of determming the elastic constants by torsion and umform 
fleicure (le flexure by a couple) These are practically the methods 
adopted by Kirchhoff and Okatow to determme r) see our Arts 1271-3 
The final paragraphs of this section (S 161—3) entitled Beohachtungen 
zar BesUmmnmg des Verhaltmases der bmdm Elasticitdtsconstanten are 
also mamly due to the Editor and give a short rlsum6 of the vaiious 
experimental determinations of rj due to Cornu, Mallock, Kiichhoff, 
Okatow, Schneebeli, Kohlrausch, Loomis, Baumeister, Rontgon, 
Amagat, W Yoigt, Littmann, and Everett Accounts of the rc 
searches of these writers will be found under then names in oiii 
index, and the results of later lesearclies undei the title stretch squeeze 
ratio We can only lemaik here, that several of them still lea%o open 
to question the true isotropy of the mateiials experimented on, and 
they cannot thus be said to have finally settled the elastic constant 
controversy see our Arts 925*, 932* 192, 800, and 1271 

[1202] The twelfth section is entitled Elasticitat hysUd- 
hmsclm Staff e and occupies S 164-202 This section is taken 
from lecture notes of the years 1873-4 Neumann here i ejects 
the ran-constant equations for crystals with throe axes of elistu 
symmetry such as he had previously adopted m his work, and on 
S 165 expresses the stresses in terms of the strains by linear 
relations involving 36 constants Thus he writes 

Diese 30 FI istiut itsconstxnton Kssen sich nn AILliiiciiicii me lit uif oinc 
gen iigeic An/ ihl /uiuckfulnen Tedoch voiiingoi*t sidi m den illdmeistdi 
Fallen line /ahl soln oilnbluh, wonn dei Kiystill in IWng luf ( im od( i 
melneie Ebenen s^minotiiscli i,(l)ildct ist Nui m den solt< nn \()il oninx n 
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den Fallen des ein- und eingliedrigen Systems, wie z B beam Kupfemtnol, 
Liegt kein theoretischer Grand fin* erne Vermmderung ihrer Ahzahl 
(S 165) 

This statement of course is hardly true, for the principle of 
work leads us at once to the reduction of the 36 constants to 21 
Notwithstandmg this necessary modification (S 179 ftn), the 
section contains a good deal of valuable and, till 1885, unpublished 
work of Neumann The results should be compared with those 
of Eankine see our Arts 450-1 

[1203 ] We reproduce bnefly Neumann’s stress stram relations 
m our own notation and with the additional relations between the 
constants due to Green’s principle see Arts 78, 117, etc 

(a) Crystal with ons plome of elastic symmetry, taken as^that of 
zx {Zwe/h- und einghedrigen oder morwhlmische Krystalh S 168 ) 

= aS{Q 

'yy -^-d^S^ +^20*^, xy =^fo‘{cy 

= d's^ + d*'Sy + GS^ + yz^k O’aj^ + dcTy^i 

^ = h^Sx + h^Sy + h^s^ + 

Neumann has thus twenty constants, but we ought to put 
d\r,d\r^e\f,d',k\ 

and h,, h ', h^ h , K respectively, or leave only thirteen constants 

(5) Crystal with two ylanes of elastic symmetry at right angles, 
taken as zx and yz {Zwei und zweigliedrige Kry stalls S 169 ) 

xjL~as , iiz ^dcTy , 

ini = f"^ ^ ds , j. = e<j ^ , 

^ = d* s + d 'sy + c& , 11 / —Jo" fj 

These L(iuations also hold ioi ciystals with th7ee plants of thstit 
syimuttry, iiid have twelve const xnts accoiding to Neumann, but wt 
ought to put d'^ -d,c ind / " winch leaves only nine const ints 

(c) CiysUd with two cqiud aios, tikeii as those of a ind y 
{Krystalh des oui gliedi igen Systems ) 

IX = as + f'Sy -h f s , >1 do",/ , 

III/ — J ' aSy-\-Gs , « —diT , 

CT - e^s i ’sy ■¥ es , m ~ fer ^ 

Tliese equations accoiding to Neuminn hive sevni const nils, hut we 
ought to put i" so that we hive only sie const ints 



14 F NE0MANN [1204 

(d) Megular Crystcda, or those having three rectangular equal axes 
taken as those of cc, y, » 

= (a — y 0 '^y 

5? = (« -y 0 ^2/ 

^ = (a —y ') +y 

These have three independent constants 

[1204] Neumann now passes to hexagonal and rhombohedral 
crystals 

(e) Hexagonal Crystals {Sechsghedrige Krystalle ) 

Of these Neumann writes 

Es bleiben noch die Krystalle des hexagonalen Systems zu iiiitersuchen 
abng, deren Qrundform die auf einem regularen Sechseck stehende gleich 
seitige Dpppelpyramide ist Die drei Diagonalen dieses Sechsecks bilden die 
drei gleich werthigen Axen der Krystallform, deren vierte Axe von jenen vei 
schieden ist Um die Gesetze dieser Art von Symmetrie auf em rechtwinkliges 
Coordinatensystem zu beziehen, benutzen wir die Formeln [Art 1203 (6)], 
welche gultig siiid, da die beschriebene Krystallform durch drei auf emander 
rechtwinldig stehende Ebenen symmetnsch theilbar ist Dazu kommt als 
zweite Art der Symmetrie, dass eine Drehung um 60 zu einei von der 
urspnmghohen nicht unterschiedenen Stellung fuhrt fS 174) 

Turning the axes of oj, y thiough 60 round z, calculating the 
conespondmg stresses and strains and causing them to hi\c iclitions 
of the same form as m Art 1203 (6), we find that we must have 

a = b, e = df cZ"-e" and d-e 

We thus obtain the system 

Tl-{2f+f’)s^-¥j'by^-eb^^ 

^ + (^y f-y ') *// + ^ j 

-- = e"bj. + + c\, 17/ J{T ,1 

According to Neumann tlicie arc thus const luts ))ut (luins 
piinciplc tells us that e" = e' also, oi leaves only Jivc const ints 

{/) Bhomhohedi al C'lystah 

Neiiminn reniaiks that a similar pioeess to ili it ot {<) cnibhs us 
to obtiin formulae foi a rhomboliedial crystalline system 

dcsseii Giuiidfoim ils oiiic doppclto dicisoitige Pyiamide uif/ul iss( n isi, 
]cdocli mit cmoi solclicn Bcstimiuung ubei dis Geset/ dei SymnKtiK, d iss 
emer llicliG doi oboieii Pyiainide iiielit ciiio gleiche di i untiidi (ntsi)iKlit, 
sondeiii diss eiiic hlichc dci obcion nut emci K ink dei iiiiteu ii Pyi imidi 
uif dcisclbcii Scitc dos Kiystxllos licgt, uiid uiiigekclut tin PliomboLdci 
1 st ilso liiclit duicli iiiehicic luf einuidoi leclitNMiikligo Ebciieii sviiimeti iscli 
thoilbii (fe 176) 


yz — dc^j^y 
= dcr^y 
xy = d(Tj^ 
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l^eumann takes the chief axis of the crystal axis of z the 
►lane of zx perpendicular to the face of one of the pyramids fmd so ^at 
a edge of the second pyramid also lies in li Then zx m ^ (rfy- 
oordmate plane which is one of symmetry, and the formulae hoM^r 
his case A rotation, however, of 120® round ihe axis of z canned 
ffect the form of the stress-stram relations. Tks leads to the reduefi^ 
f (c^) to the types 

XX = ) Sgf. 4 -y + e Sg — yz—Tl 0"a3y + 

S +/') + e'Sg + ^ = K’ {8y - 8^ + 

= e''sg. + e”sy + cSg, =/o’a)w + ^nz 

lere Neumann has eight constants, but Green’s prmciple shows that 
" = e\ and h" = h or leaves only If we put ^ = 0 we obtain 

he hexagonal system as a particular case 

[1205 ] Neumann now turns to some interesting proHems on 
rystals involving the above formulae These problems have been 
he starting-pomt of several important experimental investigations 
)y Voigt, Baumgarten, Coromilas and others, and therefore deserve 
areful study 

^ 85 (S 179-81) IS entitled Zu8am7mndrmhung eims Kry8talls 
Iv/rch allbeit%gen Druch Let p be the unifoim piessure applied to the 
uiface of a ciystal, then the siuface stiess equations will be satisfied if 
ve take 

0.0. = vv = == —p, '7^ — = o// = 0, 

mcl those will obviously satisfy also the body stress ( quations Hence 
L possible and therefore the only solution is to suppose the shifts linear 
unctions of the eooidmatcs x, y, z Suppose we take 

71 — Mh^ v — Ng^ w — 1% 

hen fiom Ait 1203, (tl) we find for a regulai ciystal 

-p/{a + 2J') 

Clius the efleet of uiiifoiiu picssuu on a itgulu eiystal is only to 
h inge its bound uy to a siniilai foim 
Suppose we t ike 

u-Mju, 0 - Mg, w - 

lud ipidy tlusi to the eipiations of o\it 1201 (/) foi i ihoml>ohtdral 
rystil, we hive 

~1>-2U+J) U^,J\ 

-/i-2oM + cr, 

\r p __ p 

Hj -!{(/'+y)^-" 1 


wheiiee 


< — ( 
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Thus the contraction of a rhomhohedral crystal (or of a hexagonal 
since the result does not involve h see our -^t 1204 (e) and (/)) ii 
different for diffeient directions A spherical suiface becomes ai 
ellipsoid of revolution It is also possible, Neumann thmks, that Jk 
and F may be of opposite sign Since f and /' are probably not verj 
different from each other and from e (/=/' on the ranconstan 
hypothesis), this would seem to involve c<e', or a given stretch s 
would have more effect in producing latei’al than longitudinal stresses 
Neumann adds 

Dann wurde der allseitig gepresste Elrystall sich in emer Eichtung zusam 
menziehen, wahrend er sich m einer andern ausdehnt, analog der schonen voi 
Eilhard Mitscherhch gemachten Entdeckung, dass em Krystall durch Er 
warmung sich mcht allem ungleichmassig ausdehnt, sondern sogar in gewissei 
Eichtungen sich zusammenziehen kann (S 161) 

[ 1206 ] Neumann next turns to the still more interesting 
problem of a crystalhne prism m the shape of a right six-face 
under uniform tractive load on a pair of parallel faces 

Suppose a rectangular coordmate system a;, y, z to have relation to th( 
axes of the crystal, and a second I to give the diiections of th( 
sides of the prism, so that the tractive load T is applied to the face* 
paiallel to or in the diiection of ^ Then it will be found thal 
the body stress equations and the surface-stress equations can all hi 
satisfied by taking the stresses equal to the constants as follows 

^=T cos^ (^, x)f vz = T cos (^, 2/) cos (f, z), ' 

Ty-T cos'" (^, y), 7x = :Z^cos (^, z) cos (^, x), . (i) 

zz = T cos^ (I, z), 7ii = T cos (^, x) cos (^, y) 

The shifts are thus lineai and of the foim 
u = Mx + p'y + nz 

= ifa; 4- J ( 2 ; +/) y ^{n->rn)z-\{ 2 ) -p') y + ! ~ >0 ? 

v=jjx + Ny -h m'z 

= ] (p-i-p')c6-h A 2 /+ ] + +[{p~j^)x,^ 

io = 7i'x + 7)iy + Fz 

-\{n+ n') X + \ (m 4 - m') y + - I {71 - 71 ) x + \ — ni)y ^ 

The second method of wiitiog these equations shows th it wt cm oiih 
hope to detemune the six quantities M, A, F, Utu + ' (u + 7 i) 

2 KP'^P ) feubstitutiiig in ( 1 ) j for the tcims with 

I {in - m% ] {n - n'), ] (^; ~p ) 
denote merely a lotation of the piism as a whole 
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Neumann first considers the case of a r^ular crystal We ha\ae at 
once from Art 1203 (c?) 

Fcos^ {i, x) = {a -/') M +f'B, 

T<m^{ly) = {a-f')N+f'd, 

T {iz) = {a -f')P+f% 


whence 


d{m + m') = F(m (i, y) ops (^, i), 

(f (w + »') = 7' cos (^, z) cos (I, (b), 
d{p+!p')=T cos as) cos (|, ji), 

Let be the stretch in the direction r having direction cosines 
772^, with regard to a?, 7 /, then we easily find from our Art 54* 

«r = C0S“ (I, x) + cos" (I, y) + V cos" (|, z) - - 

+^|”h%cos(^,2/)cos(f, «)+%?! cos(^,«)cos(|,a5)+^»nicos(^,a!)cos(|,y)|(m) 

This may be compaied with Neumann’s investigation of 1834 ste 
oui Arts 795*-9* and Comgmda to Yol i, p 3, and compare oui 
Alt 309 

Suppose we wish to find then, = cos (^, x\ = cos (f, ^), 
Til •= cos z) , and after slight reductions we have 


^ {(a^' “ ^ 

This result was published by W Voigt as from Neumann’s lectuies 
(m Poggendo'i ifs Annalen^ E'^ ganzungs Band vii , S 5, 1876) and has 
been cxpeiinicntally vciihed for alum by Beckenkamp Zeitachift fm 
gbtallogiaphie, I3d 10, S 41, 1885 From the above equation we 
find it once Neuniinns biquadrxtic surface for the sti etch modulus 
E^{^TIb^) see oui Ait 799 

In the CISC 111 which the pi ism is cut paiallel to an ixis of the 
crystal, we Imve foi the stretch modulus -S', 

{a + V'){a-J') 

•^0 ~ .11 > 


which value of stands in i simple 1 elation to the dilat itioii modulus 
i^^(Vol I p bb5), deduced from the Equations ( 111 ) of tins iiticle is 

w .«+¥' 
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{1207] Neumann next inveskgates the directions in which the 
stre^h modulus as given by (iv) takes maximum or minimum values 
To obtain these values Neumann transfers to polar coordinates with 
the axis of x as polar axis, or he takes 

cos (^, x) = cos a cos (|, ?/) = sin a cos 0, cos (i, «) = sin a sin 0 

He then obtams the following directions in which the stretch modulus 
is a maximum or minimum, namely the normals to the faces of the 
following geometrical crystalline forms 

(i) The cube ^ 

sin a = 0, 1 ^ a +/' 

cos a = 0, cos 0 = 0, “ (a —J ') (a 

cos a = 0, sin 0 = 0,^ 

(ii) The octahedron \ — 1 

tan‘^a = 2, tanV = l,J 3(^ + 2/') dd^ 

(ill) The rhombic dodecahedion ' 

tan®a=l, cos 0 = 0, 1 a 1 

tan2a= 1, sin0= 0, " 2 {a -/') {a + 2J') ^ 4d 

cosa = 0, tan‘'0=l,^ 

We easily hnd 


(1 


, ./I 

l\ 

'=-(i 

1\ 

2 1 

\Eo 

Eo) 

il 

Ej 

Eo) 

d 


whence the relative magnitudes ol (htei mined 

accoidmg as 2c? is > or < a - f' Since we have + 3/iiy ^ 4/Ay„ we 
cannot determine the thiee elastic constants cc, d by ascei Laming the 
values of the stietch moduli 


[1208] 111 the following paragiaph 69, S 166-90) Neuinaim 

investigates the lateral squeeze which accompiiiKS i loiigitudiii il 
ti action In this case ?i, of oiu Ait 1200 aie sulycet to th< 

condition 

k cob (^, i/) + cos (4 -) 0 ( v), 

and the foimul i (in) of tint article can then be thiown into tlie toim 


- ' M ( 

a-f iy'j ^ 


6 denoting the lateral stretch, which is heie a b(piee/e 


{a) Suppose the piism cut m any way paiallel to ui ixis ol tin 
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4*ysital, then two out of the three are zero and we have from 

M and (vi) 

y- ^ /' 

a-f'a + %f’ 

Hence the stretch squeeze ratio is in this case constant in aU directions 
perpendicular to the traction, and by aid of the value of m Art. 1206 
we see that it is given by 

’?-//(«+/') 

(h) Suppose the traction m the direction of a normal to the octa- 
hedron, then 

cos^ (I, x) = cos^ (^, y) = cos^ (^, z) = 1/3, 
and therefore from (iv) 

This result differs from that given by Neumann on S 189 The stretch- 
squeeze modulus IS here more complex, but is still constant for all 
directions in the plane of the cross section. 

(o) Suppose the traction in the direction of a normal to the 
rhombic dodecahedi on, then cos^ (^, x) = cos® (f, y) = and cos (i, z 
and if X angle the diiection of the squeeze makes with the a^ 

of z wc have 

Thus the squeeze varies with the direction in the cioss-seotion 

[1209 ] 90 (S 190-5) entitled Aendeiung der Winkel eines 

legularen K 7 i/btalh dmek D^mk deduces expressions in terms of the 
elastic constants £01 the chxnges m the angles of a ciystalline pi ism 
under uuifoini longitudinal ti iction By simple optical methods, which 
lu indicitcd by Neumxuii, these changes can be easily measuied and 
we thus have i fuithei means of ascertaining the elastic constants 

Consider a })laiK whose duection cosines with legard to £t, in 
the unstiained condition no given by cosai, cos^i, cosyi, and let 
these iftei sti an become cos (a^ + Saj), cos -h SjSj), cos (yi -h Sy^) 
Then witli the notition of our Art 1206 Neumann easily shows that 

cos (aj 1 = (cos — M cos ttj - 1) COS /?i — ii! cos yi) (/i,) 

cos (/i?, H 8/2j) (^cos /?j - y' cos a, - Acos - m cos yj) <71, (1), 

cos (y, A 8y,) (cos y^ ~ a cos - /M cos ^8^ — P COS y^) Qi ) 

win H (jy IS found by scjuaniig these evpicssions, idding, neglecting tht 
squ ires of sin ill qu iiititus and t iking the root, to be 

(/i - 1 + 1/ cos + A cos y8i + 7* cos yi -f {in + in) cos jSi cos yj 

-I- (/A + 71 ) cos y^ cos ttj 4- {y y) cos cos ( 11 ) 
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Let a second plane be given by cos cos ^2> cosyg in the unstrained 
and cos (a^ + Soo), cos (^3 + 8^2), cos (73 + 873) in the stiained position, 
then we have, if cr, o-q be the angles between the two planes after and 
before strain, from equations of the type (1) 

cos (T = {cos (To - 2 (if cos tti cos cl^ + N cos Pi cos ft + P cos 7i cos 73) 

- (m + m') (cos ft cos 72 + cos ft cos 71) 

- (ri + n!) (cos 7i cos 03 + cos 70 cos Oi) 

- (p +p') (cos oi cos ft + cos og cos ft)} (111), 

where q^ is an expression similar to in (11) but involving ft, 7, 
Neumann takes only the special case when the planes are originally 
at right angles and therefore o-q = 90 ®, cos o*q = 0 Hence, if o' = o-q + 8a-, 
we may replace coso- by -8o-, and substituting the values of the 
constants given m our Art 1206 we reach the result 


2 T 

So- = ^ |cos® (^, x) cos oi cos 03 4- cos® (^, y) cos ft cos ft 

a—f 


T 

+ {cos (4 y) cos (^, ») (cos ft co^ 7, + cos ft^ cos 71) 


+ cos® (^, z) cos 7^ cos 72} 


cos (^, z) cos (^, aj) (cos 71 cos 03 + cos 7, cos a^) 

+ cos (^, x) cos (^, y) (cos cos ft + cos a cos ft^)} (iv) 

Neumann takes two special cases of this 


(1) Change vn angle between the two rectangular Jaceb oj a p'iiinn 
which are parallel to the direction of the traction 

Here 

"• ® *> C 3 * “ C a) + «• -> C r ) - 

hence multiplying these together, we have by (iv) 

/ 2 1 \ 

So- = T "" {cos" (^j cos cos 


+ cos’ (f, y) cos /?j cos p + cos {$, z) cos 7, 00s 7 } (v ) 

If the tiaction be m the diiection ot an axis ot the ciystil 01 ol a 
noimal to the octahcdion, it is easy to shew th it - 0 , it in tlu 
diiection of a normal to the ihombic dodecahedron wo h ivo 


wheie ttj - 90 


b(r = T 




~ a 



COS ttj cos a , 


(11) Change in angle between a loaded Jace oJ the prism and a Jtet 

face 
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Here o,, are (f, x), (|, jr), (^, ») respectively, hence 
and by multiplying these and using (iv) we find 

{o"^ “ 5} ““ 

+ cos® (^, y) cos j8j + cos® (^, ») cos y^} (vi) 

Yanous special cases are deduced from this general formula, S 194-5 


[1210 ] Neumann next indicates methods of dealing with tiie like 
problems m the case of prisms cut jErom rhombohedral crystals He 
takes in § 91 (S 195—9) the case of a umform longitudinal tractive 
load applied to such a prism We have now to solve equations 
like ( 1 ) of our Art 1206, when the values of the shifts (n) in that 
article are substituted in the stress stram relations (f) of our 
Art 1204 Neumann gives the values of if, A, P, w + m', w + 
on S 195, and taking the chief axis of the rhombohedral crystal 
as polar axis, so that 

cos (^, z) = cos y, cos (I, x) = Sin y cos cos (if y) - sin y sm 

he obtains for the stretch in the direction i of the traction T as 
111 Alt 1206 




/'+/ 




whole 


+ ^ sin^ y cos y cos 3<^| 


(vii), 


Thus the lociprocal of the sti etch modulus 1/P^(-S|/P) is given 
for every direction Putting 1/P^ propoitional to l/r^, where r is a 
radius-vectoi we have a biquadratic surface, the properties of which 
Neumann discusses at some length (S 196-9) Peipendicular to the 
chief axis (;:) the cquatoiial section is a ciicle, the section by a plane 
thiough the axis of z making an angle of 30 with the axis of ^ and 
that by tlie pi uu ijz are alike and aie oval curves of the type 


1 -- 11 siii^ y + / cos'* y — /f sin y cos y 

Maxima or minima of 7 arc given by = 0 , GO and 120 , ind loi <^ - 0 
(or foi the plino 1^) these aie investigated by Neumann Tt is found 
that in geneial theie 11 e in that plane three diiections of maximum 
or minimum 7 Expciiments of Baumgai*ten on cxlcspai (Poygnidot ffs 
Bd 1G2, S 369, 1874) and Coiomilas on gypsum and mici 
(Ze%Uclir%fl fill Ki ystallog') a 2 >hief Bd i , S 407) appen to some extent to 
contnm Neumann’s thcoietical losults We note fiom ecpiitiou (vn), 
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however, ooly* Jhur relations between the six constants of a 
rhombohedral crystal can be found by pure tractive experiments 

[1211 1 The next problem dealt with is that of a rhombohedral 
(^stal under unifoim snrfece pressure (§ 92, S 199-200) Substitute 
the values (ii) of Art 1206 in (/) of Art 1204 equatmg the tiactions 
to - p and the shears to zero, we find 

-p = (2/+/') M + f'N +e'P-h{n + n'), 0 = h{p +p') + d{m + m’), 

-p=f'M-k- (2/'+/') N+e'P + h{n + n'), 0 = h (N- M) h (w + n'), 

-p = (‘'M+e’N+eP, 0=f{p+p’)+h{m + m') 

Whence we see that m + m' = n + n' =p +p' = W— M= 0 and 

e-e'-2(/+/'-e') 2 {(/+/') c - e' } ^ 

a result agreeing with that in our Art 1205 

CC Sj 

Further the plane '2'^ conveited by the unifoim pres 

sure into the plane J5(l +if) Cf(TTP)~^’ whence we can 

ly ascertain the change of angle between any two planes as in our 
Art 1209 The dilatation will give the value of 2Jf+P, the change 
in angle can be so taken as to gi\e M-F, whence it follows that M 
and P can be found These are not functions of the coefficients which 
occui in (vii) of our Art 1210 Thus we obtain two fuithei lelations 
to determine the six elastic constants Neumann, who has e%ght and 
not SIX constants, does not shew how the remaining two leKtions 
are to be found He concludes this section with the words 

Eine experimentelle Untersuchung diesor Voihiltnisso umdo inch fui 
die Beantwortung der Frage von Bedeiitung sein, ob die Ausdohnung t inos 
Krystalls diirch Warme und seme Zusxmmoii/iehuiig dmch Al)kiililiing 
denselben Gesetzen folgt, wie seme Formver mdeiung duuli Vcininuh lung 
Oder Steigening des Druckes Fmdet min, diss boidc Voigin^ iii gl( ulu i 
Weise \or sich gehen, und dass dis Verhiltmss \on M /u Ixi hiw unmm, 
denselben constanten Weith annimmt, wolchen os Ixi Ziis imuK luli lu 1 uiig 
besit/t, so wurdo daraus folgon, diss die m § ^8 (soo oui Ait 1 1<)7) /ui 
Definition des thermischcn Dmckes eingefuhiton (Vinstintoii (:i , f’i uk li 
111 einem Kiystalle fui drei A\enrichtun<,cii don glntlun Wdtli Ixsit/di 
(S 200) 

[1212] This section of the lectuies concliuhs with i ])iiigi ipli 
(§ 93, S 201-2) added by the Editoi and entitled Niiuu Ihifa 
mchungemibei the Elasticitat der Krgstalle Tho Fditor icmuks tint 
Neumann, besides the problems on ciystils considered in the pie sent 
lectuie (see oui Aits 1202-11), has also de ilt witli tlie two nnpentint 
pioblems of tlie flexure and torsion of small ])iisms cut in iiiy elire ction 
from a ciystal see our Art 12)0 The results of Ins ust aches 
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been published by W Yoigfc, who has himself written 
v^iluable memoirs based upon l^eumann’s investigations \ whi(^ fall mto 
a later period than that of our present volume 

For rock salt Yoigt has found (last memoir cited in our footnote) in 
terras of the constants for regular crystals given in pur Art 1203, 

a = 4753, /'=1313, d=1292, 

where a stress of one kilogiamme per squaie millimetie is taken as 
the unit Here we have almost exactly f' = d , — ^le \xxpp\=\xifxir\ m the 
general constant notation, — ^thus the additional condition of ran-con 
stancy is nearly satisfied see our Art 116, ftn. It is very doubtftil 
if this holds for all regular crystals Yoigt found for fluorspar 

a = 14550, /' = 2290, ^^=3380, 

while for the same material Klang with an inferior theory and raethod 
gave (Wiedemcmns Annalm^ Bd 12, S 331, 1881) 

a = 13200, /'=4250, d=3300 

Both observers therefore agree in the inequality of and d, but in 
opposite senses Although numerous other r^ular crystals have had 
their elasticity investigated, there is still scarcely material enough for 
us to consider the raulti- or ran constancy of crystalline structuies 
as finally determined 

[1218] The next five sections of Neumann’s lectures (S 
203-299) are entitled Oesetze fur die Fortpflanzung ebener Wellen, 
and belong properly to the Histoiy of the Undulatory Theory of 
Light We shall therefoie here onlv briefly refer to their 
contents Neumann proceeds in his usual semi-historical method 
and with his characteristic clearness , hence these hundred pages, 
accompanied as they are by editorial references to later work, are 
most instinctive and the student is haidly likely to find a bettei 
introduction to the ela^^tic jelly theory of the ethei 

[1214] §13(S 203-40) is entitled TheoriP der Wellenhev^egungen 
anf Grund der Molelula'ihypotliP^e (Lectuic Notes of 1857-8) This 
deils with th( Ixws of polaiisation and double rcfi action of light as 
previously invostigxted by Qx\xG\\y {Mtinoires deVAcadumo, T \ p 293 
Pxris, 1831) and Neumann himself {Foggendorf^i Amudea^ Bd 25, 
S 418, 1832) on the imi constant hy])othesis Neumxnn explxms 

1 jr Annnlen Figanyimgs Band vii S 1 u 177, 187C, )] udnuanns 

Anmu ' 8 273, u 41() 1882 Sit un(hh< ncht<> d Liilnui U iuhinie 

/wnU) Hiilbhand, 1884, S 989-1004 and many otheis ot htei date 

An impoitant ussumptum is indeed made by Neumann and otheis nanieh 
that crystals really tall ciystallogiaphically and elastically into the sanu classes 
For example is it <( pnoii ccitain that a regulii ci>stallogiaphie cnstal is a le^iilai 
‘ elastic ei\stal ^ 



24 


F NEUMANN 


[1214 


m tike foUomag words why he starts from this narrow basis, instead 
of the more general crystalline equations which he has given in the 
previous section 

Wrr thun das nicht nur m Eucksicht auf die geschichtliche Entwickelung 
der Theonen, welche ims jetzt beschaffcigen wemen, sondem auch deshalb, 
weiles moht nothwendig ist anzunehmen, dass die Bewegungen des Lichtathers 
in Krystallen genau denselben Kraften imd Gesetzen unterliegen, wie die 
wagbare Substanz des Korpers selbst (S 203) 

ISTeumaim starts from elastic equations involving only six constants, 
or fiom the equations of the stresses as given in our Art 1203 (6), 
where on the ran constant hypothesis all the accents are to be removed, 
i.e e = e /=/'=/" and d=df = d!' He determines m the usual 
manner three pairs of waves, each pair having a different velocity but 
its members consisting of waves propagated with the same velocity in 
opposite directions He shows (S 207-8) how the arbitrary functions 
may be determmed in terms of the initial disturbance, and further, 
how for each pair of waves the direction of the shift is different, but 
for the same pair is the same at all places and for all times, and is 
independent of the mitial disturbance (S 210-11) He then investi- 
gates (S 211-13) the ellipsoid of wave propagation {Fortfflanz 
ungselkpsoid), and discusses some interestmg general problems of 
wave-motion (S 215-23), concluding this part of the section with a 
determination of the wave velocities (S 225) He next turns to the 
more purely optical applications of his formulae, especially to FresneFs 
laws of double-refraction and of the polaiisation of light in crystals 
He lemarks that (on the rari-constant hypothesis) the foimulae of oui 
Art 1203 (6) must for various optical media be thus simplified 

la) TJncrystalline medium a — b = c = 3d=3e-B/A ( e = d 

(b) Regular crystal a-b = c, d-e =/, >■ and •< /- f =/", 

(c) Uniaxial crystal ct - 6, c? = e, ) (d = d'- d" 

{d) Biaxial crystal e-d ~ e", f-f= d-d! -d* 

After an investigation of wave-motion in uncrystallino media (S 
227-8), Neumann deduces FresneFs laws foi the velocity of pioj) igitioii 
in biaxial crystals, provided the plane of polanibation he df fined tin 
plane through the direction of the wave and the dindion of the vih'tnfion 
The plane of polarisation is thus perpend iculai to tint given l)y 
Fresnel’s definition, and the above is usually spoken of in (hnnany 
as Neumann s definition {Neumanid sche Dfinifion) of tin pi ii\( of 
polarisation The deduction of fiicsiid’s 1 iws oven witli tl)is d( Iinition 
ipquires the following iclations to hold among the six cl istic const ints 
(see oui Art 148) 

(c - d) {b - d) = icT, (a -e)(c-e) = {b -/) (a -f) -- 4/ , 

winch, negh ctmg the squares of tlie diffeicnccs of <1, e, _/, in ly hi n pi ici d 

by 

a=S(/+f-d),b S{J-id-f},< /), 
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see our Art 1199 Neumann remarks that the diflferenoes of e, /ar^ 
small as they depend on the differences of the refractive indices of ihe 
two rays^ and neglectmg the differences of d, e, f he demonstrates 
the transversality of two of the waves (S 229-240) Of the third or 
longitudinal wave he gives no physical account in this section 

[1215 ] In Section 14 entitled Tfieorie der Lich^dl&n vea vnoemr 
'presaihlen Aether (S 241-56 , Lecture Notes of 1859-60) F Neumann 
follows Carl Neumann® in supposmg the ether incompressible and so 
disposing of the longitudinal wave He remarks 

Die strenge Durchfuhnmg der auf der Hypothese der Incompressibihtat 
des Lichtathers beruhenden Rechnung wird ims nur auf transversale Wellen 
flihren und Resultate hefern, die sich mit den Resultaten der Beobachtung m 
vollkommener Comcidenz befinden (S 241-2) 

This seems too strong a statement 

Call Neumann’s equations are of the type 

dhi ^(Pu d^u , (Pv ey Pw dp 
^ df ^ dP dy^ ^ ^ dz^ ^ dxdy ^ ^ dxdz dx ’ 
subject to the condition 

du dv dw _ ^ 
dx^ dy^ dz~~ 

Besides involving this condition, the theory introduces the terms 
dp dp dp 
dx^ dy^ dz 

into the body shift equations of the previous section F Neumann 
leinarks of these equations 

Die neu eingefuhite Grosser hat eine bestimmte physikalische Bedeutung 
Sie ist dor dureh die Bewegung entstehende hydrostatische Di uck Denn die 
verbessoiten Diffci entialgluchungen sind im Giiiiido iiui die hydiod^iia 
mischen, in wolchc aussei den lusseien Ki iften nodi die inneien Molekulai 
krifte cingefuhit snid, wihiend die in juien (xleidningon loikonimenden 
Qiiadiato dei ( h\ nl.lfini dem Giundpiincipe dti > h'^tic it it'^theoi le 
entsprcdiend i i l< n J i 

In the course of the section it is sliown that 

i. i. ( tdu dv j.dtv\ 
?>.xconsHut+3(^<?^ + .^+/ 

1 These ditfereiicos do not always seem small c u m the ease of Iceland Spai 
Neumann’s leasoning heie does not seem by any mtaiis conclusue 

The Editoi (p vu) distinctly states that Section 11 is taken fiom the Lectuie 
Notes of 1850-00 In the section itsclt there is leteitnce to Cail Neumann as the 
propounder of the thooiy of an incompicssible ethei but the eaihcst refeience 
(S 241) to a papei by him is iHOd (JJie maqmtisdie Diehuny dt) Polm isutionsehene 
des Lichti^ Halle 180-1) Had Call Neumann communicated the idea to 
F Neumann beloie 1850 * 
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tkat a noB-crystallu^e naediuia jp = a constant 

mid dieser constante W^h muss, «=0, gleicb dem Wertke im Welten 
raume sem, da wir uns den letzteren mckt als zusammengedruckt vorstellen 
tdnnen (S 253) 

It does not, however, seem more difficult to suppose the ether m 
space under high pressure, than to suppose it rigidly fixed at an 
infinite distance as required by the recent theory of Sir William 
l.liomson {Pivtl Mag November, 1888) 

F Neumann deduces the laws of Fresnel from the above type of 
body-shift equations, provided the same relations as in the previous 
section hold among the elastic constants (see our Ait 1214) and 
provided idle plane of polarisation is parallel to the vibrations The 
advance made by C Neumann’s hypothesis is confined to the dis- 
appearance of the longitudinal wave and to the exact tiansversahty 
of the other two waves F Neumann (see his S 252) seems especially 
satisfied with the hypothesis of an incompressible ether and he remarks 
with regard to the comcidence of the planes of polarisation and Mbra 
tion 

Hierauf ist besonderes Gewicht zu legen, weil die entgegengesetzte Ansicht 
noch sehr verbreitet ist Alle strengen Durchfulirungen der Theorie aber 
flihren zu dem von der gewohnlichen Meinung abweichenden Resultate 

Some judicious remarks, due I think to Neumann’s Editor, occiii on 
S 256 We ought not to expect the same relations necessarily to hold 
for the elastic constants of the ether m a ciystal as hold for the elastic 
constants of the ciystalline mateiial itself The vibrations of the 
material and of the ether may follow quite different laws Foi ex 
ample, an optically uniaxial ciystal possesses the same optical elasticity 
for all directions perpendicular to the optic axis Hence foi the cthei 
in such a crystal, Neumann’s Editor considers that the lelations e 
h = c-%d^ must hold But such lelations do not hold for the elastic 
material of the ciystal itself, foi were its elasticity the same in sll 
duections round the axis, its crystalline form could only be cylindric il 

[1216] Section 15 is entitled Theorie transveibcUei Wellen in 
Krystallen (S 257-75) Neumann here deals with Lime’s tluoiy ot 
the ether m crystals^ He remarks that the theories wc hiv( pie 
viously considered have been theoietically deduced only foi media 
symmetrical about three rectangular planes, but cxpeiunci shows th it 
Fiesnel’s laws aie tiue also foi unsymmetiical ciystxlliiu forms Such 
crystals may have thiee lectangulai axes, m rdation to whicli tli< 
medium is optically simmetrical Hence a genet ilisition of out theoiy 
IS veiy dosiiable Neumann gives Lame’s thioiy with considcrabh 

There is a mere footnote reference to Green’s memoir ot lHi<) see our 
Art 
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Hfioiiifications and I fcfeink KaproTemeiife, The hyf)0^eses fronk which 
he starts are the fallowing (^) the medmia possesses the property of 
propagatog picme wares ^ (if aee®aiately transverse Tabratwais are 
possible m it, (c) th^e are ^^ses m it winch arise and 
wr% ^Im strains , the rstresses ©bby i^e g^aeral hms of s^iteal 
e^xhbriwa, aiad ^ thty are fSssamed to ho of ^ 

i^feranl^ f ' i ^ ^ ^ v 

Thes?a ^^>®theh^ ^ahie ns W rediEbe the constants to 12^ 
the body-shifb eqpagkons into the i>rm^ * 


d^u_ . dO ^ dO ^ dd dV dW 

^ dt~ 

dH _p dB j. dd . dO dW dU 

dJy^ ~d^~ Ik' 
d^w j. dO . dO ^ dB dU dV > 

^ d¥ Jz^~^~~dk' ' 

where 27= a^yz-yrzx- 

^ = “ y^2/« + 




Tyi^y expressing the twists, i (^ - and B the dilatation 

as usual (S 261) Neumann apparently treats these equations as if we 
had 12 independent constants, but if we apply Green’s principle to the 
stresses on S 261 we find 


A = B = G, = = 0 (ii), 

or, we have only seven independent constants 

Neumann (S 262—7) shows that by a transformation of the 
coordinate axes we can get rid either of the coefficients A^, B^, oi of 
the coefiicients a, y, and that the axes foi which these gioups 
respectively vanish are not necessarily the same He lemaiks 


Unsere Betrachtung fuhrt ims also auf eine Doppelnatur des Mediums, 
insofern namluh, als Ligenschaften \ ei*scliiedenei Ait sich auf veischiedene 
Axeiisysteme Ix/ielien koiinen, ein Punkt, auf den wii /ui uckkommeii (S 
266) 


Neumann latei m Ins woik makes a considerable point of tins 
double system of axes, but it seems to me tint if the [)rinciple of tlit 
conservation of encigy applies to the ether in a ciystal, then (ii) must 
hold and so A j = = Gj = 0 foi all ixes 

The tyiK of ])ody shift equ itions, when we tiansfoim them so that 
a, /3, y A iinsli, is given by 


i! u 

p,n 


dB r> 



(ill) 


^ ) 
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[1217] In § 122 (S 267-8) Neumann deals with the ‘longi- 
tudinal wave ’ , it IS not exactly longitudinal unless (u) holds, but is 
marked by the existence of a dilatation it would thus be better 
termed the pressural wave In § 123 (S 269-71) the problem of 
laransverse waves is dealt with The wave surface deduced is accurately 
Fresnels, and his laws are shown to be absolutely correct pTov%ded we 
accept Neumann^ 8 definition of the plane of polarisation In § 124 
(S 272) Neumann supposes the ether mcompressible and puts 0 — 0 ^ 
he then introduces terms into equations (in) corresponding to a 
hydrostatic pressure and writes them in the form 


uj w - 


dr^ 

dz 


dy 


dp 

dx 


(iv) 


These practically agree in form with Oail Neumann's equations, only p 
has a slightly different meanmg F Neumann seems to see in such 
equations a completely satisfactoiy system giving only two waves 
and these with purely optical properties 


welche in jeder Hinsicht den diirch die Erfahrung gelieferten Gesetzen 
entsprechen (S 272) 


[1218 ] We have consideied somewhat at length Neumann's tieat 
ment of Lame's theory because in § 125 (S 272-4) he takes tlie double 
system of axes of Art 1216 as the basis for some impoitant considera 
tions with regard to the different kinds of axes in ciystals He leinarks 
that the properties of the longitudinal and transverse waves seem to 
depend upon different systems of rectangular axes, and hence he 
argues that the different physical properties of a crystal can he dis 
tnhuted symmetrically about different systems of recfnngnlar planes 
We have seen (Art 1206) that so fai as this aigunnnt is )>ased on 
there being diffeient sets of axes for longitudinil xnd ti insv( rse waves, 
it IS only valid if we suppose the ether in a ciystal not to oheg OreerA 
Priample Neumann thinks tint these systems of axes will fill to 
gethei only when the material of the ciystil is symnu tried about thu ( 
rectangular planes, m which case, he adds, expeiuncc shows tint tin 
optical elastic axes^ coincide with those of othci kinds of plusicxl 
symmetry ^ ' 

If this triple plane symmetry docs not exist in tin ciyst il, it is still 
theoretically possible that the vanous systi ms of axi s m ly coinciih but 
this IS not the lesult of (xpoiiimnt, so fir is conciins it b ist tin 
optical and theimal axes (axes of gicatfst iml h ist stutcli by hi it) 
Neumann heie leftis to his meinou of 1831 sk oui Ait 788* li, 
which he h^d shown that the difference hetwi ( n tin thei lu d ind oiitu al 
axes was for gypsum not sufficiently great to bi mi isui ilib, but bi 


ether ml >cctangulai axes at out wlu.h (h. 

etlier m a costal is optically, or on the elastic thooiy dastu illy Hvninutiual 

be cLftwT iXthe™^^^ must not 

- Soi7of e ashan t ™,"'>»"Wls to the (iiouliu si ( tions „t lh, npiii a 

euipsoiti ot elasticity Ihe optical axes are the axis ot this ellipsoid 
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bad in. a later research {Poggmdorffa Armcdm^ Bd 35, 8 81-95^ and 
8 20B-5, 1835) convinced himself that this result could only be an 
al^roximataon to the tmth 

Bei emer genaueren .Untesiichjaxi^ der von Mitscherhch entdeckten 
Thatsache, dass die opti^cmen Axen e&es weiaxigen Kiiy stalls ihre Lage g^en 
einander bei Erwarmimg oder Abkuhltmg Terandem, !>emerkte der Yeifeser, 
dass die beiden Axen sicb mit nngieicher Geschwindigkeit bew^en, und 
machte daimt <ke Entdecknng, dass mcht Hoss die beid^ Eiditung^ 
einfecher lAdbLtbrechnng, sondem auch das rechtwmkhge Axen^stem, von 
vrelohena die optischen Eigenschaften abhangen, eine mit d^ Tempeafatnr 
veranderhche Lage im KrystaU hat Hieraus folgt, dass die opiischen 
Masticitatsaxen nicht bei jeder Temperatur mit den thermischen zusammen 
fallen konnen Es giebt also m der That in derartigen Krystallen zwei 
Axensysteme verschiedener Eichtnng (S 2*73) 

Our statement therefore of ITeumann's results m Axt 793* must be 
corrected in the sense of Ihis latei conclusion of the same scientist 


[1219 ] ISTeumann then briefly refei’s to the other S 3 rstems of 
crystalline axes which have been investigated Plucker found that lie 
diamagnetic phenomena m crystals depend upon their optical axes (^e 
Poggendorffs AmmUn, Bd 72, S 315-50, 1847, and Plucker u. B^r 
Bd 81, S 115-62, 1850, Bd 82, S 42-74, 1851), but Angstrom has 
shown that the chief axes of conduction of heat (directions of maximum 
and minimum capacity for propagation of heat), which also foim a 
lectangular system, do not comcide with the optical axes (see our 
Aj:t 685) Similar lesults weie obtained by Senarmont (Gompteb 
'tendub, T xxv pp 459-61, 1847, Annales de chiDiie, T xxi 
pp 457-470, 1847 and T xxii pp 179-211, 18482) The same 
want of coincidence appears to be tine foi the axes of electiical 
conduction (Wiedemann Poggendmffb Amialen, Bd 76, S 404-12, 
1849, Bd 77, S 534-7, 1849, Seniimont Anncdeb de cJnmie, T 28, 
pp 257-78, 1850), of distribution of haidness (see oiii Ait 685) and 
of atiiiospheiic dismtegiation (Pape Pogge)ido7ffb Amialen^ Bd 124, 
S 329-36, 1865, Bd 125, S 513-63, 1865, Bd 133, S 364-99, 
1868, 'ind Bd 135, S 1-29, 1868), which have ill lelation to diffei 
ently situated systems of axes 

Lci dicsci ^ Vcihiltuisso cisdieiiit cs tK dis Wilii 

schcinliehstc, d i dlei die^ci Aveiisy^teiiic lou eiiiem 

iiidcieii fcstcii A\ciisystcm ibli iiigt, f ills nielit sehon cins dci geiuiiiitcn jeiies 
vciuiuthcto festc ist (S 274) 

^ This papci IS entitled Uihct du optiuhai}^ KjLnscliafttn dn honipnsuiati'^ihm 
odd zwn mid cnujliLd) iijtn Knj'^tdlh and Neiimxnn bhow^ m it that theie is a 
dispel bion of the optic axcb ot eUbticity (in ticbiiel s ben&e ot the woid) Ihus 
each colour has its own axes not only in mit^nitudc hut in pobilion (^.,vpsuin) 
luithei these axes change with the tempoiatuio and eich difteiently (gjpbum, 
boiax adulaiia) 

Sdnarmont shows that in gypsum and ciystals ot the unbymmetiical pnsmatic 
system theie is no simple relation between the position and magnitude ot the 
tlieimal axes and the axes ot optic il elasticity 
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[1220 ] The final paragraph of this Section (S 274-5) is entitled 
JJehsT d%e Aenderv/ng der optischen Axen wiit dev J^&fryp&TOitwir This is 
an attempt to explain the alteration of the optical axes wil^ the 
temperature on the basis of Lame’s theory as Neumann has developed 
It It assumes not only that the formulae of Lam^ hold for the motion 
pf the ether m crystals, but also that equations of the same form hold 
for the elastic deformation of the crystalline material Further it 
supposes a change of temperature to have the same effect as a uniform 
surface pressure see our Arts 875* and 1196 Suppose p to be this 
pressure equivalent in effect to the temperature change Neumann 
holds that the axes for which the a, y of our Art 1216 vanish are 
the optical axes Then we must have stress relations corresponding to 
the body-shift equations of type (iii) in our Art 1216 , these give us 

— ^ = AO — cSy — 0 = A^O "f* ^cto" 

-p^ BO - 0 = B^O + 

^p-CO- asy, 0 = (7^^ + ^c(t^ 

To satisfy these take 

u-H^x+ ^3^+ hz, 
w= h^x^ + 

We easily find 

^ _ {a + 0 - ^ah - 2hc — 2ca) p 

a A {b + G — a) 'b bB (c a — b) + cG(a + b - o) - 2abc ’ 




a ’ 



A.=- 


Gfi 


Hence, Neumann remaiks, since A , Aj do not in genual vanish, 
the axes of the stietch ellipsoid coricspondmg to v, w do not in 

general coincide with the axes of coordinates, i c the optic il ixc s 
Now the axes of this stietch ellipsoid aic the only lines which do not 
altei then position with the dilatation, so that it follows 


d iss durch emeu \llseitiG;on Diuck luf die 01)ciflichc cinos Ki> stills dii 
optischen Hauptaxen dcsselbeii luid also auch die optisclicn 1 iihcuixcn ihu 
La^c indein werden (b 275) 

Thus on the issumption of identity in elleet between prissiiK uid 
temperature, the proposition appeals pioved W( obsdvt, howevd, 
that the principle of energy seems to require, - 0, iiid th it 

then the optical and erystalliiie elastic ixes would comtidi As th( y 
do not, it seems piobibli that the issumption that tin foininl u ot 
Lam5 hold both for the elistie defoimation ot a crystalline material 
and foi its bound ether is ineoiieet 
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[1221 ] Neumann next turns to the problem of disperszoft In 
Seotion 16 (B 276-89) he gives very clearly and concisely Oaudiy’s 
exjAanatton of the disper»n light. He remaifa, however, 
Cauchy^s theory would lead us to expect dispmion as well in gases aaM 
in space itself as m solid -and fimd bo(fies, since ihe (tepersion d^mk 
only on the action of the more distant particles of other and i^ qn 
that of the particles of matter Neumann himself m 1841 {Ihe &e$e^ 
der Dc^elbreclmng dea L%chtes , AhhamMwn^en der B^rhn^ Akad^mm 
d Tf%8aemchaftj 1841, Zm&d&r Thml (Footnote), B ^8-82) was 
the first to attribute dispersion to the influence of the ponderahk 
particles on the particles of ether (O’Bnen, as Neumann’s Editor i^ 
marks, had reached almost simultaneously the same explanation see 
On the Frcypagat%on of Lwrmnoua Waves %n the ^nterwr of Trcmspa^mt 
Bodies Cambridge Philosophical Trcmsaciions^ Yol vil 697, 1842 ) 
Accoidmgly Neumann in Section 17 (S 290—9) develops his own theory 
of dispersion, as dependmg on the action of the ponderable particles. 
He considers only the case of an uncrystalline medium The general 
remarks § 136 (S 296-7) are given just as they were delivered in 
the lectures of 1857-8, and at that time they were full of suggestion 
for further researches in dispersion based upon Neumann’s theory 
Such researches, inspired doubtless by Neumann’s work, have been 
made by Ketteler, Sellmeier, Lommel, Yoigt and others (S 137), but 
these fall far beyond our limits and we must refer the reader foi their 
discutssion to the Report on Optical Theories by Glazebrook published m 
the British Association Report for 1885 

In concluding my biief analysis of Neumann’s application of the 
theory ot elasticity to light, T must again expiess my sense of its value 
and clearness As an introduction to elastico optic theoiies for the use 
of students the lectures of 1857-9 seem to me still unequalled 

[1222] Sections 18-21 (S 300-74) are entitled Gesetze 
dei Bewegungen dwmei Koipei and deal with stimgs, membranes 
and lods Section 18 (S 300-17) deals with the vibrations of 
strings Wc may note several points in this section 

(ct) Neuiiimn obtains for a peifcctly flexible string — defined as a 
body of piismitic form, which is so thin that we can take at e\eiy point 
ot one iiul the sinic cioss section the siinc vtluc ot the inohculai toices 
— the following equations (S 303) 


(0/) 1 

\dl } 

• 4 ' 


\ 

0)p 

\dt ) 


( „ (A dii\ 

“ djud>) 
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Here o) xs the cross section, p the density, ds an element of length 
of the stnng, and X, Y, Z the components of body-force per unit 
mass upon it Among the stresses Neumann finds the following rela 
tions to hold 

^ _ S' _ ^ _ S _ _ xy 

{dxY ~ {dyf ~ {dzy ~~ dyd% dzdx dxd/y 


{b) For the special case of a string without body-forces, stretched 
in the direction of the axis of £c, we may neglect for small oscillations 
the squares of dyjdx and dzjdx Hence it follows that S = ^ = 0 
approximately, and 

dujdx j 

whence we reach for a uniform cross section the equations (S 304) 


__ jp d /du dv\ ^ 

^ df ds^ ’ ^ dl^~~ dx Vdlcc dx) ’ 

d^w d fdu dw\ 

^ df dx \dx dx) j 


There is a good deal that seems oiigmal and valuable about Neumann’s 
deduction of these equations 


(c) S 305-311 are occupied with a discussion of the wave motion 
involved ]u an equation of the type d^'ujdf = a d^wjdocr Neumann then 
passes to the vibiations of a stretched string consisting of two diveise 
pieces, and deals with the problems of the wave lefiection and ‘lefi action’ 
which occur at the junction The work is clear but docs not present 
anything of special note 


[1223] The nineteenth section (S 318-31) troits of the 
vibrations of a stretched membrane Neumann s deduction of 
the equations is very similar to Lames sec our Aits 1072^-0^ 
He deals with seveial simple problems and then discusses the 
nodal lines of square membranes His ticatmciit here aguri 
corresponds closely to Lamd’s see also our Ait 825 {e) ind 
Lord Eayleigh’s Theoiy of Sound, Vol i pp 250-92 


[1224 ] The twentieth section is entitled Thcoi to dcb (jo adtii 
Stosses cylmdnsclier Stale (S 332-50) Neumann lemuks tint 
the oidinary theory of impact between elastic bodies is given in 
mechanical text books as if it had a simple and eoiiect b<isis Jh 
icpioduccs It but without the Newtonian modification to account 
for the loss of cneigy see our Arts 35^ and 217 Neumann 
lemaiks that such loss of eneigy generally does take pliee aid 
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that investigations based on the theory of elasticity lead to results 
often in direct contradiction with those of the ordinary Newtonian 
theory Neumann then proceeds to investigate the longitudinal 
impact of two nght-circular cylindeis He does not at first reduce 
the problem to the simple case of the impact of two thin rod% 
the particular problem which was later dealt with by Saint- 
Venant see our Arts 203-20 


Let rx be the radial shift at a point distant r from the axis and x 
from one end of the cylinder, u the corresponding longitudinal shift, 
then we have the following equations to determme x u for one 
cylinder 


d^u 




1 dhl 

dxdr 


w 


A similar pair with different dilatation coefficient and slide modulus 
hold foi the second cylmder 

Further at the cuived siufaces of the cylindeis we must have 
conditions of the type 





r = (X + 2/.)r| + 2(\ + /.)x + xg = 0, 


(ii). 


while at the teiiiiinal cioss sections of both cylindeis we must have 
the sti esses of type 



cither /eio, oi cquil foi the two cylindeis it then couunon suiface 

Tins IS tlu most gt nci il st iti incut of tlic problem, 7i and x ‘^-ud then 
time fluxions being siii>poscd iiiitiilly given 


[1225 ] Neuniinn does not solve the problem in ill its generality 
He issuimshrst 


21 - 2i{t + 1 + " + 

X-Xo + Xi^ ^ X/ +Xh''' + 


wheie it , Xo> Xi» Xi functions only of x and the time 

The substitution of (iv) in (i), shows that ill the eoefhcients of odd 



F NFTJMANN 


34 


[1225 


powers of r must vanish Neumann then contents himself with valuos 
of the form 

X = Xo + x/ J 


(V), 


whidi he seems to think will be approximately true if the cylindeis be 
thin enough There seems to me to be exactly the same strong 
objections to this method of treatment as Saint- Venant has raised 
against Cauchy’s method of deahng with the problem of torsion see 
our Arts 661*, 29 and 395 

Neumann says the terms m r® will give a first approximation if the 
cylinder be thm, but he does not justify this statement Why should 
not or be large as compared with 1 This case is what actually 
occurs m Cauchy’s attempt to investigate the torsion of a rectangiilai 
pnsm by an expansion of this kind (Saint Venant, Legons de Namer^ 
pp 621-6, footnote) We have a pnoii nothing to show that the 
arbitrary functions , Xoj X 2 bely as the 

dimensions of the cross section Clearly the latio U 2 inlu 2 m ,-2 as to its 
order is the mveise square of a line, but for aught Neumann says to 
the contrary this line may be the radius of the cylinder and not its 
length 

If ve substitute (v) m ( 1 ) and ( 11 ) and now neglett ter mb in 
we find 


d 


~ ^ + 3 (^ + 1^) , 


P 7/^** ~ ^ X + ^ (X + /a) 




dfi 


dxr 


du^ 

dju 


0 . 2 ... j, 

0 = 2(X + ^)X„ + Xj« 


Eliminatmg u , wo have liom tlio fust of (vi) 


(vi) 


d d u„ 


(''ll), 


the oidiii iiy eqvution tor Ihb longitudinal vibi ilioiis ot i tlmi lod 


Fulthu 

and 


U, -/x (iif. + -0 by (vi), 

T7 = {( 4 X + 6 ^) Xi ^ x ''"}2 


Thus )) 0, at the surfiu, if wt again lughct thi sim in of thi 

external radius 111 the stresses, which Ncumxini ip[H us to tliink we 
may do to the lequircd degree of appioxiination Ihe i elation betwee n 
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^ and Wg cannot be so chosen as to make the terms in Twish. 
Neumann says (S 340) 

dass auch den Bedmgimgen fur die Oylmd^pflaehe insowedt genugt wird, 
aJs es bei dem erstrebten Grade der Annanerung erfordeiiidi ist. 

Thus his degree of approximation is not really to r® 

Further we have 


or, again neglecting the terms in 

(vm) 

Thus Neumann reaches m (vii) and (vm) the ordmar> equations 
foi the longitudinal vibrations of thm rods, but I do not see that his 
process gives these equations with any greater accuracy or any less 
degree of assumption than the usual one Proceeding from these 
equations he deals on S 340-9 with the longitudinal impact of two 
free lods and of one fixed and one free rod. This section is taken 
horn the Lecture Notes of 1857-8, and thus Neumann’s discussion 
of the problem precedes Samt-Yenantj’s by ten years , but although he 
reaches some of Saint Tenant’s results, his processes, analytical and 
graphical, aie fai less complete, and his discussion moie special 
In view of the excellence of Saint Tenant’s work and the space we have 
devoted to it, we pass by Neumann’s pages with the mere recognition 
ot his piiority A leference to expenniental work in this held added 
by his Editor, does not covei much more ground than our Arts 203-4, 
210 and 214 

[1226] The twcnty-fiist and last section of Neumann s woik 
(S 351-74) deals with the elasticity of thin lods It belongs to 
the Leetuie Notes ot the ycais 1859-60 The Editoi consideis 
this portion of Neumann’s work original (S vi), but I think it 
corresponds very closely to the methods adopted by Poisson and 
Cauchy see our Aits 466"^ ind 620^ Neumann supposes the 
thin lod of unifoim cross-section and with its axis initially in 
the axis of a He then ^appemb that the shifts can be eipanded in 
ascending potvets of the assumed small linea) dimensions of the 
Cl oss-section Wc have already noted (see our Arts 601^ ind 75) 
the objections to such an assumption and seen to whit eiioneous 
results it leads in the case of torsion see our Arts 805, 1225 
and the references theie 
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Keumann obtains foi a lod of circulai cross section of radius R, 
acted upon by body forces X, Y, Z, the relations 






1 

dydx] ’ 
0^1 


w 


These equations are to hold only for 2 ^ = ; 2 ?= 0, or at the axis of the rod, 
but they are true for all manner of elastic distributions 


[1227 ] Neumann then treats especially the case of isotiopy He 
neglects in the stresses all the terms multiplied by and so finds 
for2/ = 2; = 0 

= = 0 (u), 


and further ^ 

dxx __ j, d‘*v dicx __ „ d^w 
dy ~ doi? ’ dz da^ 
whence he obtains also for «/ = « = 0 


dH , d^v 




d*v 






M. 


(iv) 


The readei will hnd that Neumann’s leasomng is almost identical 
with that of Poisson and Cauchy (see our Aits 467 and 620*), but it 
is by no means sufficient The results (ii) only hold iindci certain very 
naiiow limitations, and equations (iv) requiie at least a discussion like 
that of KiichhofF oi of Clebsch to justify then adoption sec oiii Art 
1251 Thus this poition of Neumann’s work seems ncithci oiigmal 
nor valid On S 362-4 a similar process foi a lod of lectangulai cross 
section IS given, tins again corresponds to Cauchy’s woik see oiu 
Arts 618*-624* 

According to Neumann’s Editor (S 355 Jin), Ncununu hid Uso 
obtained by a similai method the equations for iciystilliiu lod, uid liis 
lesults have been published by Baumgaitcn uid Yoigt m tlu im moiis 
icfciied to 111 oui Arts 1210 and 1212 But 1 sec no icison wliy liis 
method should be nioie satisfactory m the complex tli in in the simple 
case 


[1228] On S 304-8 wc have the simple case of a doubly 
buppoited bai with an isol ited loid, and on S l()8-73, the ti iiis 
vtise vibiatiuus, tones and nodes of a thin lod discussed, — 
without, liowcvei, anything of novelty The volume of Voiles- 
ungen concludes with a biicf note by Neumann’s Editor of eailiei 
and of mole lecent woik on the theory of lods 
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The general impression left on my mind after the peru^l of 
Neumann’s lectures is that they form the best deme^nJimry treatise 
on elasticity and its relation to light that I have met with m the 
German tongue They contain a good deal of original matter and 
are without the difficulties of Clebsch’s analysis, or the monotony 
of Lamd’s isotropic solids 

[1229 ] Of some other memoirs of Neumann’s bearmg on 
elasticity we have treated in our first volume, namely in Arts 
788*-801* and Arts 1185^-1213* Further memoirs belonging 
essentially to the theory of light, but appealing to that of 
elasticity, aie the following 

(а) Theone der doppelten Strahlenhrechmg Poggmdarffs 
Annaleriy Bd 25, 1832, S 418-454 This deduces the laws of 
double refraction from the equations of elasticity 

(б) Theoret'ische Untersuchung der Qesetze nach welchen das 
Licht an der Orenze zweier mllhommen durcJiMchtigen Medien 
lejlectirt und gehroch&n mrd Ahhandlungen der Berliner Aka- 
demte, 1835, MathemaUsche Klasse, S 1-160 Experimental 
results bearing on this theory were published by Neumann in 
Poggendorffs Annaler, Bd 42, 1837, S 1-29 

(c) Reproduction der FresneVschen Foimeln uher totals Re- 
fleanon P tnnf (d( , 7 Annalen^ Bd 40, 1837, S 497-514 This 
deduces the laws of reflection and refraction including the case of 
total reflection fiom the theory of elasticity Experimental results 
are given 

(cZ) The memoir entitled Uehei die optischen Eiqen^chaften 
del hemipmsmatischeii Ciystalle in Poggendoi^s Annalen, Bd 33 
1835, S 81-94, and S 203-5, should be taken as modifying the 
results of the memoir of 1834 stited in oiii Aits 7cS9*~93* It 
announces the discoveiy of the dispersion of the optical axes in 
gypsum and the dependence of then position on the teinpeiatinc 
See our Art 1218, or Neumanns Voilesiau/e)! abei die Theone dei 
Elasticitaty S 273 

(e) Neumann’s Voilesinigeii ubei theoietische Optih edited by 
E Dorn, Leipzig, 1885, contiibute nothing to the elastic theoi} 
of light, the buef application of tint tluoiy on S 275 et ^eq is 
due to Voigt 
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A mticiOT of Neumann’s elastic theories of light will be found 
in Glazebrook’s Report on Optical Theories, especially m the parts 
of that Report referring to MacCullagh, whose theories are closely 
allied to Neumann’s 


[1230] Voigt in a paper entitled Bestimmung der Elastiai- 
tatsconstanten des Steinsalzes published in Poggendorffs Annalen, 
Ergmzungshand vil, 1876, S 1^53, and S 177-214, gives two 
results due to Neumann The first (S 5) is given in Neumann’s 
Vorleswngen, S 185 (see our Art 1206), and gives the stretch- 
modulus for a prism cut in any direction from a crystal of the 
regular system with equal axes The second result is for the 
angle of toision r per unit length of a prism cut from a like crystal 
It 18 given without proof If I be the length of the prism, ax ^ 
its 1 octangular cross-section, M the applied couple, the formula is 

,/l 1 \ 

d ~ V2d a-f) 

X [eos^ (I, flj) (a® cos® (a, a?) +iS® cos® (y8, a)) 

+ COS'* (I, y) (a® cos® (a, y) + /S® cos® (/3, y)) 

+ cos® {I, z) (a® cos® (a, z) + yS® cos® (/3, 0 ))]l 


where x, y, z are the directions of the crystalline axes, and n, f, d 
the constants of our Art 1203, (d) 

Take the axis of the prism in the direction of * and wo have 

3ilfa® + y8^ „ ,, bM 

~~dr~ ’ ’ "" idd ^ ^ 


Saint-Venant’s formula cited in our Art 30 gives 

6Jlf 

843aV/ 


(>') 


so that this would give an error of about 18 pc in Nciinianns 
formula I suspect Neumann deduced his formula fiom, oi by a 
method similar to, Cauchy’s erroneous investigation of tin toision 
of a rectangular prism, which leads to a result like (i) Anyhow 
the formula is I think incorrect, and so probably an ill the 
numeiical determinations based upon it 
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Section II 
Kirckh^ff^ 

[1231 ] The contributions of Kirchhofif to our subject consist 
of five or SIX memoiis published in various journals from 1848-79 
and nearly all reprinted on S 237-339 of the Oemmmelte Alhmd- 
l/ungen (hereinafter referred to as (? A) edited by Knrchhoff 
himself, Leipzig, 1882, of three or four memoirs (1882-4) reprinted 
in Boltzmann*s Nachtrag to the Abhandlungefn, Leipzig, 1891, 
and of five lectuies in the Vorlesimgeii uber mal^ematudie Physik 
Mechamk, of which a first edition appeaared in Leipzig, January, 
1876 and a second in the November of the same year The 
Vorlesungen contain a good deal of the material of the earlier 
memoirs in an improved form, but it must be confessed that 
Kirchhoff’s methods seem, at least to the Editor of the present 
work, frequently obscure and occasionally wanting in strictness 
His contributions, however, to the theory of elastic wires and of 
thin plates are of such importance as to give him a permanent 
place in the history of elasticity 

[1232 ] We give the titles only of the two eailiest elastic papeis 
by oui authoi 

Note relative a la theorie de Vequilihp et du moiivemmt dhine plaqne 
elastique Comytes 'i endus^ T 27, pp 394-7 Pans, 1848 

Note suo If^ vihations dHurm plaque circulavie Gom 2 ite<i rend'a^, T 
29, pp 753-6 Pans, 1849 

The substance of these papeis, which aie not fiee from misprint*^, 
IS embodied in the memoii of 1850, consideied in our next article 

[1233] Ueber das Oleichgewicht und die Beweginig 
dasti^chen Sclieihe Grelles Journal, Bd 40, S 51-88 Berlin, 
1850 ((? A S 237-79) The authoi was at this tune Pnind 

doceut m the Beilin Univeisity 

The aim of the meinoii is twofold (i) to obtain the oorieot 

^ Some account ol Kiichhoft s life and labouis will be found in a ^eooloqui In 
Hotmann in the luichtc du tluvnuhai (n'^tU u I eiUn Jalug 20 Jnli — 

December, 1887, S 2771-7 and in a somewhat bond J^istitde delutied at Criaz on 
Novembei 15 1887 by Ludwig, Jiolt/mann entitled ( ustm 1 ulmt Kt)c]iJi(>if and 
published at Leipzig 1888 iviicbholt dud Octobei 17 1887 
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equations, especially those at the boundary, for the equilibrium 
and motion of an elastic plate (ii) to determine if possible 
from a comparison of the theory with experiments on the nodes 
and notes of vibrating plates whether Poisson's or Wertheim's 
value of the stretch-squeeze ratio t ) is the correct one The 
memoir consists of five sections preceded by a short historical 
introduction 

[1234 ] In the introduction Kirchhoff refers to the memoirs 
of Sophie Germain and notes that Lagrange first gave the correct 
body-shift equation for a thin plate see our Arts 283^-306* 
He notes the errors into which Sophie Germain fell and demon- 
strates them by applying her equations to a particular case see 
his S 51-4 ((? A S 237-40) The theory of Poisson (see our 
Arts 474*-93*) is then referred to and Kirchhoff remarks 

Aber auch diese Theone bedarf einer Benchtigung, und dieselbe zu 
geben, ist eben meine Absicht Poisson gelangt, indem er seme allge- 
meineri Gleichungen des Gleichgewichts elastischer Korper auf den Fall 
einer Scheibe anwendet, zu derselben partiellen Differentialgleichung, 
711 welcher die Hypothese von Sophie Geimain gefiihrt hat, abei zu 
andern Gienzbedingungen, und zwar zu drei Grenzbedingungen Ich 
weide beweisen, dass im Allgemeinen diesen nicht gleichzeitig genugt 
warden kann (stc/), woraus dannfolgt, dass auch nach der Poisson’schen 
Theoiie eine Platte im Allgemeinen keine Gleicligewichtslage haben 
musste (S , 0 A S 240-1) 

Kirchhoff certainly emphasizes Poisson's error x little too 
strongly consideimg he does not indicate any mistake in Poisson's 
process The real difficulty lies of course m the exact xmount 
of ‘thinness' to be attributed to the plate and we hive already 
pointed out how Thomson and Tait have practically leconcilod 
Poisbon and Kirchhoff, while the researches of Saint- Vciiant ind 
Boussinesq have put the whole matter into a clearer lioht see oui 
Art 394 and Chapter xiii The points raised, however, by Kircli- 
hoff’s investigation have been extremely valuable and important, 
and have led to much good work Like pioblcms witli rcgird to 
the boundaiy conditions for thin shells have recently been discussed 
in instructive memoirs by Love, Lamb and Basset 

[12Y)] Tho first section of the im moii occujiies S 54 GO (G A 
S 241-7) and deals with tin geiiei xl f itions of ( 1 istieity Ivuehliofl 
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diows that a single variational equation contains in itself the m'X 
body- and surface-equations of elasticity 

Let 8U denote the virtual mommt of the applied forces during strain, 
dxdydz an element of volume of the elastic body, then this equation is 

SU-ixS jUjsi* + «/ + Ss® + ^ (s, + ^ + **)*! <hdt/dz = 0 (i), 

where Si, s^, % are the principal stretches^ the body is supposed 
isotiopic, and the integration taken over its whole volume 
By means of the discriminating cubic Kirchhoff expresses 

jsi® + Sa® + *3“ + ^ ih + «2 + « 3 )® j- = O, say, 

in terms of the three stretches and thiee slides for any set of rectangular 
axes, and then shows that the development of the variations leads to 
the ordinary six equations of elasticity He remarks that Green had 
already given equation ( 1 ), without, however, usmg the principal 
stretches see Kirchhoff^s footnote S 66 {G A S 243) and our 
Art 918* 

Kirchhoff having deduced the elastic equations proceeds to a 
proof of equation ( 1 ) 

Ich werde jetzt eine Ableitung der Gleichung ( 1 ) geben, aus welcher 
hervorgehen wird, dass sie eine allgemeinere Giiltigkeit hat, als die Gleichun 
gen (6) [1 e the six equations of elasticity] Betrachtungen, die denen, welche 
hier folgen, ganz ahnlich smd, hat Lagrange mehrmals in seiner Mechanik, 
7 B bei der Herleitung der Gleichgewichtsbedingiing eines elastischen 
Stabes, angestellt (S 689 , 6^ ^ S 246) 

The proof dots not seem to me veiy convincing Kii chhofF piactically 
assumes that the virtual moment of the sti esses on dxdydz must be of 
the foim 

— dxdydz "1 “ aS -i- aSjS6 j), 

and further that S , must be symraetiical functions of the t)pe 
Si-= as^-vh(s + 9 ), 

a and h being elastic constants 1 do not think the pi oof can be con 
sideied iigid 


[12SG] In the second section, which occupies S G0-G3 {G A 
S 247-231), Kirchhoff deals with the pioblem of au infinitely 
thin plate bounded by parxllel planes and any cylindiical suifxce 
whose generatois are peipendiculai to these planes The plate is 

1 Kirchhoff uses A for our fx, and d for oui x\hile lie takes 7 = 0111 i 

1 4* 3^ 

= 2A . but he uses a m anothei sense also on his S 61 
1 + 26 ^ 


a L PI 11 
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supposed strained by body-forces, and by surface-forces on the 
edge only, the plane faces having no load The strains are 
supposed infinitely small but the shifts are not necessarily so 
The plate is supposed isotropic In order to apply equation (i) 
Kirchhoff makes two assumptions which, he says, are to be 
regarded as results of experiment and which correspond exactly 
with those which James Bernoulli made in regard to an elastic 
rod (8 60, G A S 248 and our Art 19*) 

These assumptions are the following 

(i) Every straight line in the plate which was originally 
perpendicular to the plate-surfaces, remains straight after the 
strain and perpendicular to the suifaces which were originally 
planes parallel to the plate-surfaces 

(ii) All elements of the mid-surface (i e that surface which in 
the unstrained condition of the plate was plane, parallel to the 
plate-surfaces and half-way between them) remain after strain 
without stretch 

Kirchhoff makes no appeal to any definite experiment as 
confirming these assumptions, and the reference to James Bernoulli 
IS distinctly unfortunate It is true that the Bernoulli-Eulerian 
hypothesis leads to an equation, which Samt-Venant has shown is 
really true for the flexure of long bars, but the assumptions by 
which that equation is reached are not true, and it seems unadvis- 
able to make assumptions, which, even if true for certain types of 
strain, need not be true for all types which load to Lagrange's 
plate equation see our Arts 70 and 79 The assumptions which 
it IS really needful to make and the arguments in favour of them 
have been dealt with by Boussinesq and Saint-Venant sec the 
memoirs on plates of the former discussed in our Chaptc i XIII , 
and our Arts 385, 388 and 394i 

Kirchhoff’s treatment must therefore be looked upon as in- 
teresting and suggestive, but not as rigid oi final 


[1237 ] On S 61-2 (6^ S 248-9) the viliics ot tlio pimcipil 
stretches aie clediictd, and equation (i) of our Ait 1235 is i<(luc<d to 
the foim 


W 
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Here c^o) is an element of the mid-surfacse, and the ayifi of « is taken 
peipendicnlar to this, p^, are the pnnci^ radu of curvature of fte 
mid surface at cZoj, and ^/dz is really the stretch in the direction z at 
the point distant z from d<D Kirchhoff goes through a rather long 
investigation on S 62-3 (GAB 249-51), which I do not find very 
clear, to prove that 

(X + 2,.)|h-x( 24.^ = 0 (m) 

The physical meaning of equation (m) is, however, that the stress 

perpendicular to the plate faces, is to vanish at every point of the 
plate Since the plate is supposed infinitely thin and to Imve no load 
on its surfaces, this seems, at any rate as an approximation, a reason- 
able conclusion 

By the aid of equation (ui) and integration with regard to 
Kirchhoff reduces (ii) to the form 

where 26 is the thickness of the plate 

This IS I believe the hist occasion on which the work done in 
bending a thin isotropic elastic plate to curvatiiies 1/pi, 1/pg at any 
point was expressed m terms of those cuivatiires, and this ls one of the 
meiits of Kiichhoff's memoir 

[1238] The third section of the memoir (S 63-70, G A 
S 251-9) deduces by variation of equation (iv) the equation foi 
the transveise shift at any point of the mid surface and the 
boundary or edge conditions of the plate Knchhoff deals only 
with the case tieated by Poisson, namely when the mid-suiface 
shift IS very small He obtains the two edge conditions and the 
shift-equation in the manner which is now to be found m several 
text-books see Lord Rayleigh’s Theory of Sounds Vol i pp 293- 
300, and compare Thomson and Tait’s Natmal Philosophy, Pait 
II pp 181-90 The equations agiee with those obtained bj 
Saint- Venant and Boussmesq much latei indeed, but by what 
seems to me very much more conclusive leasoning see oui Arts 
183-8 and 394 

[1239] In the last pages of this section (S 67-70, (? A S 
258-9) Kirchhoff shows that the tivo boundaiy conditions and the 
shift-equation aie sufficient to deteimine completely (the tiansUtion 
of the plate as a whole excepted) the value of the tiansveise shift, 
and he thence argues that Poisson’s equations can onl\ lx. satisfit d 
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m special cases, as they involve an additional equation For the 
exact meaning of Poisson^s boundary conditions, see our Arts 
488* and 394 


[1240] Kirchhoff’s proof of the uniqueness of the solution of the 
plate equations is of mterest, as it is, I think, the first appearance 
of a method afterwards extended by himself and then by Clebsch 
see our Art 1255 In general terms it may be indicated as follows 
Consider the double mtegral 


7= 



A, (cNfi 


over the mid surface of the plate If ds be any element of the edge, and 
dn an element of its normal measured inwards, the angle between the 
normal at ds and the positive direction of the axis of t, then this 
integral may h} partial integration be expressed in the form (S 70, 
G A 258) 


- 2 (A + / a ) / , (d^w ^ d^w , 

/■r2 (A + u) d^w\ . f d^w d^w\ “I 

A + 2/a L\^ ^ dxdyV ^ ^ \do(?dy ^ dyy 

(cos* ^ - sin* 4 ,) + cos ^ sm wjrfs 


ds \jdxdy 

rj A /(Pw cTuA d^w 

~ jiA + 2;a U** ^ W) ~ 


d^w 
d ncd ij ' 


— cos‘4> + 2~_coH<l,’im<l> 


4 


d w 


sin 




dw 

dn 


ds 


Now suiipose two solutions Wi and of tho pi ito equations possible 
and let Then if we subtract tho body shift ( (ju itions foi 

and tOg fiom each other, and each of the coiu siionding bouiidai} 
conditions likewise, tho applied foiccs vinish and w( olitiin, with 
constant multiplieis, exactly the throe expiessions in tlu ciuh d Inacki ts 
in the value of 7 equated to zero Hence 7 must lx /do, wlinuc it 
follows that thioughout the plate 


’ dxdy"^^ 

or, Wi-w ^C{c-\-Cy, and C being constants, th it is to siy tin 
shift difference cou( spends to a ti inslitiou of tin ])1 it( is x whoh 
The leadei may coumucc himself th it the ( xjnessions in curb d biacki ts 
aic Hally ichnticil with the body and Ixmndaiy fqnitions by h h h nec 
bo our Alts ^9J-4 
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[1241 ] The fourth section of the memoir occupies S 70--81 
(GAS 259-71) It deals with the vibrations of a free circular 
plate, without surface-load or body-force. The solution is more 
general than Poisson’s, as it does not suppose the vibrations to be 
the same along all radii The initial shift and shift-velocity at 
any point of the plate are supposed given in terms of the raiius- 
vector and the vectorial angle For a complete plate the solution is 
expressed in a doubly-infinite senes of functions akin to Bezel’s 
functions, there being a constant to be detenmned as one of the 
roots of an ,1 ^ lir,i I equation of mfinite order The analysis is 
too lengthy to be reproduced here, but it possesses considerable 
interest I may note especially the manner in which the equation 
(15) on S 74 (Cr J. S 263) is transformed on S 74-7 (Q A 
S 264-6) to one proceeding by ascending powers of the vanable 
Physically the most valuable part of the memoir hes in the dis- 
covery of the equations for the frequencies of the notes and the 
positions of nodal Imes 


The foini of the transverse shift for a single tone is given by 

m; = {(^ cos Tii/r + sm 7nj/) cos (4X 

+ (G cos n\l/ + 1) sin n\j/) sm (4X (i), 

wheie B, G, D aie constantb ultimately depending on the initial 
conditions, t is the tune fiom the epoch, xj/ the ladial angle, n a positive 

integei, 0 "= ^ ~ ^ being the plate modulus of our 

Alt 323, p the density and 2e the thickness of the plate), and 


r 

+4y70A“'-A'‘^j5‘"’l , I 

[ clK 

, _ 2 (\ + / 4 ) _ ^ 

wheie y X ^ 2fx. " 2^ ’ 

j being my lailiuh eoetoi, iiid b the i iihub ot the pi tte , tuithei , 


J2“ r Ji 

\1 ("V~ n' L - 1 "(«+ 1)”^ 1 7 


()t + 1 ) (}i + 2 ) 


±12 3 (»+1)(»i+2)(>4 + 3)'^ 
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and finally is the mth root of 

0 = (4y - 1) (w - 1) +"T (- 1)* ^ 

wheie E = XnJb, 

1 2 h nVl ^rr2 n + ic n^-l 7i + 2 n + ^k+l 

[1242] The fifth section of the memoir which occupies 
S 81-88 {G A ^ 271-9) deals with the numerical solution of 
the equations we have given in the previous article, and implies 
a very great amount of labonous calculation The tones are com- 
pared with those obtained by Chladni and the nodal lines with 
those obtained by Sfcrehlke with two circular glass plates We 
will cite some of the results of Kirchhoff's investigations 

{a) First with regaid to the notes, then periods are obviously given 
by TTfi^X^a) Kirchhoff calculates (S 84-5, 6^ S 275-7) the 
values of logj^ from equation (iv) and finds for these values 


1 (iv’ 



>> 

II 

*0 

X=2/i 

m: 

n 

>-* 

II 

fcO 

ni-- 

X = /Lt 

II 

(M 

II 

w=0 





0 693 67 

0 7H 68 

1 963 08 

1 967 12 

n=l 

__ 

— 

1416 63 

142012 

2 348 29 

2 35022 

n=2 

0 27837 

0 23638 

1 891 17 

1889 97 



71 = 3 

1 00651 

0 97014 

2 24693 

2 242 98 

1 



Further Kiichhoff has shown 8 83-4 {G A S 273-5) that when 
IS gieat its value is very appioximately given by 

(v) 

This piactically covcis the values of not given by the logii ithius 
nl in the above table 

Hence foi a plate of known chsticity all the notes iniy lx eileii 
lated, 01 the frequencies of all tlie sub tones may be found iii teims 
of that of the iundamental tone These results are couqiiKd with 
Chladiii’s experiments 

Chi idni found by experiment tli it the heqiuneics of vibiation 
in the tones which had m then nodal figures the sime 
number of diamcteis (i e those tones which coirespond to flic sime value 
of oi) weie, with the exception of the lowest, neaily as tlic squiics of 
successive even oi uneven numbers accoidiiig as the numboi of nodil 
diameteis was even 01 odd see S 82-3 of the memoir (6 A 8 273) 
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The frequencies of the high tones vary as or as 
and thus Ohladni’s experiments so J^r agree with Kirchhoff ’5 ^©ary 
Kirchhoff then compares Chladni’s results for the lower ton ©5 with those 
calculated first on Wertheim’s hypothesis (X = 2/4) and then on Poisson's 
(X = fji) for the case of a plate whose lowest tone is taken as G He 
assumes that Chladni’s results were all obtained for the same constant 
temperature The results of Poison's hypothesis are closer than those 
of Wertheim’s to Chladni’s observations, but the divergences are so 
great m both cases that no conclusions can be drawn with r^ard 
to the relative value of the hypotheses. The frequency of the tone, 
especially for large values of m and n, vanes so little with the value of 
X//X, that experiments on plates can hardly be crucial between the two 
hypotheses 

(b) Secondly with regard to the nodal Imes These are given by 
the values of r and ij; for which, independently of the tune, = 0 
Clearly from equation (i) we have the ra^ of the nodal circles given 
by the values of r (< h) for which U^m = 0, and also the nodal diameters 
given by the values of ij/ for which 

A Gos nip + JB smnxj/^Oy G cos nxf/ -h JD smn\j/ = 0 

Thus theie can be no nodal diameters unless the plate be so disturbed 
that A B C B If this equation holds we have n nodal diameters, 
each adjacent pair sepaiated by the angle Trjn n and m may thus be 
considered as giving the number of nodal diameters and nodal circles 
respectively which can occur in connection with the tone defined 

Kiichhoflf says with regard to this 

Diese allgemeinen Resiiltate der Theoiie bind im 'Vyebentlichen mit der 
Eifahmng in Uebereiiihtimmung Der VeiMioh zeigt, da^b die Knoteiilinien 
aub Kieisen bebtelicii, die mit doi Peiipheiie doi Schoibo concentribcli sind, 
und alls Durchmcssem, die diese in gleiche Theile theilcn, wenn man von 
gewisscn V« absieht, die diese Linicn cileidcii und die, wie mir 

scheint, diiin ihien Giiind haben, diss die Scheibe iiicht 

vollkommen fiei ist, wie die Thooiic sie voiiussetzt^ Dei Vcisuch zeigt abei 
inch, dibs bei oineni Tone, bci dein zuwcilon Duichinossoi iK Knotenlinien 
voikommcn, die Duiohmessei zuweilcn felileu tchlcn sic, bo oiduot sioli dei 
xuf die Scheibe ^ostiouto Sind zwii inch m Duichincssein in diese bleiben 
ibei iiidit fest wihiond dei Lewegung dei Schei]>e, soiidcin oscilliien (S 82 , 
GAS 272-3 ) 

To this gcneial cxpeiimental contiimation of the tlieoiy Kiiclihoii 
idds a coinpiiibon of the i idii of the nodal clicks calculated on 
Poisson’s and Woithcim’s hypotheses with those obtained expeinnentally 
by btiehlke fiom two ciiciilar glass plates (lit 359*), and by Savart 
on thiee such plates (Ait 320^) 

1 It maybe also (luestioned whetliei any such pcitectly itotiojjic and homofje?itous 
plate as is supposed in the theory can be really prepaied 
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I place below his comparison of experimental and theoretical numbeis 
for the ratios of the radii of the nodal circles to the radius of the plate 



Expemnent 

Theory 


Strehlke 


Savart 





Plates 


Plates 


Poisson, 

Wertheim, 


1 

2 

1 

2 

3 

\=fA. 

11 

ra=0,) 
m=:l J 

0 6792 

0 6782 

0 6819 

0 6798 

0 6812 

0 68062 

0 67941 

it il 

0 7811 

0 7802 

— 

— 

- 

0 78136 

0 78088 


Kirchhoff says of these results 

Die aus der Wertheim’schen Annahme abgeleiteten Resiiltate weichen 
von den aus der Poisson’schen abgeleiteten nur wemg ab , mit den Strehl 
ke’schen Beobachtungen stimmen jene noch besser uberem als diese Wie mii 
schemt, spricht dieses aber nicht gegen die Poisson’scho Annahme, denn eine 
voUkommene Ueberemstimmung zwischen der Theorie und dein Versuche daif 
man nicht erwarten, weil die dem Versuche unterwoifenen Soheiben nicht 
die Eigenschaften in aller Strenge besitzen, welche in dei Thcoiio ihnon 
beigele^ werden (S 87 , (r A S 278-9 ) 

The correspondence between experiment and theory is not by any 
means so remarkable as the fact that such difieient hypotheses as those 
of Poisson and Wertheim give such veiy similai results The nodal 
lines of vibiating circles obviously afford no crucial test ot the tiuth of 
uni constancy 

Kirchhoff on S 88 ((r A S 279) gives the results of finthei 
expeiiments of Strehlke’s on less peifect plates, ind also the eileulated 
values of the radii of the nodal circles foi m=l, ?i=l, 2, 3, and loi 
//j = 2, 9^=1, on both Werthemfs and Poisson’s hypotheses See our 
Arts 512*-520^and 1344^-1348-^ 

[1243 ] Tiber die Schwingungeti einer h eis^oi migea elti'^tisUion 
Sdmhe Foggendorffs Annalen, Bd 81, 18)0, S 258-264 (G 
A S 279-85 ) This is a lesume of the memoir in Cielles Join nal 
just discussed , see our Arts 1233-42 It coiit iins, howevci, moie 
detailed numerical results and still furthei thcoietieal caleul itions 
of the frequencies of the notes and the position of the nodal lines 

{a) We may draw attention especially to the munc^iud cileulatiou 
of the fieqiicncies on S 261 {G A S 282) The funduueiitd noU 
being that in which the nodil figure consists of two peipeiidiculai 
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diameters, the period of a single corresponding vibration is taken m 
the unit of time, and Kirchhoff finds the numbers of vibrakons eotre- 
sponding to the sub tones which take place in this unit of time Hie 
numbers thus obtained are the same for all plates whatever their 
substance and dimensions, provided we assume any fixed relation 
between X and fi The sub-tones are more fully calculated on Poisson's 
hypothesis (X^^fj) than on Wertheim's {X = ^fi), and they are given here 
for reference 


Ratios of Frequency of Sub tone to that of fundammtal Note 


II 

II 

o 

II 

n=2 

1 

71=3 

71=4 

7t=5 

o 

II 



10000 

2 3124 

4 0485 

6 1982 


1 6131 

3 7032 

6 4033 

9 6445 

13 3937 

17 6304 

771 = 2 

6 9559 

10 8383 

15 3052 

20 3249 



m=S 

15 9031 







These do not agree veiy closely with Chladni’s results, also converted 
into numbei*s by Kirchhoff, who considers that more accurate observa- 
tions of the fiequencies would he of value 

(b) With regal d to the radii of the nodal circles Kiichhoff also gives 
moie complete results, especially for the hy[)othesis X^fx The latios of 
the radii of the nodal ciicles to the radius of the plate aie given by the 
following table 


\=fi 

7i=0 

7i=l 1 

77 = 2 

1 h=3 j 

7i = 4 77=5 

VI = 1 

68062 

1 

781ii6 ! 

82194 

1 

84523 

86095 ' 87250 


(39151 

40774 

o6043 

^ 6010o 

1 

771 = 2 

t 84200 

87057 

88747 

i 80894 

1 


r 25079 




1 1 

771 = 3 

1 59147 




j 


1 89381 






llic numbcis on Wcitlicim’s hypothesis die not e lined "is fai, but 
tliey ire m close leeoidiiice, so tai is they go The k suits iie com 
paied with Stiehlke’s me isuieiiieiit, on four glass ind two metal disc'^, 
iiid tlieic IS close eouespondeiice between Kii eliholF’s theoiy ind 
expel iment see 262—4 {G A S 2b3-o) 

Kuchlioff gives the following ex.piesbions ou S 202 {G A b 2bJ) 
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for the number W of vibrations in unit time corresponding to the fun 
damental note of a circular plate of radius h and small thickness 26 

iV=l 04604^ for \ = and = 1 02357 for A.= 2/t 

(see our Arts 511* and 518*) He remarks that, so fai as he is aware, 
no experiments have as yet been made to test these results 

[1244] Uber die Qleichungen des Qleichgewichtes eines elasti- 
schen Korpers bei nicht unendlich kleinen Verschiebmgen seiner 
Theile Sitzungshenchte der mathem -naturwiss Glasse der k 
Akademie der Wissenschaften, Bd ix S 762—773 Wien, 1862 
Barchhoflf did not republish this in his Gesammelte Ahhandlungen, 
and therefore was possibly dissatisfied with its method and results 
He commences his memoir by referring to the paper of Saint- 
Venant discussed m our Art 1617* (I) et seq Saint-Venant 
had briefly indicated a method of finding the equations of elas- 
ticity when the shifts are not infinitely small Ehrchhoff remarks 

Diese Gleichungen habe loh auf zwei verschiedenen Wegeii abgoleitet, von 
denen der erste im Wesentlichen mit dem von St Veuant angedeutetou 
ubereinzukommen soheint, der zweite auf dei Entwickelung einer Iruhtr von 
mir (Cielles Joum XL [see our Ait 12351) aufgestellteu Formel beiuht 
(S 762) 


[1245 ] Kirchhotf takes as his vaiiables not the shifts v, w of the 
point X, if, % but the coordinates of the point a., altei shift, oi 

f = ^ + rj-y-^-v, ^ — z He then states lathei thin piovcs that 

body and surface sticss equations of the usual types, namely^ 


pX + 


dxx 

dx 


d^/ dxz 



0 , 


Xq ~lix + lilx // 4 * ^ , 


hold, vlieii, howe\ci, the stiess symbols have not tlieii usu il nu uiinir 
They denote sti esses piiallel to the coordinate i\is leioss pliius 
oiiginally but no longei pai illel to the cooidiniU pi iiies Thus 
relations ol the type 

xu — 'i/x 


will no loiigei be tiue {^D%c 6G neua Dnitkc buid ini jiUyenuintn bchiej 
(jegea die Ehenen ypiichtet, gegen dit bie wukeii, und cb bind nitht dtti 
von ihnen dteien mideien gleioh^ S 763 ) 


pUb'^UU^ 


^ It should be noted that we use tensions where he uses 
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[1246 ] The next step is to express these nine stresseiS m terms ci 
the three principal tractions. This occupies S 764-7 In the course 
the investigation the follovnuag process occurs. Let r be Ihe <Jn:ecti€»i 
of an element of a line in the unstrained state which takes the directicm 
r' in the strained state ^ let e be an element of length of r defined by its 
termmal coordinates x, y, z and x + &c,y-^^, then if e becomes 

€ with terminals given by 17, ^ + 8^, 07 + % ^ + 8^, we have 




€ COS 




With similar equations tor € cos (r', y) and ecos (r\ z) Earchhoff cancels 
€ and e on either side, which is allowable he says ‘‘wemz wvr h&rw&h- 
mjchtigm^ doss c von e nwr unendl%ch wemg verscJmden (S 765) 
Now it IS not shown that the terms Kirchhoff is thus neglecting are not 
of the order of the quantities he proposes to retam In fact, if r be 
taken to comcide with aj, he finds the cosme of the angle between the 
strained and unstramed diiections of a; to be d^ldx=^l which 
is quite incorrect If we keep e/c m, we should have it as a factor 
of the nght-hand sides of equations (6) of S 765 Thus in KirchhoflPs 
expressions on S 766 for the stresses, we must read for his pnncipal 
pressures Pj, Pz the quantities 


^ 1 ^ 1 / ^ 1 ) ^ i ^zl 

or, if 61, 6^, be the &ti etches in the diiections of the principal pressures 

pj{i+s,), p/(i+o, 

lespectively (Kiichhofi' uses Xj, X , X^ foi oiu 6^, 6 , 6^ ) 


[1247 ] Kiichhoff next assumes that the principal prossuieb will be 
linear functions of the principal stretches, or that 

Pj = - 2 /a' 1^1 ^ ^ 

He writes A for fx above, and 0 for X(2 /a'), using the biiiie letters K 
and 0 foi these elastic constants as he had used in the memou of 1850 
(see oui Alt 1235) He is justified in doing this beciu&e he neglects 
the square of the stiain It we letain the bquaie of the strain, and 
still absunie the pimeipal iiressuits lineai functions of the principal 
bti etches, then X' and /a' will not be the X and /a of our ordinal y 
notation Thus 811 W Tliomson in his memoir ot 1862 (Phil Ttaub 
1863, p 612, 01 Treatise on Natimal Philobopliy, Pait II 464) 
lemaiks 

And it nny be usetul to obscivc tint foi ill \ dues of the v iiiihltb 1 , /I, L\ 
a, A 6 it [the bti un ciioigy] must thcicfoic bo evpicssiblo 111 the s unc fuim, 
with viiymg coefficients, eaefi of which is ilwiys finite, foi ill v dues of the 
\aiiahlcb 
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Here A-1, B-1, G-l, a, h, c are the generalised components 
of strain, and it has just been noted that if these are mhnitelj small 
the stram energy may be expressed as a homogeneous quadratic function 
of them with constant coefficients Hence Sir W Thomson considers 
that the coefficients of elasticity vary as the strain increases in magnitude 
and thus foi finite stram may no longer be represented by \ and /x 

[1248 ] To be more geneial then than Kirchhoff, that is to deal 
with any magnitude of stram, we ought to replace m the equations (7) 
and (8) of Kirchhoff's S 767, the quantities Pj, Pg, Pg by expressions 
of the type 

Pi = ~“ 2/1^ (% + So + Sg) j- (1 + ^i) 

These will agree with Kirchhoffis values if the strains are so small that 
the products of the principal stretches may be neglected 

Neglectmg the square of Sj, etc Kirchhoff finds values for Sj, Sg, Sg in 
terms of quantities which he denotes by the letters X, i/, I, n 
These quantities are related in the followmg manner to Thomson’s 
-4, P, (7, a, 6, c and to the of our Art 1619* 

2X = ^-1 = 2€«„ 2if=P~l = 2€^, 2iV=:a-l = 2e^, 

2l=:a = y}y^, 2m = h = rjf^, 2n = c = rj^y 

But it must be noted that while all these quantities aie gtneialised 
components of stram, Kirchhotf’s expiessioiis for Sj, 6 , Sg in tciins of 
X, M, N and therefoie his expressions for the stress m terms ot these 
stram components are true only foi infinitely small strains 

[1249 ] Expressed in the notation of oui work wo have accoiding 
to Kiichhofi* the following expiessions foi the stiess symbols as dohiied 
m oui Art 1245 

- 2/1 |(1 + Uj) ^ ^ > 

= 2 ^ {(1 + + u „ {.„ + ^ 

with others wiitton down by piopci cyclical intci changes 'J hcs( 
results, as wo have seen, are obtimcd on the assumption tint tlic 
squaie of the striin may bo neglected Now KirchholPs list set ot 
equations on S 769 shows that s , 4 ? no of tin same oidii is 
€ , c^, e„, and tlioicfoie these littci quantitns aie also sm ill , but 
+ ] ( 71 ^ + i) -hw^ ), ind therefoie if u bi positive, and t must 

be ])i letieilly of the same order, hence it is dilheiilt to see how is i 
iiilc we can neglect s^ and retim ])roducts like a € But it we elo 
not reject Kirchhofi’s mvestigition is inv did Thus it does not 
seem that much impoitance cm be attributed to the expressions given 
ibove lor the stress symbols in terms of the geneialised eomponents 
of sti iin 
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[1250] More weight is I think to be laid on KircbbofiTs second 
method oi luvestagation, which at any rate, till it assumes the stramr 
energ;ij^ to be a quadratic funcfeton of the principal stretches, does not 
suppose Ae strains neee^nly small 

Let W be the sfcran>^aergy, then in our notation Kirchhoff finds for 
the values of the as defined m our Art. 1245 {S 772) 


^ dW 

_ dW 

^ dW 




^ dW 

_ dW 

^ dW 

ijjf = -j— , 

dvx 

m = j — , 
dVy 

dv,’ 

^ dW 

^ dW 

_ dW 


~dWy' 

"~dw. 


But W=a, function of €y, where these generalised 

strain components have the values given m onr Art 1619* 

Whence it follows that 


or 


Similar ly 


dW _dW dW dyjgg. dW drj^ 

duj. de^ dugn drj^ du^ drj^ du^ ’ 


dW . dW 

3L1 = (1 + -h-r; 


d€. 


^Vz, 


aW 

+ -j 71.^ 


- dW 


dW 

dr]„ 


dW,. . 


^ dW dW dJV . 

az=— + ■— (l+v,) 

d€^ dyj,, ^ d'q,, ^ 


Substitute these expressions m the body stress equations of Ait 1245 
and we have precisely the generalised equations gi\en by C Neumann 
in 1860 (see our Ait 670) and by Thomson in 1862 {Ph%l Turns 1863, 
p 611, Nat Phil Part II p 463) These equations aie thus mvohed 
in Kiichli off’s lesults on S 772 and 789, althougli he passes them b} to 
expiess the value of W in the doubtful foiin 


W - /X + €„ + € ) + +7} + ^ // ) + ^ (e + f y + ^ ) ) 


on the assumption tint the squaies of the stiains ma> he neglected 


[1251] Uhei das Oleichgew%cht luid die Beweguncf eine^ 
vnendlich diinnen elastiscUen Staler Cielles Journal, Bd 56, 
S 283-81S Boilin, 1858 {GAS 285-316) 

This momon is substantially repioduced in the twenty eighth 
Voile^auq of Kiichlioff’s Mechuml, S 407-428, with some 
moiliticitions and impioveinents Kirchhoff s theoi} in both 
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places IS owing to its brevity and generality rather hard reading 
It IS given in a somewhat simpler and clearer fashion by Clebsch 
m his Elasticitat, S 192 et seq It belongs to a branch of our 
subject that Ehrchhoff was among the first to treat with any 
exactness, namely the equilibrium and motion of elastic bodies 
having one oi two dimensions infinitely small, i e thin rods, wiies, 
plates and shells The subject is a difficult one, and it is only the 
confirmation, which the results reached receive when we approach 
them as limiting cases of bodies of finite dimensions (as, for 
example, has been done for certain cases by Clebsch), that enables 
us to set aside the doubts raised by some of the processes adopted 

[1252 J The memoir opens with the folio wmg historical account of 
its object 

Poisson hat in seinem Traits de m4cmi%qm eine Theorie der endlichen 
Formanderimgen entwickelt, die ein unendhch dunner, urspnmglich gerader 
Oder krummer, elastischer Stab durch Krafte, die theih auf sein Inneres, theils 
auf seme Enden wirken, erfahrt De Saint Venant hat jedoch nachgewiesen, 
dass die Voraussetzimgen, von denen Poisson dort ausgegangen ist, theilweise 
unrichtig sind, uud hat zum ersten Male die Torsion und Biegung eines 
unendhch dunnen Stabes von beliebigem Qiierschnitt, von den Grundglei 
chungen der Theone der Elasticitat ausgehend, mit Strenge untersucht De 
Saint Venant hat dabei aber nur den Fall behandelt, dass der Stab ursprung 
lich cylindrisch ist, dass die Formanderungen unendhch klein sind, und d iss 
die Axe des Stabes eine Axe der Elasticitat ist In der voihegendeu Abhand 
lung untersuche ich, von den Gleichungen der Thoorio der Elisticitit 
ausgehend, die Formuiderungen oines unendhch diinnen Stabes von uberall 
gleichem Queischnitt ohne diese beschr mkendon Annahmen S 285 {<J A 
S 285-6) 

[1253 ] The first section of the memoir occupies S 2cSG-93 (G 
A S 286-95) and relates to certain general principles winch aie 
afterwards applied to the special problem of the thin rod Knch- 
hoff first proves a principle which Clebsch has teimed 
Principle and which he has thus stated in his Theone clei KUtHiin- 
tat,S 191 

Die innern Verschiebungcn eines sehr kleinen Korpers sind lun a])h ingiL, 
von den Kraften, welche auf seine Obeifl ichc wiiken, mcht aboi \on den)( nig( n, 
\\olche auf sem Inncies wiiken, \ orausgoset/t, d iss die lct/t(ion niclit i^igcn 
die erstern ausseroi deiithch gioss sind 

Kiichhoff’s demonstration of this principle is given in ana 
lytical form on S 286-90 of his mcmoii (0 A S 286-91) and is 
repeated with sliglit variations on S 407-9 of ihe V(n Usumjen 
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After studying both demonstrations I am obliged to confess that 
they carry no conviction to my mmd Clebsch after citing the 
principle as due to Kirchhoff adds 

von dessen Eichtigkeit man sich leicht von vom herein uberzengt (S. 191) 

Clebsch’s statement of the proof is as follows 

Man sieht diesen Satz sofort ein, wenn man folgende Erwagnng anstellt 
Nehmen wir an, dass die Grosse der auf das Aeussere wirkenden KSaffce, bezc^en 
auf die Flachenemheit, und die Grbsse der auf das Innere wirkenden Krafte, 
bezogen auf die Volumenemheit^ entweder vergleichbar seien, oder die erstea^ 
sehr gross gegen letztere, nur der umgekehrte Pall sei ausgeschlossen. Dann 
ist die Grosse der wirkhch auf die Ooerflache des klemen KOrpers wirkenden 
Kraft der ganzen Oberflache oder einem Theil desselben proportional, erhalt also 
jedenfaUs emen Paktor, welcher von der Ordnung der Grosse dieser Oberflache 
ist Die absolute Grosse der auf das Innere wirkenden Kraft hing^en wird 
proportional mit seinem Volumen Sind nun die Dimensionen des kleinen 
Korpers Ideine Grossen erster Ordnung^ so ist seme Fiache von der zweiten 
Ordnung, sem Volumen von der dntten , der Paktor also, mit welchem die auf 
das Aeussere wirkenden Krafte behaftet smd, ist um erne Ordnung niednger, als 
derjenige, mit welchem die auf das Innere wirkenden Krafte behaftet smd 
Smd also nur die letzten mcht an sich gegen die erstem sehr gross, so wird ihre 
Wirkung sehr klein gegen letztere imd ist somit zu vernachlassigen Ich 
bemerke dass genau dasselbe Prmcip bereits im Anfang imserer Untersuchung 
benutzt wurde, mdem man die mnern Verschiebungen ernes Elements nur von 
den auf seme Oberflache wirkenden Spannungen, nicht aber von den auf sem 
Inneres wirkenden Kraften abhangig machte (S 191-2) 


This statement of Clebsch’s appears to contain all the arguments of 
Kirchhoff’s analysis But I do not see any reason why exactly the same 
argument should not be applied to the elemental y right six-face from 
which we deduce oui fundamental elastic equations, indeed the last 
woids of Clebsch seem to indicate that m some fashion we do apply it 
The reasoning docs not seem to me to clearly explam why foi a body of 
infinitesimal dimensions we may neglect the iight-hand side of the 
typical equation 


dxif d\^ /d It 
dm ^ dy ^ ^\dt ) 


w, 


but not the right hand side of the typical equation foi the surf ice load 

+ m7i} -h nT - (ii) 


I am indeed doubtful whethei if all the dimensions of the body aie made 
infinitesimal the piinciple has any leal meaning If we tie dealing, 
howevei, with a wire oi thin plate, it is the shifts of points on the axis 
of the wne oi the mid pi me of the plate that we aie anxious to disco\ f i, 
and these shifts depend upon the 'iemltant body and Qebidtmit suifice 
foices ovei elements of the wiie oi plate In the case of a wne the 
dimensions of the cioss section of which are c, and of wlncli 8^ is \n 
dement of length, the lesnltnit l)ody force is of ouhi € bs (pA ) and tlie 
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resultant surface force of order hence, if pX be not very great ak 

compared with Xq, the formei term vanishes as compared with the la?tteF 
when € is extremely small In the ease of the plate, if r be its thickness 
and Bo) an element of its surface, these resultant forces are of the order 
tB<o (pX) and BioXo respectively, and, if pX be not very great as compared 
with Xo, the former vanishes as compared with the latter, if t be 
extremely small Thus for wires and thm plates we may put the right- 
hand side of equation (i) zero, if we are merely seeking the shifts of 
points on the cential axis or mid plane, but if we were to suppose 
these bodies to have a sensible, if very small cioss-section, then it seems 
to me that for the relative shifts of pomts on the same cross section 
there is no reason why the body and surface forces should not have 
like effect On the whole the method by which Boussmesq and Saint 
Venant approach kindred problems seems to me slightly more convincing 
than the somewhat vague reasonmg of Kirch hoff and Clebsch see our 
Arts 384-94 and Chapter xiii 

[1254] The next general principle considered by Kirchhoff is 
similar to that of his memoir on plates He states that the six 
stresses expressed as linear functions of the six strains would 
involve 36 constants, but that 15 of these are equal to 15 others 
because the expression 

Sdsx + wdSy -h 'T^dsz -f- ^dayz + 'Ixda^x + ^da^y 

must be the complete differential of a homogeneous function F of 
the SIX stiains He remarks in a footnote that this follows easily 
from the mechanical theory of heat and explains why this is so, 
concluding with the words 

Diese Betrachtiing ist, wie ich glaube, schon voii W Thomson im Qini toily 
Mathematical Journal (April, 1855^) angestellt , ich haho dio citii to Stollo nu lit 
emsehen koiineii (S 290 , 0 A ^ 291) 

The stiam energy leads Kirchhoff to the equation of variation 
SU — BJJJFdajdydjs = 0 (i), 

wheie BU is the virtual moment of the external foiccs A siinil ir 
form of this equation occuis in the memoir on plitcs (see oin 
Art 12*15) and had already been given by Green and otlicis 

[1255] From a certain property of the function F Kirclihoft 
proceeds to show tliat the above equation, oi tlic general Kpntions 
of elasticity, determine uniquely the values of the shifts //, v, w, tlie 


^ Mutluinatiui} ami Plnisual Pupc)'^ Vol i pp 
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^Rslation or rotation of the body as a whole being neglected. 
This general proof of the uniqueness of the solution of th^ equa- 
tions of elasticity has been adopted by C3ebsch and Boussmesq 
(see our Art 1331 and Ohapt^ xni.), and was probably suggested 
by Saint-Venant^s memoir on Torsion see our Arts 6 and 10 

Suppose there are two solutions of the equilibrium equations of 
elasticity Substitute the shifts in the three body- and Ihree surface- 
equations and subtract the correspondmg equations for either system of 
solutions, then theie must be values of Uj v, w differing from zero 
(i e the difference of the two systems of shifts) for which the nght- 
hand sides of the six equations vanish, or which satisfy equations of 
the type 

ctiS dzx __ ^ 
dx ^ dy^ dz ’ 

K + +• = 0 

Multiply the first of these equations hjudxdy dz, and the corresponding 
equations hj vdxdy dz and wdxdydz respectively , add and integrate 
by parts over the whole volume of the solid Then by means of the 
second or surface set of equations we easily find 

/// + XV (Tj^) dxdydz = 0, 

or /// Fdxdydz = 0 (ii) 

Now for an isotropic body 

{s^ -I- g/ + s 2) + J/x {(Ty^ + crj + o-^/) + JX (§ + + s )“ 

Hence for an isotiopic body we must have 

~ ^yz ~ ~ ^ y — 

or the stiams all zero Thus the two systems of shifts can only diftei 
by a translation oi lotation of the body as a whole 

Kiichlioff adds to this pi oof for Zbotoopic bodies 

da bei denjenigtn Korpern, welche in \erschiedenen Rulitungen eine 
verschiedene EHsticitit besitzen, die Unteiscbiedt dei Eh^ticitit inn klein 
Sind, so wild min innehnieii duifen, dass boi xllon in dei >. itui xoikornmen 
den Koiqiei 11 i^\heselbe Eigeiischaft hat (b 291, G xi S 293) 

The Fzg&iischcift in question is that of ne\ er being negati\ e and oiil} 
vanishing when the six stiains aio each separately zeio That bodies 
with leolotropic elasticity (eg wood) have in fict only ‘small diffe i 
onees in then elasticity ' seems more than doubtful, but Knthhofl gnes 
no expeiimental clitx Olebseh in his Tienii^p (S G8-70) cleils with tlu 
sime ])robh m of the unique solution, and isseits without tin tliei pioot 
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that F must be a positive quantity and that its vanishing involves the 
vanishmg of the six stiains individually Olebsch may only be thinking 
of the form of F for isotropic elastic solids , its form for aeolotropic 
solids requires some further discussion At any rate Kirchhoff’s 
argument from nearly equal elasticities does not seem conclusive A 
modified proof is given by Kirchhoff on S 394-5 of his Vorlemngen, 
which does not exclude the case of aeolotropic bodies, although any 
reference to them is omitted He states however that for a compressible, 
fnctionless fluid, F will take the form given by /a = 0 and \ finite, in 
which case the vanishmg of F does not involve = -y = ^4? = 0 for the case 
of no motion of the fluid as a whole, i e the slides may be finite 

[1256 ] Kirchhoff concludes the first section of his memoir by 
thiowmg equation (i) into a form suitable for a body in which the shifts 
are not very small, but the -strains in each elementary portion are 
small We have only to sum F for all these elementary portions, and 
we have 

8l7~8Sfff Fdxdydz = 0 (iii) 

If the body be m motion and T be its kinetic energy this equation 
becomes dwrch e%n heharmtes Pnnzip der Mechamh ” 

jdt {82^+ 8Z7 - 8%jjjFdx dy dz] = 0 (iv) 

The application of these equations to the case of a thin rod oi wire is 
made in the following sections 


[1257 ] Kirchhoff’s second section occupies S 293-302 {0 A 
S 295-304) and is substantially reproduced on S 410-19 of the 
Vorlesungen Clebsch on S 190-202 of his Treatise deals with 
the same matter, but soon forsakes Kirchhoff's pioccsses for 
deductions based on his own solution of Saint- Venants problem 
We shall return to Clebsch’s work later (Art 1359), but ma) 
remark here that it is in some respects more, m others less, satis- 
factory than Kiichhoff’s original investigation of the problem 

Kirchhoff supposes the rod to be initially light cylindiical, and 
in this initial state takes a rectangular system of axes at tlio centroid 
P of any cross section consisting of the axis of the rod (1) md tin 
principal axes of the cross section (2, 3) Let >t, ^ he the coordinaUs 

of any point of the rod relative to these axes b( fore sti un and i + ?/, 
2/ + y, be the coordinates aftei strxin icKtivc to icctingulai axes 
e, y, c, of which the axis of x is the sti lined position of 1, and the ixis 
of s IS i)erpondicuhr to tin plane thiongh ^ and 2 Now if /, tj, z lx 
supposed to ncciAO only ^alnes of the oidoi of tin hiu u dinionsious 
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of the cross section, then x, y, z, u, t?, w are quantities which fiiMl the 
conditions required for the equation (iii) to hold. Let 77, be the 
coordinates of P after strain refmed to any rectangular axes in space, 
and let the former set (x, y, z) make the system of angles whose 
direction-cosmes aie given by 

«0J A> To 

“1. 7, 

“s> Aj > 

with the axes 77, ^ 

Then the coordinates of the point x, z after strain with regard to 
77, ^ are given by thiee equations of the type 

^ + oo (aj + w) + tti (y + ^;) + (js + w?) (v) 

If 8 be the distance of the point P from an end of the rod in its 
unstrained condition, quantities like (v) must be functions of e + x, or 
their partial differentials with regard to s and x must be equal Since 
77, ^ and the direction-cosines are not functions of x we find 



d^/ds \ J doolds \ (dajds \ I da jd$\ 

drjldsy -I \dp^^|ds\‘ (a, + 1^) + Id^ijdsv (y + -y) + \d^ {% + 

dtld^) (dy^Jds) idjilds) {dy /ds) 


o"! (lu . (“ 1 ) dv . (“4 dio 




Multiply these equations respectively by a^, / 3 y, y,,) then by a^, /?i, yj and 
then by a , ^ , y and add in each case, and we find af t( 1 cei t iin 
1 eductions 

du du , . , V ' 

dv dv , . , . 


av av , . , .1 

Ok ally e is the stietcli in d% and the following lelitions must liold 

(mi) Ais 
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Farther q, r are given by tbe following expressions 
doa dy^ \ 

doo » , <ho . 

ClOn ^yi 

ds '^^’‘W^'y^ds 


(Vlll) 


du dv dw 

[1258 ] Kirchhoff now remarks that infinitely great 


as compared with w, % w, if we only give to x values of the order of 

the hnear dimensions of the cross section ^ further, if ^ are 

as as as 

not infinitely great as compared with w, v, these differentials with 
regard to s will be infinitely small as compared to those with regard 
to X Thus by neglecting infinitely small quantities of the higher 
order we have 


du \ 

dv 
dx 

dw 

j 

For the proof of these assertions Kirchhoff refers rathei vaguely to his 
first paragraph, and there is a similar reference m the Vorlesungen^ S 
412 (Gestutzt auf die am Ends des vongen § gemachte Bemo'nkuug) 
Clebsch in his Treatise^ S 202, puts the mattei thus 


pz-Tx, y 


(IX) 


Bemerken wir nun, dasb bei der Differentiation nach r sich die Grossen 
Uj V, w immer um eine Ordnung iinendlich kleiner Grossen einiodngen, was bti 
der Differentiation nach s im Allgemeinen nicht geschohen wild, und dass v, i( 
klein gegen so rediiciren diese Gleichiingen sicli iiif (ix) 

The aigument does not seem to me by my nuans cloir, ind T think 
equations (ix) would be incorrect if theie wok ni ippuciahh loiigi 
tudinal or buckling load 


[1259 ] By integrating (ix) we find 

u = u^-\‘ {ry - g';?; + c) r, \ 

v = v^^r2^^-\rr\ (x), 

w = w^^\qT -pry ) 

^^here arf (piantities independent ot / 
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By forming the expressions for the strains it will be found that 
they are all independent of sc, so that the body-stress equations reduce 
to 


CS? ^ V 
dy dz 

dm ^ d"^ ^ 
d/y dz'^ I 




and the surface stress equations at the curved surface to 
^dg dg \ 


.dg ^ 

— + y* — =0, Y 


dy 


gi ^ + » -p= 0 

dy dz 


dz 

dy 


(xu), 


wheie ^ = 0 is the equation to the contour of a cross section, and there- 
fore ^ IS a function of z and y only Furthei (xu) supposes no forces to 
act on the surface ot the lod except at the terminal cioss sections. 

The arbitiary constants in the values of u, v, w may be determined 
by the conditions that foi 2 / = = 0, 


M„ = 0, i!,= 0, Wj = o/^" = 0 


dy 


[1260 ] We easily find for the strains 
=ry-qz’^€, 


' dz ^ dy ’ 


dv„ 

dWr. 

dy’ 

di > 

du,. 

du., 

dz 



(Xlll) 


(xiv) 


The stiesses aie given as Imeai tunctious 111 teuns of these strims, the 
form ot the functions depending on the ehstic natuie of the locl It 
the ixis of the lod be paiallel to an axis of elisticity we hd\e foiiimlae 
of the following type, which Kiiehhoff cites fioin an iceount of i inemoii 
by Rankine (Ait 118) m the Fo^bchitte dei Physik, 1850-1, S 241-9 


M is -1- Uu///1 + lu 1 + U W/ 1 0-^ , 

y ’ 


y,/ =|//v^al s -f i////y//| -f lv/-~l 6 + \niy-^\ cr, 


V =|V 6^ -H I'/ '/Vl 8y + I'/* * 


- ' 6 
& 


+ 1 >f \ 

+ 


uy cr 


-i- 1 cr j 
+ Ui'lVl (T , 


'y 5 
^y 5 


(^v). 
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where the oonstants have the usual meanings and inter-constant relations 
see our Art 78, p 77, footnote, and Yol i p 885 

The first body-stress and first surface-stress equations, (xi) and (xii), 
easily give us 

-J" + 2 \zxxy\ + \xyxy\ = 0 

and 

^ (S’ t 


(xvi), 




These equations with the fiist of (xiii) deteimine fully and the other 
equations of (xi), (xu) and (xm) determine and They should 
be compared with those obtained for the case of a rod of finite cross- 
section by Saint- Yenant and later by Clebsch see our Arts 17, 83 
and 1334 

Even if the axis of the rod be not parallel to an elastic axis and 
(xv) do not hold, (xi), (xii) and (xiu) determine Vq, Wq uniquely and 
as linear homogeneous functions of p, q, r, e see Kirchhoff *s S 297-8 
(6^ S 299) If the values of Wq thus found be substituted 

in (x) we have Uj v, w Sia linear homogeneous functions of p, q, r, € 
The coefficients of these quantities will be independent of s and thus 
if dpjds, dq/dSj dr/ds, de/ds are not infinitely great as compared with 
p, q, r, € respectively, equations (x) satisfy the hypothesis we have made 
in Art 1258 with regaid to du/ds^ dv/ds, dwjds 


[1261 ] The stiams will be given by (xiv) as linear homogeneous 
functions of p, r, € also If these functions be substituted in the value 
of the strain eneigy F, we obtain as i quadiatic function of these 
quantities, which is independent of x Integrate this o\ei the eross 
section and suppose jjFdydz = f, then we may wiite foi equations (iii) 
and (iv) respectively 

811— Sf/ds = 0 (xviii), 

fdt {8T + 8J7- 8f/d6} = 0 (xix) 

It may be noted thit Thomson and Tait stiit ftom J is i (ju »di itie 
function of < 7 , c see their Nairn al Fkilosophy, Put ii ^592-5 
Kiiehholl desciibcs i geneial method of calculiting the v lines of the 
coefficients of this function m terms of the usual ilistie const in ts, but 
it is one which it would not bo easy to apply excc pt to speei il e ises 

[1202 ] KiichholF lemirks on S 299 {G A S 301) tint the 
equations (xi), (xu) and (xm) can be sitislied by the hypothesis made 
by Saint Yenant in his memoirs on Torhhon and Flexuie^ namely 

^ — 0 

See oui Alts 77 ( 11 ), 316-8 and 1334 
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He shews, indeed, that this hypothesis gives a possible solution, but 
he does not prove that it is the o^y one His discussion does not bring 
very much confirmation to Saint-Venant's theory and hardly justifies 
the note on p 616 of Moigno’s still it is of value as Slewing 

the 1 elation between the two mvestigafaens — a relation which has been 
still more clearly brought out by the researches of Olebsch see our 
Arts 1334-7^ 


[1263 ] Kirchhoff next investigates an expression for the kinetic 
energy T ALfber some analysis which involves a rather difficult 
consideration of the relative magnitude of various quantities, he finds 


where 

and 


(sT + M (“)■ 


<oZ’® = // (y® + d<D, 


dt 


dt 


This might I think have been deduced from general dynamical 
principles rather moie briefly than by Kirchhoff’s analysis see his 
S 299-301 {Q A ^ 301-3) 


[1264 ] The second section of the memoir concludes with the 
extension of the previous results to rods whose unstrained foim is 
cuived, the cross section, however, being the same throughout 

Untor dieser Bediugung wird dei Stab diuch pas^ende, auf sein Inneies 
wiikende Krafte cylindrisch gemacht werden konnon , dabei weiden seine 
Theile unendlich kleine Dilatationen eileiden , bezieht man die Giossen 
a, y, z und u, v, lo auf den Ziistand, in dem der Stib sich dann bofindet, statt xuf 
semen naturlichen Zustand, und bezeiclinet duich v , v\ id die Wertlie, die 
Vj^ Vj IV annehmen, wenn man den Stab m semen natm lichen Zustand und 
m oine beliebige Lage ubeigehen lasst, soweideii die Gleithungen (in) und (iv) 
richtig, wenn man m F statt u, w setzt u — u\ y — zi , lo-id D ihei 
weiden die Gleichimgon (xvm)-(x\) auch jetzt gel ten, \\oim mm in f fui 
u y, 6 gesctzt lilt wo n, / , d die lYeitho 

bedouton, die p, f miionmeii, wenn mm don Stxb in seinui n it ui lichen 
Zustind und m erne beliebige Lige 1 c Es smd nimlich in 

dicsom Fille v-o\ w~w dicsuuui nneiien tunktionon \on p-p-^ 

(I’-i/i / e — e', WIG in dem fuihoien ii, i\ n \on f (b 302 , G A 

b 304) 

The pioccss heie is \ veiy general extension ot that by which we 
deduce the bending moment at any point of a plane cuived rod to be 
EbiK (1/p- 1/pJ from the value EoiK jp in the case of a stiaight lod 
see GUI Alt 257^ ind compare Aits 619-20 

1 A good deal of Kirclihoff s latei work depends upon the supposition that 
7; ='T = ^=d Its blue for lods Kiichhoft s method of leachmg this lesult has been 
legitimately ciiticised by Saint Venant see his CUbuh pp 178-81, especially § 7, 
and our Art 316 
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[1265 ] The third section of the memoir further develops equation 
/xviu) on the assumption that the only external forces are those acting 
on the terminal cross sections (S 302--8, ^ -4 S 304—11) We 
have to se^ by the processes of the Calculus of Variations four 
functions j?, r, e of s, but these quantities are defined by differential 
coefficients of rj, Pq, Vq, yi, Og, ^ 2 > y 2 > between which 

certain relations hold Kirchhoff adopts the method of indeterminate 
multipliers and uses A, B, C, Mq, to denote respectively the 

multipliers of the three relations (vii) bis and the three relations (viii) 
He finds by the ordinary processes of the Calculus and by the elimina 
tion of the other multipliers the following sets of equations 


^-M — -ilfi — = 

dp~ dr ‘ 

(xxi), 

^=la„ + £/ 3 o+C'ro (='S;say) 

(xxii), 

0 

II 

o' 

li 

0*' 

II 

(xxill), 


= M^r- - {Aa^ + + Gy,), 

= M,p-M,q + (Aa, + 5^8. + Cy,) 


(xxiv) 


Kiichhoff then deduces the following simple meanings of the quantities 

A, B, G, M„ M, 

-6, C are the sums of the components, parallel to the ixes of 
i, 7), ^ lespectively, of the elastic stresses which act upon the cross 
section detei mined by 5 , from the side of that poitiou of the lod which 
coiiesponds to greater values of b , if,,, J/j, M ue tlie moiiunts of the 
same stresses about the axes of x, ?/, z lespcctively , these moments aic 
positive when they correspond to a light handed screw motion louiicl 
the corresponding axis, such a motion lound the x axis turning i point 
on the z axis into the y axis 

In the Vorlebungen^ S 419-21, Kirchhoff stalls with tlu se mem 
mgs of 4, Bj <7, i/y, ifi, and deduces fioin static il coiisidir itions 
equations (xxiv) and then equitions (xxi) and (xxii) Tlu foiimr set 
IS given moie easily by the statical piociss, tlie latter by the (Meulus 
of Variitions, both piocesses are instiuetive esp( eiilly win n conq) tied 
Still a third process, more symmetiieal and, perh ips, simple i tli ui 
either of Kirchhoff' s, is given by Clebsch in Ins f/mttbe S 204-9 


^ i)/i M arc leplaced by M^, respectively in that work 
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[1266 ] ^ince / is a quadratic function of p — p\q — q\r-ry and 
it follows from equations (xxi) and (xxu) that ifi, M swad 
S can be expressed as linear functions of those quantities. Knrdihc^ 
uses the following system of coefficients 



q-q^ 

r-y 

6 — c' 


®01 



®10 


Oia 

«1S 

^20 

Ogi 





«82 

«88 




where % = % 

Kirchhoff lemarks that these a’s are not all of equal order since 
€- c' IS a mere number, but p-p\ q-q\ are the reciprocals of a 
length Hence the a’s involvmg one 3 as subscript must be one linear 
dimension lower than those containing no subscript 3 and one linear 
dimension highei than that containing two subscripts 3 The linear 
factor can, moreover, only be a linear dimension of the cross section of 
the rod, and so an infinitely small quantity Thus coefficients with one 
subscript 3 are infinitely small as compared with and infinitely 
great as compared with those with no subsciipt 3 Thus we cannot 
neglect the terms m c-c' in the expiessions (xxv), for, although €-€' 
may be veiy small as compared with q-q'i still its 

coefficients are infinitely greater than the others 

From the ^ alue of S indicated in (xxv) v e find 




and it this value of c - c' be substituted in the fiist thiee exj)ressions we 
see that unless S is infinitely gieat as compared with J/y, J/j, M we 
may neglect the terms in S, thus we find expressions of the form 

-Vo = 6«o (i? -2^') + ^01 {q - q') •+ (» ->')>! 

i^i = K{p-p) + K{q-q') + ^i 0 -»'U (xx\i), 

M^==b^{2J-p') + hi{q-q') + b (?-»)) 

whtu and the h'h are eisily exinttssed is functions of the 

Kiichlioff shows on S ^07 {G A S 310) that S' is lufanitel} gieit 
lb compared with J/„, J/,, 1/ , only when the direction of the iCisult lut 
of the constant foiees A, B, C diliers e\eiywheie infinitely little fiom 
that of the tangent to the axis of the lod 

Eijuations [i e (x\i)-(xxvi)] theoretic illy sutheient to fully solve the 
problem have now bee n found 


[1267 ] In the last paragraph of this section Kirchhoft points 
out a veiy interesting elastreo kinetie analogy (S 307-S , G A 
S 310) Suppose the lod m its unstrained condition sti light, oi 
that y = (^' = ?' = 0 Then if we substitute the values of the M s 
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from (xxvi) in (xxiv) we obtain the same differential equations as 
those for the rotation of a heavy body about a fixed point The 
symbols used in our elastic investigations must be interpreted m 
the following manner for the rotating body 

The axes rj, f are axes fixed in space, the axes oc^ y, z are 
axes fixed in the body at time s, the origin of the latter system is 
the fixed point of the body and the axis of x passes through its 
centroid , — ^1, — 5, — (7 are the components of the weight 
of the body parallel to the axes of tj, multiplied by the 
a?-coordinate of the centroid, finally if m be an element of the 
mass of the body which has x, y, z for its coordinates, then we 
must have 

6,0 = Sm (2/" + /), 6 j2 = - %myz, 

6jj = 2m {s? + o?\ 620 = — %mzxy 

K = Sm (x^ + y% 6oj = - X7}ixy 

To determine the form of the elastic rod, when the correspond- 
ing problem of the rotating body is solved, requires us only to 
perform the three integrations which give the coordinates of a 
point on the axis of the rod, namely 

^ = Ja^ds, rj = //3od5, ^ = /7ods 

Here the longitudinal stretch e is neglected 

Kirchhoff's elastico-kinetic analogy has boon dibcubbud by 
beveral later writers see Thomson and Tait, Nairn al rhilobopluj 
Vol II §§ 609-13, Hess, Mathematische Amialen, Bd 23, S 
181—212 and Bd 25, S 1—38, 1884—5, Grcenlull, Pt oceedmgb of 
the London Mathematical Society, Vol xviii p 278, 1888 

t l268 ] The fourth and last section of Kiidiliol} b intinoii is d( voted 
e following special case the lod in its original unsti untd stiU is 
a wire of circular cross section and its axis h is the form of i lulix 
The lod IS supposed to be of homogeneous ind isotiopie el isticity S( ( 

S 308—13 {G A S 311—310) Kiichholi eisily diduecs the following 
expression foi they of oui Ait 12C1 where the notation of the el istie 
constants is that of the piesent work^ 

/ - ^ |M 1 > + l^iA (</+•/) I € J| (xxvu), 

wheie u)K = /J(^ + s ) - 2//y dm 

Our w, /i hf £i)A , stuud for the X, A, 2 - /-t of KuchhoiT’s luLinoii 

1 + AU 
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Equations (xlxvi) take the form 


if,= 


\E^E^(q-q')X 


(xxvill) 


[1269 ] Kirchhoff now takes 0* for the angle a tangent to tke kelix 

makes with the axis, m the unstrained condition, ~ sm ^ for the radius 

n 

of the cyhnder on which it lies, and for the unstrained coordinates he 
puts 

I' = s cos 7j' = sin ff sm n% sm ff cos n% 


whence we obtain for Oq', the values 

aQ = COS ff, ^0 = sm 6' cos n!s, y^ = sin ^ sin s 

Smce the cross-section is circular, one of the six quantities a^l, yS/, y{, 
Pzi 72 ^^7 assumed to be an arbitrary function of s Kirchhoff 
takes 


%' = sin ff cos I's, 

where V is an arbitrary constant Hence, after some analysis, he deduces 

^' = Z' — ril cos 6', q' = — oi' sin 6' cos I's,] 

7 ' :=-n' smff sml's ) 


(xxix) 


These equations might have been deduced by other considerations 
Now assume f, rj, ao, ^ 0 , yy, ai, ySj, yj, cl , ^ , y^ equal to the expies 
sious foi the same quantities with dashes, ouly replacing the constants 
O', n', I' by new constanh 0, 7i I 

It will be found that all the equitions of the pioblem are satisfied 
except (xxiv) whatever be the values of 0, u, I Fnrthei using (xx\ 111 ) 
it will be found that (xxiv) can be satisfied if we take 

1 = 1 ', I 

A= — 7 ,{Z(«.cos 6 ^- 7 i'cos^')^iii^— sin cos 
sin 6 ^ ^ ' I 

] 

where L — fxmh , N—Xhoik 

The condition B^C — 0 denotes that the foiu actiutj at the end oj the 
heh(al win must have the diitcUon of the aoeii> oJ the luhje This is one 
of the conditions th it the values of 77 , ^ sh ill be those assumed, or 
th it the helix shall be sti lined into i second helix 
Equations (xxviii) gi\e us 

ify L(n cos 0 — 71 cos 0 ), 

- N {n sm 0 - n' sin 0 ) cos I s, 

M - — N {n sm 0 - 71 ' sm ^ ) sm Z 6 


(xxxi) 
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whence if Myf, be the couples which act upon the end of the 
helix with respect to tJie three axes, we easily find 

= ~ {fj(n cos 0 -n' cos $') cos 6 +1^^ (n am 6- n' sin O') am 0}A , 

j (xxxii), 






where A is given by (xxx) and 17 , ^ refer to the end of the wire 

The last two equations of (xxxu) evidently give a second condition 
foi the pieservation of the helical form, namely that the couples M,, and 
must he eocactly equal to those couples which the force A would produce 
rov/nd aoces, pwrcdlel to a/nd ^ through the end of the wvre^ f A! s point 
of action were a pomt of the ams of the hehx rigidly united to the end of 
the wvre 


Thus the helical wire leniams helical in form only when the 
system of force applied at one terminal consists of a force A in 
the axis of the helix and a couple about this axis If A and 
are given, equations (xxx) and (xxxii) give the values of the 
constants n and 6 which occur in the values of f, 97 , ^ Fmally we 
note that the elongation of the axis of the helix is given by 
s(cos 0 --COS ^), and the rotation of the terminal round the axis 
by 5 (ri — 9 ^'), where 5 equals the total length of the helix 

The whole of this mvestigation deserves careful comparison 
with the methods of Giulio, J Thomson and Saint- Venant see 
our Arts 1219M223* 1382*-1384* 1593^-1595^ and 1608* 
Kirchhoff remarks that J Thomson has considered the case in 
which Jff =0 

aber die Betrachtungea, die ei ubei denselben anstellt, sind nicht 
strenge, und das Resultat, zu dem ei gelangt, 1 st mcht genau (S 313 , 
G A ^ m) 

[1270] Special examples of Kirchhoff’s method have been 
given by himself in the Voilesimgea see our Art 12cS3, by 
Olebfach see his Treatise §§ 51-3, and by numeious othei wiiteis 
Thomson and Tait, after leferrmg to the elastico-kinetie analogy 
as a beautiful theoiem due to Kiichhoff, continue “ to whom ilso 
the first thoroughly gencial investigation of the eciuations of 
equilibrium and motion of an elastic wiie is due See Nattiial 
Philosophy, Part li § G09 

The present memoii of Kiiehhoff \ h is been made the basis of 
much of Clebsch’s work and has . the methods of seveial 
latei wiiteis As the most impoitant of Knehhoft s elastic pipers, 
we have given it fuller tieatrnent than, peihaps, the space at oui 
disposal warranted 
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[1271 ] Ueher das Verhalirms der Q^erc(m^r<l(twn zur Ldngm- 
d'datation he% 8tcd>en von federhartem Stahi Poggendorffs Amvcdm, 
Bd 108, S 369-392 (GAS 316-39). Leipzig, 1859 

This memoir is an attempt to settle by direct expenment the 
problem of uni-constancy Kirchhoff states the object of his 
experimentb as follows 

Nach theoretischen Betrachtungen von Poisson sollte das Ver 
haltmss der Quercontraction zur Langendilatation immer 1/4 sein, 
Wertheim schloss aus semen Versuchen, dass dasselbe 1/3 ist^ naeh 
einer mehrfach ausgesprochenen Ansicht hat es weder den emen noch 
den andern Werth nnd ist verschieden bei verschiedenen Substanzen. 
Bei den meisten Korpem, bei denen man erne gleiche Elastieitat m 
verschiedenen Bichtungen annehmen kann, stellt sich der expenmen- 
tellen Bestimmung dieses Yerh4ltnisses der TJmstand hindemd m den 
Weg, dass bei ihnen, auch bei sdir klemen Pormanderungen, bleibende 
Dehnung nnd elastische Nachwirkung in erheblichem Grade sich zeigen 
Es ist dieses der Fall bei ausgegluhten Metalldrahten nnd Glassstaben 
Bei hart gezogenen Metalldrahten ist erne bleibende Dehnung und eine 
elastische Nachwirkimg viel wemger bemerklich^ aber bei ihnen ist 
sicher die Elastieitat in verschiedenen Eichtungen verschieden Bei 
geharteten Stahlstaben dagegen kann man wohl mit Wahrscheinlichkeit 
erne Gleichheit der Elastieitat m veischiedenen Richtungen voraus- 
setzen, und da diese uberdiess mehr noch als hart gezogene Drahte 
einem idealen elastischen Korper ahnlich smd, so erscheinen sie 
vorzugsweise geeignet zu Yersuchen ubei den Weith jenes Yerhalt- 
nisses S 369 (6*^ S 316-7 ) 

These words of Kirchhoff appreciate so fully the real difficulties 
of settling the constant-controversy by experiment, that we have 
reproduced them It is a pity that they have not been always 
sufficiently regarded by the many elasticians at home and abioad 
who have sought to solve tins moot-point by experiments on 
wires Kirchhoff s own lods of ‘federhart’ steel i\eie, hove ver, 
portions of drawn wire, and theie may indeed be a suspicion as to 
whether they can be considered to represent accurately enough 
the ideal isotiopic elastic body, even Kirchhoff himself seems to 
have had doubts on this point see oiii Ait 1273 

[1272] I cannot in this Histoiy entei at length into a 
desciiption of Kirchhoff's experimental methods Tlity are 
ingenious and evoiy precaution seems to have been taken to 
eliminate experimental souices of enoi Kiichhott uses a 
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method of combined torsion and flexure He supposes that his 
rods are not truly circular but elliptic, and that the square of 
the eccentricity may be neglected He does not, however, take 
into account the distortion of the cioss-section, and it seems to 
me that this might possibly introduce errors whose magnitude 
IS as great as those Kirchhoff so ingeniously seeks to eliminate 

For three steel lods he finds for the stretch-squeeze ratio ^ 

rj = 293, 295 and 294, 
respectively or the mean, rj = 294 

This is almost a mean between Wertheim’s and Poisson’s 
values of ^ (le 1/3 and 1/4) 

For a hard drawn brass rod Kiichhoff found = 387, but he 
remarks that no great stress can be laid on this result, as the 
elasticity of such a rod is certainly different in the direction of the 
axis and in the plane of the cross-section 

[1273 ] Of the results for the steel rods Kirchhoff writes 

Es ware von Intel esse za prufen, ob bei Stahlstabon von andeiem 
Querschmtte, als die hiei untersuchten ihn hahen, das genannte 
Verhaltmss sich eben so gioss findet Waie das dei Fall, so wuido 
dadurch die hier gemachte Annahme be&tatigt weiden, diss oin 
geharteter Stahlstab als homogen und von gleichor Elisticitit in 
verschiedenen Richtungen betrachtet werden darf Gcgen diese An 
nahme lassen sich Bedenken eiheben, in der That kinn man sich 
vorstellen, dass bei der Haitung, bei dei die Waime von dei Axe nach 
der Peripherie hin abfliesst, die Elasticitat in dei Riclitung der Ax( 
eine andere wird, als in den auf diesei senkrechten lliclitungcn, und 
dass die Molecule in den ausseien Scliichten (ine andoie Auoidnung 
annehmen, als in den der Axe naheren Fmdct dieses statt, so fiiuht 
es aber allei Wahischemlichkeit nach in verschiedc nt in Gride statt 
je nach der Dickc des Stakes, und ts wird jencs Vdhaltmss andtis lx i 
dicken als bei dunnen Staben sich ergeben miisscn S 391 iO A 
S 338) 

It will thus be seen that Kirchhoff himself doubted the 
absolute isotropy of his steel bars, and as no furthci experiments 
on rods of other cross-sections seem to have been made, those of 
the present memoir do not allow us to form any really (hfmitt 
conclusion as to the tiuth oi falseliood of the uni-eonstint 
hypothesis 
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[1274 ] We may note here a paper of ElmMioff’s windi is more 
closely associated with the theory of light than with that of elasticity 
It IS entitled Ueber die Befleocion und Brechvmg des LvcMee <m der 
Gr&nze TcryskLUinischer Mittd and was first published m the AWumd- 
hmgen de't Berliner Ahaderrm (1876, S. 57-84, GAS 352-376) We 
may very briefly indicate its general object (compare Glaasebrook's Bepor^ 
on Optical Theories, p 180) F Neumann was the first to attempt to 
apply the theory of elasticity to the reflection and refraction of waves 
of light at the common su^ce of two crystalline media see Poyg&n- 
dorffs Armalen, Bd 25, 1832, S 418-54, and Ahhcmdlimgen der Berlm&r 
Ahademie, 1835, S 1-160 Neumann supposes no body-forces to act 
upon the elements of the ether, but he does suppose surface-forces to act 
upon all surfaces which are the boundaries of different media In 
his theory the direction of vibration makes a small angle with the 
wave face, but a slight modification of the theory as noted by Neumann 
himself allows of exact parallelism MacOullagh proceeds from a 
totally different hypothesis , he assumes a form for the potential of the 
forces acting on an element of the ether which does not arise from an 
exact elastic theory, the vibrations in this case are exactly parallel 
with the wave-front But an exammation of MacCullagh’s potential 
shows that considered with regard to a small portion of the ether in 
a homogeneous medium, it may be supposed due to surface forces acting 
on the surface of this portion Thus the theory of MacOullagh in 
reality rests upon the assumption that, besides the ordinary elastic 
stresses, no other forces act upon the ether except at the boundaries 
of different media This is exactly Neumann’s hypothesis and the 
object in both cases is the same, i e to get iid of the longitudinal waves 
Kirchhoff holds that Die hei^n genannten Theoi len durfen dahei ah 
vollkommen uher&instimmend angesehen werden, S 58-9 ((9 -4 S 352-3) 

Kirchhoff ’s own memoir is to be looked upon as a geneialisation 
and simplification of Neumann’s and MacCullagh’s woik He obtains 
a system of eight waves, four in either ciystallme medium This 
system is dealt with for certain special cases, but not with much detail 
He lays special stress on his method of defining a oay see S 69 
(6-^ ^ S 362-3) In the coui’se of his work he lefeis to the laLouis 
of Green (Gamh Phil Tans, Vol vn 1839, pp 121-40, Collected 
Papers, pp 291-311, and our Ait 917 ) and Lame {Legotu sui la 
iJieoniP deVHasticite, pp 231-4, and our Ait 1097*), he cites Gieen 
as deducing a foim of elastic potential winch leads to lesults agieeing 
with FresneFs, and Lame foi a particulai form of the ehstic equitions 
He does not discuss the question of the plane of polaiisation noi the 
points in which MacOullagh’s and Neumann’s theories ne not \\ holly 
in agieement with expeiiment see Glazebrook (e;? cii pp 157-9, 
18b and 193) To obtain his own results he puts the dilitition zeio and 
introduces extraneous surface forces at tin boundaiy of the two media 
On S 64 (<9 A S 358) he wiites 

Bei xllon Ki \stxllen, die os gieht, ist die T)np,K9n( » 1 uu, iiui cine kliino 
liurauf t,ostut/t, dxif mxn iunehmeii, diss bei ]edeni still die Const iiiteu 
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der Elasticitat des Aethers nur Wenig von den Werthen abweichen^ die sie in 
einem isotropen Korper haben kgnnen, und dass daher von den drei Wellen, 
die in ihm m einer Eichtung sich fortpflanzen, die erne nahezu longitudinal 
ist, die beiden andem nahezu transversal sind, und dass die letzteren die 
Lichtwellen ausmachen 

How far this near equality of the crystalline constants with those of 
isotropy IS leally needful, and how far the hypotheses of zero dilatation 
and extraneous surface forces are legitimate, it is for those to judge who 
are better acquainted than the present writer with optical piinciples 
Certain points of Kirchhoff’s paper, not very fully noticed by Glaze 
brook, have been here indicated as possibly of value to those ph} si cists 
who still seek aid from the theory of elasticity in expounding the 
theoiy of light 

1275 Yorlemrigm vher mathematische Fhys'ik mn Dr Gustav 
Kvrchhoff {Professor der Physih an der Umversitat der Berlin\ Bd I 
MechamJc 

This work is in large octavo, and consists of x + 466 pages The 
volume was published in three parts, two of which appeared in 1874 
and the third in 1876 In a piospectus dated February 1874 the title 
IS given thus Yorlesungen uler amilyUsche Mechanih rmt Einschluss 
der Eyd/rodynamih und der Tlieone der Elast%z%tat feste'i Korppr Thus 
Elasticity is expressly included in the volume, and we may expect to find 
it tieated with some detail S 96-124 and 389-466 relate to our 
subject A second edition of the book appeared in November, 1876, 
a third m 1883 

1276 The tenth Lecture occupies S 96-109 This is purely geo 
metrical, and relates to changes in position of the particles of a body, 
without any reference to the forces which produce these changes Let 
flj, y, z be the coordinates of a paiticle of a body , sujipose that alter 
a certam time these cooidinates become respectively 

/ii + + ^22/ + Ag + + 622/ + ^ A j + 4- c h c 

where Aj, Ag, A 3 , are functions of the time but ind( pf ndc nt of 
that IS, suppose we give the body a homoqeneou^ strain The terms 
Ai, 7 ^ 2 , A 3 correspond to a displaccmient of the body as i whole It is 
shown that the aggiegate of the othei terms amounts to strctcliin<> tlie 
body in three directions at light ingles to each othei, and to leititing 
the body as a whole round an axis In fict wc hive thus nine 
quantities at our disposal which we can express in terms ed the nine 
quantities a. For there aie three elilat itions, tlicie aie th'ie( 

angles which fix the directions of the axes of dilitation, inel time are 
three constants involved m rotation louiid an axis This inehcate s the 
nature of the main subject of the lecture, but does not rejuoduce epiite 
the metheid in which KiichhofF tie its it [The tieatment can haidly 
1)6 considtied as so luminous 01 '.uirgi ^tw c is Thomson inel T iit s me thnd 
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of discussing a liomagenesous stram see their I^atwral Fhd<mphy^ Part 
I ^ 180-5 Kirchhoff concludes this L^Pu/re by demonstrating liat in 
the case of continuous* motion the surface of any body always cont^ns 
the same material pomts, S 108-9J 


[1277 ] The eleventh Lectmre occupies S 110-124 It establishes 
the equations for the equilibrium or the motion of any body whose 
parts are capable of relative motion Thus Kirchhoff is able to 
deduce the equations both for a fluid and for an elastic solid from 
the same mvestigation He deduces the principal properties of the 
composition and resolution of stress, but he uses pres^wrea instead of 
i/ractwns If be the prmcipal tractions and 

4, ^ 2 , ?s, Wg the cosines of the angles they make with the 

coordinate axes, Kirchhoff deduces on S 116 equations which m our 
notation are of the type 


XX — TJri 4- Tj^ -f 

= Jy = T-prbini + 4- 


He also deals with the pioperties of the stress ellipsoid 

On S 116-9 it IS shown that the Hamiltonian principle applied to 
bodies whose parts are capable of relative but continuous motion leads 
to an equation of the form 


0= pdfisr+u'+F’) (u), 

JtQ 

where the integration is for the interval of time tQ to while the 
kinetic energy of the body, U' = the virtual moment of the applied forces, 
and — JJJ dxdydz (xxts^ 4* 4- '^Ssg 4- 4- In 

finding the value of in teims of the stiains, Kiichhofl assumes that 
the principal pressuies (i e negative prmcipal tractions) aie foi an 
uotropic body m the same directions as the piincipal sti etches, and are 
linear, homogeneous functions of these stretches As in the memoiis he 
uses K for our fjL and 0 foi oui X/2/x Kiichhoff’s tieatment of the 
fundamental equations does not possess special advantages, but it leads 
him faiily diiectly to the Hamiltonian equation (ii), which is the 
startmg-pomt foi most of the physical investigations dealt with in 
the Yorlesungen 


[1278] Kirchhoff *s twenty seventh Lectwe occupies S ^89-400 
There is little to remark upon in Ins geneial treatment of the ehstic 
equations or of the strain energy The reader must, howe\ei, be careful 
to note that Kirchhoff’s J in this Lecture is the expression 

He uses pressures where we use tractions Hence it is equal but 
opposite in sign to the F of our Arts 1254 and 1256 To the pioot of 
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the uniqueness of the solution of the equations of elasticity which 
occurs on S 392-5 we have already referred see our Art 1255 
What IS substantially added to the former proof is this the elastic 
solid IS supposed to be in stable equihbnum when there is no body oi 
surface load From this it follows that 

SSSfdxdydz 

must be a maximum when the shifts w, v, w are all zero, that is, when 
the strains vanish This maximum must also occur for zero values oJ 
the strains when Sx^Sy^ treated as variables independ 

ent of Uy V, w 

Da nun / erne homogene Function zweiten Grades der genannten Argu 
mente ist, so ist dieser Ausspruch gleichbedeutend mit dem, dass/ me positii 
%st und nur versehwindet, wennjedes seiner Argumente verschmndet (S 396) 

This proof that the strain energy (i e -/in Kirchhoff^s notation) i' 
always positwe failed in the memoir of 1858 so far as applies tc 
aeolotropic bodies The proof here appeals perfectly general see, how 
ever, our Art 6 

[1279 ] On S 396-9 Kirchhoff mvestigates the dilatation modulu* 
and the stretch modulus see oui Art 1065^ There is no novelty tc 
note On S 397-9, he deduces the six conditions of compatibility 
These had already been given by Saint Tenant and pioved by Bous 
sinesq see our Art 112 

[1280] Kirchhoff, having obtained the six equations just noticed 
proceeds (S 399-403) some way m the solution of Saint Tenant 
Problmn (see our Arts 2 and 1333) by a method which while m 
vestigating flexuie and torsion at the same time, is still somewhai 
briefer than that of Clebsch He only finds, however, expressions foi 
the three finite stresses, and does not deteimine the shifts The equa 
tions (22) which he arrives at on S 401 for T' xiid ^ agree witl 
Clebsch’s on S 79 of his Treatise (see our Ait 1136) We musi 
note that Kiichhoflf's 12 differs from Clcbsch’s by i teim of tlie forn 
Cl (a;® - 3cr/) + c (/-S^/a;^), their agreement will tlun bo seen on sub 
stituting Kirchhoff’s (22) in his (23) and compaiing the Ksult witl 
that given by Clebsch as (67) in his H 80 Kirchhofi’ 

investigation was evidently i by Clobsth’s, iiid \\( must rtfci 

to our Alts 1334—45 foi a tullei coiisidei ition of tin subj( ct 
applies his results (S 403-4) to calculate the sticss in i light ciiculii 
cylmdei undei combined flexure and toisioii 

[1281] On his S 405-6 Kirchhoff tikes the simph (xxmple o 
a hollow spheie subjected to imifoim intern il and (xhinil pressuus 
This had already been dealt with in slightly diflen nt uu tliods l)y variou 
writers see oui Arts 1016*, 1094* 123 and 1201 (c) 
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1282 The twenty eighth Lectfum occupies S. 407-428 This relates 
to rods having an indefimtely mnall transv^:se section, debsdh says 
on S 190 of his TreaPise t^at Ejrchholf was the first who gave a ngorons 
theory of the subject Olebsch’s S 190-222 corr^pond with this part 
of Kirchhoff ’s work, which is founded <m the memoir in Orelle’s JowmoJ^ 
Bd 56 (see our Arts 1251—70), but is in some respects improved. It 
IS however still difScult^ it will be necessary to compare it with the 
discussion given by Clebsch, to notice what is obscure, and to point 
out its merit as contrasted with what had been given by Poisson and 
others Observe that Earchhoff passes in ihe next Lectv^e to i^e case 
in which the shifts are very small see his S 429 Clebsch adopts a 
similar couise for the problem, see his S 233 and also for the problem 
of an elastic plate see his S 264 Kirchhoff refers on his S 456 for 
the case of the finite shifts of an elastic plate to Clebsch, who was the 
first to treat of them see our Art. 1350 


[1283 ] The differences between the memoir and the lecture may 
be noted The first two sections of the latter agree almost entirely 
with the memoir except for some changes of notation 


(a) The third section (S 415-7) opens with an example which 
does not appear in the memoir, but is practically suggested by Samt- 
Yenant’s work, namely, the detenmnation of the Wq of our Art 

1259 when the cross section is the ellipse 


^ = 1 - 




where I preserve the notation of that article 
The system of stresses 

= yr = 0, 


xy — C , , zx — C ti f 

0 a 

where c is an arbitral y constant, and the stietch 

s^ = ry-qz-h€, 

will be found to satisfy the equations of Ait 1259 and leid to the 
lesult 

dy dz 

for the determination of c 

Kirchhoff indicates in general terms how the values of Wo) 
may then be found 

(5) S 417-21 are practically leproductions of the memoii, but on 
S 422 a slight modification is introduced Equations (xxi) of oui Art 
1265 show us that M are differentials of a function J of 

p, r, € Equations (xxvi) give us, however, values of i/y, M 
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from which the e which appears m (xxv) has disappeared Kirchho 
now supposes ff to be the function of p, q, r which / becomes when w 
eliminate € by means of the fourth expression of (xxv) Then 

dp dp d€ dp 

But since we may as a rule (see our Art 1266) neglect S in the value 
of the Jlfs, we may put dfld€ = /S' = 0 in the above equation, whenc 
it follows that 

dGjdp = dfjdp = Mq 

Similarly, dGjdq^M-^y dGJ d/t = M^^ 

or, the i/’s are given by the differentials with regard to p^ q^ r of th 

function G 

The equations (xxiv) of our Art 1265 may then be written 
ds \dp) dr ^ dq'* 


d (dG\ dG dG . . ^ V 

d(^\^ 

ds \dr) 


dG dG , j, nrs , n \ 


Kirchhoff now deduces the elastico kinetic analogy from these equatior 
by taking G as the hinetic energy of the rotating body see our Ar 


1267 


(c) On S 423 Kirchhoff notes that the problem of the heavy bod 
lotating about a hxed point is not always solvable, but that it 
solvable, when the weight is negligible, or again when the body is a soli 
of revolution and the fixed point about which it rotates is a point on i1 
axis of revolution Kirchhoff then demonstiates that the elastic problei 
analogous to the solid of revolution is that of an isotropic rod of circula 
Cl OSS section 

In the latter case he really falls back on the caily pirt of tlif trea 
ment of the helix in the memoir see oui Arts 12G8-9 He obtains th 
value of f we have given in equation (xxvii) of Ait 1208, and tli 
corresponding value G is then given by^ 

G = li^K^tLp^ + lE (^?2 + r2)} 

A special case of the lotation problem is now taken, which h id boo 
worked out in the fifth Lecture Kirchhoff issuincs the ixis of tli 
solid of levolution to desciibe a right cone about i veiticil lino I 

^ Note that the /and F of the Vorlesungen are mtoi changed with the and/ < 
the memoir Further their signs are reversed In our discussion of Kiichhoff 
IS used for the strain energy per unit volume (= -/ of the I at I< sunqin and J' of tl 
memoir) and / is used for the total strain energy per unit length of the rod (= - 
of the Vo7lesungen and /of the memoir) 
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this case + and are both constants, and the elastico-kmetic 
analogy is that of a straight rod of eircnlar cross-section bent into a 
helical shape He giv^ as P in equation (43), S. 425, and as My, 
S 426, the values of the force and couple which will suffice to bend a 
straight rod or wire of circular cross-section into a helix of any required 
pitch and radius (equations (45) and (46), S 426) If 5 be the angle 
between the thread of the hel^ and its axis, a the radius of the cylinder 
upon which it lies, Elirchhoffis results may be expressed as follows 

The force parallel to the axis of the cylinder on which the helix 
hes 


_ 1 


o? 


cos^sm^^ — 


a 


p sin 


and the couple about this axis 

= — -I — — sin® 6 — imK^p cos d, 

where p remains an undetermined constant Smce {Kjdf is generally 
extremely small we have at once J Thomson's theorem that hehc^ 
springs act chiefly through torsion see our Art 1382*, and compare 
the results of our Arts 1220* and 1608* 

Elirchhoff takes a special case in which p is chosen equal to 
(cos^sin^)/a see his S 426-7 The remainder of the chapter treats 
a problem similai to that of our Arts 1268-9 but with a difierent 
notation and method 


[1284] The twenty-ninth Lecture deals with the equations 
for the equilibrium and motion of an infinitely thin rod originally 
cylindrical, when the shifts are extremely small It occupies 
S 429-449 and contains a number of interesting points The 
equations obtained for various special cases had all been previously 
considered, but not so directly from the general equations of 
elasticity, 1 e as a lule only from the Bernoulli-Euleiian hypothesis 
We proceed to note its contents 


[1285 ] In § 1 Kirchhoff deals with the pioblem of the eqmlibiium 
of an initially stiaight lod of unifoim section, when the load is not 
infinitely iieaily in the diiectioii of its axis, no foices aie supposed to 
act except on the teiniinals of the rod 

In this case p, q, 0 will be veiy small quantities, and the equations 
of our Alt 1283, (b) become 


d_ 

ds 



d 

ds \ dqj 




d 

dt 



( 0 , 


wheie ii, A nia^ be looked upon as constants, since the diiectioii of 
the force makes an ingle with the axis of the rod, which \aues onl} 
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mfimteswnally Equation (i) gives Mq, as linear functions o 

and the arbitrary constants may be determined by the values of 

M^{=^dGldp), M:^(=dGldq), M^i^dGIdr) 


at a terminal of the rod. 

If axes 7 j, ^ m space be taken so that the axes 05, y, » at e 
point of the rod difer infinitely little from them, we have 


«o = A = 7 o == «! - Ti - A - 


a 2 = ^a==0, y, = l. 


nearly 


Hence we find by Art 1257 



^^1 _ _ 
ds da 


(u)' 


Hence by equations (vu) h%8 of our Art 1257 we have, neglect 
small quantities of the second order, and writing ~ 





(m) 


Taking y and % for the principal axes of the cross-section and writing 
/ / it^ydz = / / ^dydz = / / dydz = co, 

we have by asmrmng J? = S — = 0 and supposing isotropy 


^1/ = “ J 


A.+ i 


. = 0 


(iv) 


[1286 ] That this assumpHon is made is not very clear fi 
Kirchhojff’s text He merely refeis in vague terms to § 6 of 
previous lecture [Eine Betrachtung, die ahnlich der mi Anfange deb 
der vongen Vorlesung durchgefuhrten ist^ lehrt u s w ) § 6 app< 

agam without any further qualification to an equation (20^) of ^ 
ITow at (20a), S 416 we are merely told that — 7z = 'yz ~0 sati*^ 
the equations This passage coi responds to S 299 of the memoir i 
our Aic 1262) where there is a reference to Sunt Venant and tl 
IS a more hypothetical statement of these conditions as a poi.6 
solution That they give the onlg possible solution is not shown 
Kuchhoff and the difficulty is nowhere dealt with by him This se< 
to me to form a very weak point in his theory The mattci will 
found further discussed m oui Arts 316-8 and Chipter xiii 


[1287 ] Assuming (iv) to hold, equations (xvi) and (xvii) of 
Art 1260 give us for isotropy 


du. dy^ 

dz^ dy^ ~ ’ 


'du, 

^dz 



du^^ 

dy 



dy 


0 


^ The last result follows from differentiating the identity %cL]^ + y 0^1 + 
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These are Saint- YenanVs torsion equations, and from them we learn 
that Uq must contain as a factor see our Art 17 Thus from (iv) of 
Ajrt 1285 and (xiv) of Art 1260 we find 


A, -T fM 

o-^=0iP, <rav = (kP 

Cl and Cq being functions of 2/ and z 

Hence forming the expression for the strain-energy, we hare 

F=\E {ry --qz-Y if (c^ c^) 


Integrating over the cross section we find 

/ = = \E(ii (#ciV + /C3V + XP® + £2) (vi), 

where X = | (pi + '^i) ^ 


Thus X IS the factor found for many sections by Saint-Yenant El 
hoff merely indicates in the briefest language how f may be obtain 
He uses a different notation see our footnotes, pp 826 and 836 

Now 6^ IS to be found as in our Art 1283, (6) by putting = 0 
and eliminating €, whence we have 


G — (kjV + k ‘’g® + )(jp*) 
Equations ( 1 ) now give us 


E(1}Ki 


ydr 

ds 


= J, 


dp 

db 


= 0 





(vu) 


(viu) 


Whence, if the moments of the applied system of foice at s = Z are 
i/o', i/i', i/ ' about the axes of a, z lespectively, and if we wiite 
Ai~ Z\ A = Y\ we hive by ( 111 ) aftei integration 

= r+J/', I 


JSwK 


(ix) 


The fust two xie the usual equatioiib of Hexuie ”nd the thud tint of 
torsion The process by which they are obtained is more satisfictoiy 
than the Bernoulli Euleiian method, but the assumption lefeiied to 
m our Art 1286 requires more consideration than is gi\en to it bj 
Kuchhofi 
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[1288 ] § 2 of this Lecture (S 432-4) removes the restriction of 
the pievious paragraph about the force not being nearly coincident with 
the direction of the axis of the rod If it be nearly coincident, the ex- 
pression we have found for /in (vi) is still true, only we must substitute, 
if a + a;, for the stretch € 


dx 1 




Kuchhoff then applies the principle of virtual moments to and 

deduces 

Em—X^ (xi), 


where X is the load-component in the direction of the axis of the rod 
at X The equation of torsion remains the same as in (ix), but the type 
of flexure equation becomes 




with the conditions for s = Z that 

.A 

da^ 

.A 




^ as® as I 


(XU) 


These equations agiee with (ix), if we may put X' = 0 


[1289 ] In § 3 Kirchhoff deals theoietically with a method foi 
finding the stretch modulus suggested by s’Giavesande In this method 
a thin lod is stretched between two clamps and loaded in the middle, 
the stretch modulus is then to be found from the obseived central 
deflection 

At a clamped end of the rod there will act a couple, a shearing force 
and a tractive foice The shearing force, neglecting the weight of the 
rod, will be one half the weight suspended fiom the centie Kiiclihofi* 
appears to take it equal to the whole weight Suppose the plane of 
the bent rod to be that of rji, then the piobloin is the same as if wc 
took a cantilevei of length to hilf that of the lod and supi)osed the 
end s = 0 built-in, but to the hee end s-^l applied i eon[)l( M \ a 
tiaction X' and a shear Y' = wheio F is tin ap2)licd cintr d load 
The fust equation of (xii) applies and we h ive 


d'^r) _ jn dr) 

' ds 


{Kin), 


where c/kj fioni (xi) 

At 6-=0, ^ — 0, and dy]jds = 0, hcncc the lequucd form of solution 
IS given by 

rj = C, (e^^-hs - 1 ) + ( 7 , - 1 ) 
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Put hi = 2p, apply the latter two equations of (xu) and we get 

M' (xiv), 

JTcoki^ = - JP (xv), 

it we remember that dTjjds^ 0 when 5 = ^ which further involves 

<^i(^-l) + O 2 (-e"^ + l) = 0 (xvi) 

For the central deflection iji of the rod (corresponding to the deflection 
at ^ ^ of the cantilever) we have 

rji = Cl (e^ - 2p 1) + G^ + 2jp - 1) (xvu) 

Whence after some reductions 




This gives rji in terms of P, when p is known. Eorchhoff has 4 
instead of 8 in the denominator of the nght-hand of (xvm) 

rl dsC 

To find p we must return to (x) and note that ^ ds is & knawn 
quantity, or if 21' be the natural length of the rod 

where y is the uniform stretch of the rod between the two clamps 
before the mid load is put on Hence we have 


Whence Kirchhofi* deduces 




'-Mi'Xzh 

3 

2 2 cosh 2p + 4 ~ ~ smh 2p 
^ ^cosh ^ smh 


and then shows that to a. close appioximation in the special caben^ when 
Ki^ is very small is compared with eithei oi both of yl and yji , or when 
p IS veiy large, rji and jt; aie given by the equations 


I have placed these results heie as they seem to suggest a method of 
testing the stretch modulus, which is not without its advantages The 
equation (xiii) differs fiom that obtained by Poisson in his Mecaniqm^ 
Vol I p 607, who leplaces the light hand side by a teim of the foim 
IhK} 
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[1290] In §4, S 437-8 of this Lectwre, Kirchhoff works out the 
case of a heavy rod stretched between two clamps The method is 
precisely similar to that of our previous article, except that now the 
equations become 

^ d^~ E’ 

and, dejds = 0 , 

where p is the density and g gravitational acceleration 

Kirchhoff solves only the special cases in which is infinitely great 
or little as compared with It seems to me that in many practical 
cases they would probably be of about the same magnitude 


[1291] In the remaining sections of this Lecture Kirchhoff 
deals with the vibrations of infinitely thin rods Only the 
method by which he has obtained his equations seems to present 
novelty I do not think any of his results are new The following 
IS a brief r^mmi of the contents 


[a) § 6 (S 438-441) Discussion of the equations for the longi 
ddmal and toimonal vibiations of a cyhndrical rod of infinitely small 
cross section deduced from the Hamiltonian principle see our Art 1277, 
equation (u) 

(5) § 6 (S 441-444) Discussion of the equation for the transverse 
vibrations of a similar rod Eeference is made to Strehlke for the cal 
culation of the frequencies of the notes see oui Art 356* 


(c) § 7 (S 445-6) Deduction of the equation for the transverse 
vibrations of a stretched string, when the longitudinal ti action due to 
the sti etching is not immensely greater than that due to the transverse 
shift Let y be the permanent sketch of a string of length Z, and 77 its 
shift at distance s from one terminal, then Kirchhoff gives an equation 
of the form 


p (Tr} 

Lit 




cl Y) 

ds 


As a paiticular solution assume 


ns 

7] = u sin -j- 

c 


then 

if 


and u be an integer 


w = 5 cos am h (t - mod 

_ j. b 

'' +4r-y’ 

Utt* E ^ 

P 




K) 
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TIius we see that the period m this case is a functi<m of the aDaphtade 
h of the vibration. 

(d) § 8 (S 446-9) Consideration of the equation for the trans- 
verse vibrations of a very laghtly staretdbed string and the modes of 
solving it by Fourier’s senes or by arbitrary functions. 

[1292 ] The thirtieth and last Lectvare of Earchhoff occupies 
S 450-66 It IS devoted to a discussion of plates and membranes. 
The methods adopted by Kirchhoff are decidedly supenor to those 
of his memoii on plates (see our Arts 1233 and 1237-8), but the 
book was published after the Treatise of Clebseh and the memoir 
of Gehnng see our Arts 1325 and 1411-15 The first section 
closely resembles Gehring's work but Kirchboff does not quote him. 
Gehnng may of course have been much mfluenced by KirchhofiPs 
oral lectures, and the method naturally flows from that used in 
the memoir on thin rods see our Art 1251 Eorchhofif himself 
remarks 

Aehnhche Betrachtungen, wie wir sie m Bezug auf emen unendlich 
dunnen, elastischen Stab m den letzten Yorlesungen durchgefuhrt 
haben, lassen sich auch in Bezug auf erne unendlich dunne elastische 
Platte anstellen Mit dem Gleichgewicht und der Bewegung einer 
solchen Platte wollen wii uns "jetzt beschaftigen, dabei aber allem den 
Fall ms Auge fassen, dass dieselbe m ihrem naturlichen Zustande eben 
ist (S 450) 

[1293] In §1 Kirchboft obtains the equations for the 
shifts of an infinitely thin plate, each element of which is, 
however, subjected only to very small strain The method is 
similar to that of Clebsch’s Treatise, S 264 et seq , where in a foot- 
note its application to the small shifts of thin plates is attributed 
to Gehnng, who, Clebseh remarks, followed up a hint given by 
Kirchhoff m a footnote to his memoir on rods (see Grelles Jouinal, 
Bd 56, S 308, or A S 311) It is just possible that Kirchhoff 
practically gave the substance of the method in oral lectures 
before the appearance of Gehring’s dissertation, he certainly 
corrects Gehnng s errors, and it seems therefoie in place to indicate 
here the lines ot the investigation 

Kirchhoff, after deducing an expiession for the strain energy m 
the case of an infinitely thin plate with finite shifts, remarks 

Auf die&en Fall gelien wir nicht nahei ein, souderu veiweiseu in 
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Bezug auf ihn auf die Theorie der EkbStKyitat fester Korper von Clebsch, 
der zuerst die endhchen Formandemngen unendlich dunner Flatten 
untersucht hat (S 456) 

When applied to finite shifts we may perhaps speak of it for 
convenience as the Kirchhoff-'Clehsch method, and, when the 
equations for the small shifts of infinitely thin plates are deduced 
from it, as the German method, in order to distinguish it from the 
French method, or that due to Boussmesq and Samt-Venant see 
our Arts 384-8 and Chapter Xlll 


[1294 ] Let Sj, s^ he the coordmates of a pomt P m the mid plane 
of the plate referred to rectangular axes in that plane, when the plate is 
unstramed At P consider m the unstrained state a system of rect- 
angular axes 1, 2, 3 m the material of the plate, of which the first two 
are parallel to the axes 5i, s^ and the third perpendicular to them and 
so to the mid-plane After stiam take a rectangular system x, y, z at 
P, so that a? IS a tangent to the stramed position of the line 1 at P, 
y lies m the tangent plane to the mid-plane at P and z is perpendiculai 
to this plane , y and z will thus make small angles with 2 and 3 Let 
05 + 3/ + -y, % + v) be the coordmates after strain of an element of the 
plate m the immediate neighbourhood of P referred to these axes, and 
so that 05, y, z are the coordmates of this element when there is no 
stram, or the 05, y, z axes comcide with 1, 2, 3 Further w, v, w are 
such functions of 05, y, z that f or 05 = 3^ = z = 0 


u = Q^ -y = 0, = 0, 


dv dw dw 


Let i, 77, f be the coordinates of P after stiain referied to any axes 
fixed m space Let the cosines of the angles between the axes x, y, z 
after stram and 97, ^ be given by the scheme 



X 

y 

z 

1 


CL 


’7 

ft 

P 

78. 


yi 

7 

y> 


Then the coordinates of what befoit strain was the point + 6 4-y, c; 

will be given foi the space axes by expressions ot the type 

^ (05 + + a (2/ + y) + {z + w) (11) 

These must be functions of Sj ^ a:, md * + y, ind Ik nec is m tin ease of 
a rod (see oui Art 1257) it follows that the difieientials with regard to 
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5 ^ and X, and with r^ard to ^2 and y, mnst be equal each to each 
Thus we have six equations of the types 

/. du\ dv dw du do dw 
^ 


du 

“i -?- + a, 




dw dM dv dw 
' "XT “ ^ XT ^ X“ "XT 


Here a, f may be changed into /8, rj or without alteration of ilie 
subscripts Kirchhoff writes 

, , _ /7WX^V~7^\ 


^/(|)^(S)^(|)■ 

^/(f^(S)^(|)■ 


1+0-1 = 
1 + 0-2 = 


and remarking that the axis of x coincides with the direction of the Ime 
1 after strain we have 

+ |.ft(l + .,). |-y.a-o (') 

Further ^ — -- equals the cosine of the angle between the line 2 after 

stiain and or cos (2, i) For the value of cos (3, Kirchhoff lefers to 
some results of his tenth Lecture, but we easily find from pi ejection that 

cos (2, I) = 02 + ai = Oj + OjT, say, 

where t is the vanishingly small angle by which (1, 2) diffeis from a 
light angle after stiam Thus we have equations of the foim 

^ = (a +aiT)(l +<r), ^ = (^, + ^it) (1 + o- ), ] 

^ = (r +7i^) (i + <^)) 

Furthei Kirchhoff wiites 


da 

+ ^3 


+ 

dy 


ds 

ds 

dao 

+ A 

dp. 

+ yi 

dya 

e 

II 

ds 

ds 

t/Oj 

+ i3 


t r 

(lyy 


ds 

ds 
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where the siihscnpts 1, 2 are to be attached to p, q, r according as the 
are attached to 8 

By multiplying both types of equations (in) first by a^, secondl 

by 02 , jSg, 72 and finally by og, ft, yg, and adding m each case, we obtai 
the system 

dujdx = dujdsi + qi{z + w)- + u-i , 

dvjdx = dvjdsi + (a? + u) -pi{z + «/;), 

dwjdx =dwld8i +Pi{y+'i})- qi (x + u), 

dujdy = dujds^ + q^iz + w)-r^{y ->r v) t {I + o-g), 

dvjdy = dv/ds^ + rg (a? + u) —p^, (« + w?) + o-^, 

dwjdy =<kolds 2 +p 2 (y + i?) - S'a (a? + 

Neglecting terms of the second order of infinitely small quantities a 
m the case of the rod^ (see our Art 1258), and remembeiing that w 
must have d^ujdxdy^ etc the same whichever system we derive then 


from, we find ultimately that 

= ^ 2 = 0, + 2^2 = 0 and 


dujdx = qiZ + cTj, 

dujdy = —ppz + Ty ] 


dvjdx^—ppsy 

dvjdy =^-p^ + 0 - 2 , 

]■ (nil) 

dwjdx ^pfy — qfn^y 

dwjdy =^p^+ppx J 

Whence by mtegration 



u^u^ -Piyz + q^zx + er-pc + ryA 

(ix), 

v = v^ -Pfy^ 



wz=Wq- iqiix^ +pixy + 

where Vq, ^^?o are the values of u, v, w for x = y = 0 

The strains are easily seen to be given by the following expressions 
which are independent of x and y 

Saj = 5'i« + o'i, 8y = -poZ + <rs, s^=^dwQldZy 

<Ty„ = dv^ldzy (T^^dujdz, = + T 

The body stress equations now reduce to 

di^XZy ”^)/cfe=0 


} (X) 


(Xl) 


[1295 ] From equations (xi), winch should be compaied with the 
equations of our Ait 388 obtained by the French method, Kiichhofl 
argues as follows 

Nun wollen wir annehmen, dass auf die Leiden OLci fl lolien dei PI ittc 
Druckkrafte von solcher Grossenordming wirkcn, dxss sio bei cineni Koipoi, 
dessen Dimensionen alle von gleicher Oidnung sind, nur Dil it itioneii 
erzeugen wurden, die unendlich klein bind gcgeii die l)il ititionen, die m dei 
Platte stattfindeii Man darf dann, zun ichst fur du OlieiHiehen d(i itte, 
und dann in Folge der abgeleiteten Gleichungcn allgemem 

^ As in the case ot the rod so here I do not follow Kirchhoff s reasoning A h H 
Love m a Note on KuchhoJ s theory of the deformation of elaUie plates [Lambndgt 
Philosophical Society, Proceedings, Vol vi pp 144;-55, 1889) has endeavoured to 
strengthen Kirchhofi’s process, but I think he leaves it still open to question 
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m 


setzen , man vernaclilassigt m den Pilafcabonen und m dem AnsdmefeB 
des Potentials der durch diese erzeugten Krafte, den wir zu bilden baJben 
werden, nnr Qlieder, welche unendlicii klem sind g^en die beibelialtenen 
(S 454) 

This reasoning is more complelie than that by which equations 
similar to (xu) were dealt with in the case of a rod see our Art 1262. 
It IS not, however, quite clear what the nature of the surface-forces are 
which will fulfil the condition imposed by Kirchhoff^, and both this 
matter and that of the approximation m the preceding article require 
further consideration than is given to them m the Vorleswngen see our 
Arts 1262 and Chapter xiii 

[1296 ] Equations (xii) and (i) suffice to determme Vq, Wq If 
the material of the plate be isotropic we have 

«r«=0, <r^ = 0, Se+j^^^(s^ + Sf) = 0, 

whence dujdz = 0, dvjdz = 0, 

-[(^>3 - ?i) » - 0-1 - <^ 2 } 

Substituting jfrom (xui) in (x), and then the values of (x) in the ex 
pression F given in our Ait 1255 for the strain energy of an isotropic 
solid, we find 

|(3'i* + <ri)“ + - o-s)” + i {2 Pt% - r)" 

Integrating this for the thickness (2h) of the plate from %~-h to /i, we 
have finally for f 

/= IM* (S'! -P )’) 

+ 2/Jt ^0-1^ + o- + + 

The integial jjfds-^ds^ taken ovei the whole mid plane gi\es the entiie 
stiam eneigy of the plate® 

The six quantities cr^j o*,, t, pj, 'p , are all functions of & and 
can be expressed in teims of the differentials with legard to and s of 

1 No doubt ^ and T are small as compaied with the maximum \ allies of Tx 
Tj and Ty but not necessarily as compaied with all values of the lattei This at 
least IS the conclusion I have diawn fiom considering the exact magnitude of the 
stresses neglected in the similai case of lod^ Quatteily Joiunal of Mathematic , 
Vol XXIV pp 63 — 110 London, 1890 

2 It should be obseived that we have interchanged Kirchlioff s / and i to 
preserve the notation ot the memoir further Kirchhoff in his J oilet>un(/en uses 
potential eneigy and not strain energy so that he has f and - F foi oiu i' and / 
Conipaie our iootnote p 76 
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Yj, J Since T IS the angle by which 2 has approached 1 owing to the 
strain, we clearly have by (v), etc 


(1 + crJ (1 +o-2)t=: 


dsi d$2 


drj drj 
dsj^ ds^ 


ds-^ dSg 


(xv) 


[1296 lis’\ A result of the same form as (xiv) has been 
obtained by A E H Love for the strain-energy of a thin shell 
{The Small Free Vibrations and Deformation of a Thin Elastic 
Shell Phil Trans, Vo\ 179, A pp 491-646, 1888 See p 505) 
His result has been called in question by A B Basset {On the 
Extension and Flexure of Cylindrical and Spherical Thin Elastic 
Shells Phil Trans, Yo\ 181, A pp 433-480, 1890 See p 433), 
and the vahdity of the criticism has been admitted by Love 
{Proceedings of the Royal Society, Vol 49, pp 100-2 London, 
1891) Basset gives on p 443 of his memoir an expression for 
tram-energy of a distorted cylindrical shell In this ex- 
^iccSion there occur terms multiplied by A® involving not only 
the quantities by which the bending is specified but also products 
of the extensions and of quantities depending principally on the 
bendmg We might therefore be inclined to question whether 
such terms may not arise in the case of the plate, that is whether 
(xiv) represents sufficiently closely the strain-energy of a thin 
plate Without discussing at this point Basset’s method of 
investigation (which is open to the same sort of criticism as 
the method of Cauchy and Neumann considered in our Arts 
805 and 1225), we may still ask whether the terms it adds to 
the stiain-energy are of importance in the case of the plate 
To do this, we have only to make the radius of Basset’s cylin- 
drical shell infinite It will then be found that Basset’s expression 
for the strain-energy gives the following additional terms to the 
expression for f in (xiv) of our Art 1296 


2 7 3 ^ 


d (ffi + o-a) 

dx 


d^{c 


1 + P's) 


dy‘ 


X , . I dP d^\, 


+ cr ) -f T 


cZ (<ri + o- )) 
didy ) 


These terms do not therefore in the case of the plate involve the 
products of extensions and quantities specifying the bonding 
They form only an addition to the ‘ membrane terms ’ in the 
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second line of fy and one of the order and therefore negligible 
as compared with those terms Hence Bassetts correction of 
Love’s extension to shells of Bhrchhoff’s formula does not appesu: 
to have any beaiing on the correctness of Ehrchhoff’s results 
for plates 


[1297 ] If the plate has fimfce bendmg, we may neglect orj, o-j fmd 
T as infinitely small, or put 


{d^ld8,f + {drilds^f + {d^ld8,f == 1 , ) 
{dtlds^Y + {drilds^Y + {dtjds^^ = 1 , 

dsx ds^ dsi dso c&i ds^ / 


(XTI), 


instead of (iv) and (xv) 

These equations express the condition that the mid-pIane remains 
unstramed, or that it should be a developable surface In this case the 
strain energy contains only the first hne of the nght-hand side of (xiv) 
For Olebsch's discussion of this case of fimte bending, see our Arts 
1375-8 


[1298 ] In § 2 of this Lectv/re (S 456—9) Kirchhoff proceeds to 
find an expression for the stram energy^ when the plate is very slightly 
bent In this case we cannot in general neglect crj, o-g and t Now 
however, x and y may be written for and s,, and the system ^ 97 , ^ 
may be chosen so that | and r/ differ infinitely little from x and y, 
while ^ IS infinitely small , thus we may put i — and rj = y -h v 
Kirclilioflf now supposes that Uy v and ^ aie infinitely small as 
compared with h 

eine Annahme, die desbalb erne wesentliche 1st, \\eil \on beiden Ghedein, 
lus denen /[see (xiv)] sich zusammenset/t, das eine den Fictoi das andeie 
nur den Foctoi h hit Bei diesei A^nnilime 1st es uisreicliend, in beiden 
Gliedeni iiiii die ersten Poten/en dei Ihfteientnlquotu nten \<»n u, i, ( /n 
l)euicksRliti^en (S 407 ) 

Equations (iv) and (xv) then gn e us 

0*1 = dujdx^ or - dvldi/y T - dnidfj + dvjfh (w 11), 

xud equations (v) and (\i) 

ai“/5=y“l, a ~ dvjdhy a ~ ~ *h , 

^,--y =-d^ldi/, 

whence 

- d tjdxdijy p - (Tt^ldy , - d t^jd^ {\^ 111) 

If we now make tin assumption that it, v, f aie infinit( 1} small is 
coinpaied with h, we cm use these fiist appioxim ition \ ilurs fin 
p , q^y which occui only in the ttnns of J multiplied hy /i \ l>nt wc must 


i b U II 
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proceed to terms of a higher order in the values of cr^, erg and. t W 
^d, if we keep the products and squares of differentials of ^ 


dx'^^ \dx) ’ dy \dy) ’ 


du d'i) ^ ^ 

^ " dy dx dx dy 


(xix) 


If the values given m (xviii) and (xix; for K, S',, <r^, <r^ and t t 
substituted in / in (xiv), we shall be neglecting only those portions of 
which are infinitely small as compared with those retained (S V)7) 


[1299 ] The terms of / depending on ¥ are then 



an expression which agrees with that contained in the memoii of 1851 
and of which Kirchhoff (S 458-9) proceeds to take the variation in tl 
same manner see our Art 1237, (iv) The variation of the secon 
line of / in (xiv) is given on S 459 without, however, the intermedial 
stages For comparison with the results of Clebsch, of Boussinesq an 
Saint-Yenant, I cite it heie dl is an element of the perimetei of tl 
plate, <l> IS the angle between the axis of x and the noimal, diaw 
inwards, to the peiimeter , for brevity X/(X + 2/a) ~ rj/ {I -rj) is writte 
V The required part of /is the following expiession multqdiod bv 4/a/ 



dr d (o-^ + cr ) 
djj^^ dt 




+ Jc// ^cTj cos ^ T sin (/) + V (cr, + (7 ) cos hi 


IS'i 


■ f dl (<T sin 0 + cos </) + V (o-j + O’ ) sin Zr 

di 

dif 




d 


^ djj 



dl tlC^ 
dx ’’’ '' dy 


{(T, 1 





^dl |cos ^ 


0-1 + 


dl 

dy 


T 4 


<11. 

./ . ("■' 


<r)) 


f Sin 


*(: 


or + 


di dc 


di 


I 1 K 


')) 


(vx) 
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[1300] In the following paragraphs Kirchhoff makes special 
applications of these expressions for the several part» of 
variation of the strain-energy 

(a) ^ ^5 (S 459-60) A plate has no load on i^ faces hut xfe 
edge IS fixed, le u and v are given there The variational equations 
le^ fco 1;= 0, and to the ‘membrane' equations for u, % which follow 
irom the 1st and 3rd lines of (xx) These agree wi^i those given by 
Cauchy and Lame see onr Arts 640*, 1072* and 389 

(b) § 4 (S 460-65) This deals with the transverse vibratmiis of 
plato and gives briefly certain portions of the memoir of 1850 see 
onr Arts 1233 et seq 


(c) § 5 (S 465-6) Kirchhoff concludes his Leches by in- 
vestigating the differential equation for the transverse vibrations of a 
membrane stretched in any manner In this case v are any shifts 
which satisfy the differential equations for equilibrium of a stretched 
membrane given in oui Arts 389-391 If these shifts are considerable 
as compared with the thickness of the plate, we need only retain the 
portion of /indicated in (xx), putting therein St? = SM = 0 everywhere 
and 8^ = 0 ^ong the perimeter If u and v are also so great compared 
with I that we can neglect the second approximation in (xix) and use 
(xvii), we have 


{^rdudt, ^fdu d'oXdt, /du dv\dtr\ 
^ df XdT \jijc dx^ ^ \dy ^ dx) dy^ ^ \dx ^ dy) dx\ 

d rdv dt, ^/du dv\dl^ /du 
^ dy \jdy \dy dx) dx ^ dy) c^yjj 


(xxi) 


This for example is the proper equation for the small vibrations 
of a very tightly but irregularly stretched di urn head of any form 
u and V are independent of the time and may be any of the 
numerous functions that satisfy the equations tor the equilibiium of a 
membiane Kirchhoff cites the special cise of an uniformly sti etched 
membrane foi which 7( = an, v — ay, a being a constant, and deduces 
the usual equation 


Kirchhoff ’s method should be carefully compaied with that of 
Bousbinesq see our Chapter xiil 


[1301 ] A second and posthumous \olume of Kirchhoff’s Fo7- 
Jesnngeii uhei matlieviatische Physih entitled Mathematische Optil 
and edited by K Hensel was published at Leipzig in 1S91 lu 
this volume Kiichhoff bases his theoiy of light upon the equations 
ot an elastic medium This natuially leads him to Neumanns 
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hypothesis, le that the vibrations take place in the plan 
polansation see our Arts 1214 and 1217 

Die Fresnersche Annahme ist abei nicht vertraghch mit 
Hypothese, welche wir an die Spitze unserer optischen Betrachtu 
stellten nnd die sioh durch ihre nicht zu ubertreffende Einfacl 
empfiehlt, mit der Hypothese namlich, dass der Aether in den di 
sichtigen Mitteln in Bezng auf die Lichtbewegnng sich verb alt wi 
elastischer fester Korper, auf dessen Theile kerne anderen Kraffce wii 
als die durch die relativen Verschiebungen erzeugten (S 141) 

Kirchhoff does not discuss how far Neumann’s hypothesis 1 
to results in accordance with experiment, nor does he considei 
objections which have been raised to it on several sides 
Glazebrook’s Report on Opt%cs, pp 169, 180 and our Art 1 

Valuable as many parts of these Lectures on Optics are, 
do not, so far as the theory of elasticity is concerned, add muc 
the researches of F Neumann see our Arts 1213-22 

[1302] TIeher d%e Transversalschwingungen eines Stahes 
veranderlichem Querschmtt Berliner Monatshenchte, Jahr^ 
1879, S 815-28 ((? A S 339-351) 

The type of rod which Kirchhoff proposes to deal wit 
defined in the following words 

Es werde zunachst ein Stab ms Auge gefasst, dessen Qiicischnitt i: 
Hichtung der Lange beliebig, niir so \ariirt, dass alle Querschnitte uner 
klein Sind, ihre Schweipunkte in einei Geiaden liogon und ihio Haup 
die gleichen Kichtungen haben Em solchei Stab kiiiii unendbdi I 
Schwingungen ausftihren, bei denen die Veischiebungon immei in einer c 
beiden Bicntimgen geschehen , um solcbc Sdiwmguiigen soil cs sich hm 
die DifFerentialgleichung derselben ist bokiunt und loidit nut Hulf( 
Hannlton’schen Prmcipes abzuleiten (S 816, O' d S 340) 

Kirchhoff cites Lord Rayleighs Theooy of f)oun(l, Vol i p 
as giving the equation for the vibiations If f bo tlio shift it ti 
of the centroid of the cross section distant c; from one end of the 
the equation foi the vibrations paralkl to oiu system, /, of pi in 
axes of the cioss sections is, in the usual notition of out woik 



see oui Alt 343, equation (i), putting in it ^ foi pax/ foi p, and ( 
Taking a sinqilt tone, oi putting $ ~u ^ui jd, p Ixing i const ini 
ha\c 
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The conditions to be satisfied at a terminal of the rod, whether fixed or 
free, are 

d f „ d^v\ ft ^ 1 « dStf du 

= (m), 

where 8 is the usual symbol of vanation- 

[1303 ] Kirchhoff remarks that equation (ii) can be solved m 
general terms when the coordinates a: and y of lie boundary of the 
cross-section are of the form 

*=»’yi(x). y=^fibd, 

X being any variable quantity and /i, /g given functions of it. In i^is 
case we easily find, ^ being parallel to x, and k the swing radius about y, 

0) = mid = 

where <Oo and m^K^ are the values of <0 and mid for z=^l 
Equation ( 11 ) now becomes 

pp = iiv ^ 

and may be solved by a series of the £01 m 

u = Az^ + + A + 

pi ovided h satisfies the equation 

h (A — 1 ) (/i — 2 + 8ni + )b) (A — 3 -H dm 4 - = 0 

See S bl6 {G A ^ 341) 

KiiclihofF discubbes the relations between the eoiibt uits Aj 4^, etc , 
and the special cases which can arise according ib m is > - 01 < 2 
(S bl7-b G A H 342) He does not, however, eiitei into special 
details except toi two interesting cases, namely 

(a) when m = 1, h = 0, 

(b) m =1, n = l 

111 both these c ises the integials admit of being cxpicssed b\ Bessel’s 
functions with teal 01 imaginary iiguments We dc\ote the tollowing 
tour ai tides to a consideiation of Knchhofif's lesults 

[1304 ] Cate {a) If m- 1, := 0, and x he a constant, then the 

cross section is lectaiigiilai, iiid the lod is bounded by two p ii ilk 1 
planes and a pan of planes peipendiculu to these If the littei meet 
at a \eiy small angle, the lod may be looked upon as a lu t/ thin 
iotdfje 



94 KIECEHOFF [13CH 


Equation (n) will now be found to be satisfied by either of tW 
alternatives^ ^ 



Id/ .dw\ / p 


or, if 

11 


by 

, ^ du 


The first forms of solutions, answering to the + and 

— signs lespectively, 

aie 

d<i> dll/ 


wheie 

,/ri" -(1 ')= (2 (3 ')" 

(VI) 

The second foims of solution involve log^, and aie thus unsuitable 
if the end = 0 of the i od be fiee Therefore u is of the form 


„ r .n ^'1' 

(Vll) 


This must satisfy (m) at the fiee end » = 0, which lequircs 

to be fiilhlled 

At the base of the wedge, it we suppose it built lu, wc must have 

= 0, and = 0 
dz 


This leads to 



+ C 


dij/ 


- 0 , 


G, 


d 

dC 


+ 0 


d ij/ 

dC 


0 , 


whence, by wntiiig down the differential equations sitislied by </> and i/^, 
we find that foi the base valut of 


This IS the equation tioiii which the trequencics ot the noks must be 


1 By taking z = 1/^ the equation reduces to the form = J. /i ^ /t, /3 being a 

constant This is a case oi Kiccati’s equation and may be solved by besscl s 
functions see roi&^th s liuitiu on DiDcuntud J quotion'^ ^ 111 
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leduced Kirchhoff finds the value of m a senes exactly as he found 
i similai product m his memoir on plates (see our Art 1241), namely 
jy ascertaining the differential equa^on which the producst Satisfy 
Thus he obtains 

^ ^ ^ 

ind heuce foi the frequencies we require the roots oi 

^ ^ 

^“3t(2 5 >(3 ')s~ 7^7?'?^ 

If I be the length of the wedge he deduces for the fundamental note;, 

t=5m = ip^£-,, 

bud if 2a be the depth, parallel to the direction of vibration, of the base 
)f the wedge, we have 

p = 53Ul^l (ix), 

jince Kq* (foi « = Z) 1 Z^ 

For a prismatic rod of unifoim rectangular cioss section of depth 
2ay we should have had 

«• 

jupposing the material and the fixing the same Hence the fundamental 
lote of the wedge is higher than that of a lod of unifoim rectangulai 
loss section equal to its base 


[1305 ] Kiichhoff next proceeds to find how great the shift at the 
ree end of the wedge may be without dangei to its elasticity, when the 
yedge is vibrating solely with its note of lowest pitch Let be the 
iimting safe stretch, then we must ha\e the maximum stietch at eveiy 
DOint of the wedge less than this But this maximum stietch occurs 
it the contoui of the cross section, and foi a cross section distant s fiom 
, . , azd^ azc^u 

he fiee end ib = -y , = 7 - 7 - sin/>Z, or giving s>mpt its maximum 
L I viz 

/aluc and substituting loi z in terms of we must have 


the maximum of 


at, I p cl 21 


n, substituting toi p fiom (ix), 
he maximum value of 
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Kirchhoff calculates the maximum value of ^ ^ for the funda 
mental note ( S 823-4 , & A S 347) and shows that it equals 

4 992 C, 

where i7=19563C^ is the maximum shift at the free end The 
maximum stretch occurs at the cross-section for which ^ = 3 688, 


3 688 /i 

p V 


- , or substituting from (ix), at the point z = 694Z 

Thus* with the wedge the gieatest strain is not at the built in 
terminal, and further the position of the section of greatest strain 
varies according to the note the wedge is sounding 

The safe shift of the free end is found for the fundamental note to 
be given by 


U< 737^0 


3 919 


io /I 

p \/ 3p 


For a rod of uniform rectangular cross section we have the coi respond 
ing expressions 


/ /2 
£r< 284^0 

a 


U< 


1, 

p V 3p 


Hence if we take a piismatic rod ot the same luiteiial, of the same 
length and on the same base as a wedge, the fiee end of the lattei can 
make, in the case when both swing with then fundamental notes, 
oscillations of 2 6 times the amplitude of tlio foi mer If both be of the 
same material and haie the same fundamental nolo (i o the same 
for both) but be on bases of different size oi shape, then th( wedge can 
safely receive oscillations at its fiec end of neaily foiii times the 
amplitude of those of the prism 

These results seem of consideiable niteiest ind possil>ly ^lossess some 
practical application 


[1306] Case {h) Kirchhoff next passes to tlu t xsc m 
This coriesponds to the lod having Ur foim of i vciy sh up eoii( 
The diffeiential equation (iv) now takes tlie loim 


oi if 4- 




we have to find solutions of 
cl u - dv 


n~-\ 


(XI) 
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^rcUioff shows that the complete solution m this case is of the form 


d?4> 


— ft 'f . r< "" f 


d^if/ 


^here and ij/ have the values given m (vi) 

The equation for the frequencies of the notes, the terminal conditums 
Deing as in the previous case, is 

d 0 

d^KdtdO ’ 

1 C" r r 

2'3i l'3'6'^2i4'7i 3t5'9t'‘' 


Che least root of this is ^ = 8 718, and we find for the fundamental 
lote 

[f K be the swmg radius of the base, or for » = we have k 11, 

md ^, = 8 718^y| (xu) 

For a cylindrical rod of the same material and base we should have had 

v/f 

Thus the frequencies ot the tundamental notes of a shaip conical and of 
% cylindrical rod of the same length and on the same base aie in the 
ratio of 8 718 3 516 


[1307 ] Finally Kiichhoff pioceeds, as in the coiiespondmg case of 
3 U 1 Art 1305, to measuie the safe amplitude foi the fundamental vibia 
bion at the liee end of the cone He finds ^\lth the same notation as 
Lii that aiticle, a now denotmg the maximum distance of any point 
Dll the fixed bast fiom the iieutial axis 


r n 

U < 790^., - , 


bbb9 


K /A 

7) a \/ p 


Foi the tyliiuliitil rod we have 


U < 2b4i>y — , 

Ch 


p a \/ p 
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Hence we conclude that for a cylinder and a very sharp cone < 
the same material and length and on the same base, the cone can ha\ 
at Its free end amplitudes of 2 8 times the magnitude of those of tl 
cylinder, when both vibrate with thear fundamental note If the bast 
be of the same shape but different size, and the fundamental notes I 
the same, then the cone can have at its free end amplitudes neatly 
times those of the cylinder 

The fail pomt of the cone for its fundamental note is on the cros 
section given by 

^=4 464, 

4 464 

or, 2 = a/ — ^=512^ 

Thus, the fail point of the cone is about its mid-section 


[1308] Bemerhmgen zu dem Aufsatze des Herrti Voigt 
Theone des leuchtenden Pimktes'* Grelles Journal d% 
Mathematik, Bd 90, S 34 Berlin, 1881 (G A Nachtrag, S 
17-22) Voigt deals with an infinitely extended isotropic elasti 
medium surrounding a rigid sphere at the surface of whic 
there is no slipping Supposing the sphere to have an in 
finitely small oscillatory motion it is required to ascertain th 
vibrations of the medium He applies the conclusions to b 
diawn from such a mechanism to the theory of an incandescen 
point Obviously the most complex oscillatory motion can b 
constructed from (u) an oscillatory rotation lound a diainetei 
and (6) an oscillatory translation of the sphoie as a whoh 
Kirchhoff shows that the solutions for these special cases car 
be obtained by an easiei method than that of Voigts memoir 


[1309 ] The expressions foi the shifts v, w at any point of tli 
incdiuiii may be put into the foiin 


dl^ dV _dW dP dW dU 
dx dz dy ‘ 

wliue P id a solution of 


. dP dl 

“ d>,^ dz' (fc ' dll 


ill 

dt 


-a 


and IJ, V, W aic solutions of 


d <t> 
dt 




dc ’ 


a and b bung tlu vdoutios with which longiludni il nid timsvuM 
waves aic ptopagibd These eqmtioiis ue ittiibuted l)y Kiieliliofl tt 
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Clebsch, but they had been previously given by Lain 6 in his Legom sm 
Velastwite^ pp 144-6 In the notation of our work a® = (X + ^)//o aaid 
= see oui Arts 1078* and 1394 
Elirchhoff now obtains a solation lor Oase {st) by taking 

P= Z7=F= 0 and W=^F{r-U), 

where r is the distance of any point of the medium before strain from 
the centre of the sphere, and F is an undetermined function. If j 5 be 
the radius of the sphere and f{t) the angle of rotation from x to y sX 
time ty we easily find that for r = we must have 


Tlie solution of this equation is given by 

6 


F{r-ht) 


+S,-r [ (. 

‘ L 


h w 
f{t) eS> dt 


If y {t) = 0, when i < 0, then the above solution supposes W and 
dWjdt^O for ^ = 0 and r>B, that is the medium is supposed to be 
at rest m its unstrained position before the vibration of the sphere 
begins at time ^ = 0 


[1310] Let the motion m Oase ( 6 ) be parallel to the axis of 4 
then a suitable solution will be obtained by taking 

p IT-— W-0 

dz^ dif dx^ ’ 

wheie, and F being undetei mined functions 

<2 = L\ (,-«<), sJ-F^{r-bt) 

It wc put 1 - B, i(,~v = 0 and w ~J (t\ we obtain after sonic 111 

F-^{R-at) = ^1^. F {R-bt) + 6a R I dt f J (t) dt, 

F {R~ht) ~ ^ X f 

X (0 -J (0 -^2* j / (0 JT 1/ ' 

uul Aj, A aic the loots of the quadixtic 

. 2a + b . 2(( b 

X+ ^ =0 


where 
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4 


By writing — and t + for t m and 

F^{R—hi) respectively, we obtain the values of Q and S from these 
results 

As before, if / (^) = 0 for t< 0, it will be found that these results 
suppose the medium afc rest m its unstrained position before the sphere 
begms to oscillate 

Voigt^s solution for this case may be obtained from Kuchhoff’s by 
supposmg a infinitely great 

[1311] Ziir Theone der Lichtstrahlen Sitzungsbenchte der 
k Akaderme d W%ssenschaften, Jahrgang 1882, Zweiter Halbband, 
S 6451-69 Berlin, 1882 Annalen der Phys%k, Bd 18, S 663- 
95 Leipzig, 1883 (Q A Nachtrag, S 22-54 ) 

This memoir belongs properly to the theory of light It starts, 
however, from the basis of an isotropic elastic medium, in which 
the dilatation 6 is put zero Kirchhoflf remarks 

Die Schlusse, durch welche man, hauptsachlich gestutzt auf Betiach 
tungen von Huyghens und Fresnel, die Bildung der Lichtstrahlen, ihie 
Reflexion und Brechung, sowie die Beugungserscheinungen zu erklaren 
pflegt, entbehren m mehrfacher Beziehung der Strenge Eine vollkom 
men befnedigende Theone diesei Gegenstande aus den Hypothesen dei 
Undulationstheone zu entwickeln, schemt auch heute noch mcht 
moghch zu sein , doch lasst sich jenen Schlusseii cine grossere Scharfe 
geben Ich erlaube mir der Akademie Auseiiiandersetzungen vorzu 
legen, welche hieiauf abzielen, und deren wescntlichen Inhalt ich in 
meinen Universitatsvorle&ungen seit emei Rcihe von Jahrcn voige 
tiagen habe Das gleiche Ziel in Bezug auf die . 
ist mzwischen in einigen veroffentli elite n Abh uidlimgen von den Herien 
Fiohlich und Yoigt verfolgt S 641, G A Nathtiag, ^ 22) 


[1312] In the courbe of his woik Kiiclihoff gives i pioof of 
a geneialibation of 11 j'd * > Prmcijde winch w is lust btated by 
Helmholtz {Jomnal far MathemaUl, Bd 57, S 1 Berlin, IbGO) 


Let <j[) be a solution of the equation 


dt^ 


=^bV^cl>, 


on which the tiaiibvcisc vibiatioiib of the HKdiiim cm b( in uk to 
depend, and kt a be a closed surface eont lining hoik of tin jioints of 
distui bailee, let dn be an (lenient of the noiin il it (br me isiiK d luw iids, 
and let be tlie distance of da- tioin a chosen jiomt 0 insick (r Lastly 
let dcl>ld7o ~/{t) 

Then Kiichhoff deduces tiom Gieen’s rheoiem {Malhemai%(iil Panub, 
p 23) that 

i7r<f)^,(l)-JJ[2dcr, 
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where 


a= 


d 

dn 



('-?) 

1 

1 

\*-V 

1 n 

J ^0 


and <^o the value of <j(> at 0 (S 646, Fachtrag, S 28) 

Thus it IS alv7ays possible to replace the system of disturbing points 
by a new distribution of disturbing points over the surface o* (sup- 
posed to contain none of the old pomts), provided we know the values 
of and d(l>ldn due to the old system over this surface, and that the 
point 0 lies mside it 

Kirchhoflf* discusses further what modifications are mtroduced when 
a distuibing point lies mside the surface o- 


The major portion of the memoir is too closely associated with 
the theory of light to be discussed here 


[1313] Ueher die tn die ein fester elastischer 

Korper er/ahrt, wenn er magnetisch oder dielectnsch polansirt 
wird Sitzungshenchte der Jc Akademie d Wissenschqften, 
Jahrgang 1884, Erster Halbband, S 137-56 Berlin, 1884 An- 
nalen der Physik, Bd 24, S 62-74 Leipzig, 1885 (ff A 
FachtragyS 91-113) 

Sir William Thomson and Clerk-Maxwell have both discussed 
the mechanical forces called into play in a body when placed in an 
electro-magnetic field, and Helmholtz has extended then results 
by introducing, besides the constant of induction, a second constant 
which is to be determined by the changes which lesult fiom a 
change of density in the medium Kirchhoff proposes to still 
further generalise then conclusions by introducing a third constant 
to express the changes expeiienced by the induction owing to 
the existence of the most general form of strain, when the body is 
elastic Lorberg m an article entitled Uehei Electi ostiicUon 
(Annalen dei Pliynl, Bd 21, S 100-20, 1884) simultaneously 
reached by different considerations like results 


[1314] KiichhofF’ conceives xn elementary spheit of non, vhicli 
he supposes isotiopic, to have undeigone the umfoiin sti etches 5 , 5 
in three lectangulai directions Tliui, if il, , C^^ he the components 

^ I ha^ e paitially changed Kirchhoft s notation to agree bettei with the cnstomai^ 
English one ot Maxwell He uses \ \ \ M la^yAhC ABC 

toi om sj i i,, L,, s A I C r P, P T Pu i' uspfctneh 
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of the magnetic intensity, due to ^constant liiagnetic forces /g, 
acting in these diiections, Kirchhoff takes, if ^ + S 3 


B^={p-p'e- p%) Ji,\ ( 1 ) 

C^ = {p-p'6-p''s^)Ja I 

Next taking this sphere as an infinitely small part of a finite maf 
of iron, which has been magnetised by given external forces, he puts 




d<l> 




dvo 


d<l> 

dvo 


( 11 ), 


where Vj, vq and V 3 aie the directions of the principal stretches s^, Sq, s 
and ^ IS equal to the sum of F, the potential due to external magnetisn 
and Qi the potential of the whole magnetised mass of uon, at the elemen 
Siibstitutmg ( 11 ) in ( 1 ) and neglecting the terms involving the square 
of the strain we have three relations of the type 

A, = -{.-k'0-k\)^^ (lu) 


Here k, ¥ and ¥' are constants, functions of p, p' and p'\ and taken a 
depending solely on the nature of the iron In a second paper (see on 
Alt 1319) Knchhoff states that although the theory supposes k 
constant, it really varies immensely with the value of 

V \dvj ^ UvJ ^ Kdy^J 

Calling this expression E we have by (in) and ( 11 ), supposing the sti 11 
teims zero or small as compared with k, and taking /= V » 


Ii^J/{l + \7rK) 

In some expeiiments of Stoletow {Amialfn dei Phjjbik Bd 14G, ^ 
4b 1, 1872) cited by Knchhoff in his second papci, k foi soft non iis( 
from 21 5 to 174 as E varies fioni 43 to 3 2, and sinks to 42 1 as j 
inci eases furthei to 30 7 Ewing (PM T'tcius 1885, p 548) ha 
shown that the fluctuations in the values of k (Mix well’s ‘coofficien 
of induced magnetisation’) for soft iron largely exceed even those Kircl 
hoff cites fiom Stoletow The bearing of this vaiiation of k on tli 
fundamental diffeiential equation is not consideied by Knclihotl in hi 
memoir 

Fuithei it IS moie than doubtful whethei 6 X})crinHnts iii tlm cis( 0 
soft iron, nickel or cobalt justify Kiiclihoff’s lughct ot tlu ttruis in 
volvmg the squaie of the strxm His equ itions and eonelusions 11 
tlicitfore given luio with exoiy reseivation 


[1315] Reducing tlie above lesults foi the ]uincipa] stutcli ax( 
of each ehment to gintril ixes r, 7 / g in spue, }>nilhl to whieli tli 
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components of magnetic mtenffl.ty at the point x, y, z are By Cy 
Kirchhoff finds 



= -(k- 

k’&- 



d<l> 

B-~ 

H5S 

(1 


1 

1 

^ + P"<r„ 
dy - ^ 

d^ 

d^^ 

0 = 

II 

d4, 

'dx 

+ P' 

ff ^ / 

7 

1 

1 

dz 


(iv) 


He now proceeds to determine the general differential equation 
for Since (f>= V+Q, and Q is given by 



where dm is an element of the mass of iron, and r the distance of this 
element from the point at which Q is the potential, we have 




or, by integrating the expiession for Q by parts 

1 dA dB dG 1 , ,, 

Here B, C must be given the values in (iv) above Following an 
idea of Helmholtz’s, Kirchhoff supposes the iron to change not abruptly 
but gradually to an , so that k, k, k' take values varying from those 
they have in iron to those for an, oi zeio, thiough a thin shell ovei the 
surface of the iron mass, this shell being ultimately i educed to an infinite 
thinness {Bmxchte> S 140-1 , G A Nachtxag, S 95) 

Knchhoff shows how (v) may be replaced by an equation expiessing 
thit the vaiiation of a ceitain integral vanishes but to discuss this 
integial would cairy us beyond our limits (S 141-4 , G A Kathhag^ 8 
96-101) 


[131 G ] If /* , P;/, P lepiesent the teims that must be added to tlie 
boch forces pX, pF, pZ in the body stiess equitions of type 


dPl dTti dzx ^ ^ 

dZ^ = 

to lepresent the effect of the magnetisation, md P ,P ,^7^ tlio terms th it 


1 I-oi the iron mass itself V T =0 and if I' and k' weie to be ne^lectt^d 
as small compaied with k we should have the usual equation 


d 

dj. 


(l + 47rA) 


dd dff 


(1 \- Itta) 


d(f) 


+ 


d 

d 


(1 + iTK) f 


-=0 
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must be added to the surface-strejsses JTg, Yq^ in the sinffec^-stress 
equations of type 

7x cos (^a?) + ^ cos {mj) + ^ cos (n«) = Xg, 

where Vi is the normal to the surface measured inwwirdSf then Kirchhofi 
shows (S 146-8 , G A Nachtrag, S 102-4) that 





and 

Pa, = -27rK® 



2 /V k'd<^d<f> 
cos (nx) + -?r “ 7 ^ 

^ 2 dx dn 




with similar values for Fy, Pf^ and Fy, Pf^ 
Here represents as before 



These results agree with those of Helmholtz if ¥ and ¥' be put zeio 


[1317] Kirchhoff remarks (S U9 , G A JSrachtmg, ^ 105) 

Die in Bezug aiif einen Eisenkorper angestellten Betrachtungen lassen 
sich auf ein Dielectricum iibertragen, wenn dieses an Stelle des Eisens und 
em electrisirter Nichtleiter an Stelle des Magnets gesetzt wird Dei Nioht 
lei ter kann aber auch durch Leiter erset/t weiden, da es fm die Ki ifte, die auf 
ein Element des Dielectricums wirken, gleichgultig ist, ob die dectiischen 
Flussigkeiten, von denen diene Ki ifte heimhren, soweit sio in endlicbei 
Entfernung von clem Elemente liegon, in ihren Ti igein bewcglich sincl, odoi 
nicht 

On S 1^0-2 (G A Nachtrag, S 106-9) Knclilioff ])oints out liow 
mother method, which has been, indeed, ido]>tcd ])y Dolt/rnann, does 
not lead to the corre ct equations 


[1318 ] Finally KirchhofF woiks out the case of a s])heiical 
condenser of glass bounded by two concentiic sui faces of ladii ind 
These siufaces are piovided witli conducting coatings, tin 
innei of which is maintained at potcntiil and the outd it potential 
zeio, and piessures on these coatings aic su})pos(d to b( it once tians 
fei 1 ed to the glass smfaccs KirchhofF agicc ing with Koi t( wc g (A imah n 
d( i Fhys%k, Bd 9, S 48-61, 1S80) finds tliat the extension of the 
internal i idius is given by 


_L <^0^ 
-/,) 


’•//I 


+ K 
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where M is the stretch-modulus arwj. X and fjt, the usual ehu^c coeffi- 
cients 

The K, y and h"' of this article are of course not tfio^ of Art. 1314, 
but constants of the dielectric, 1 + 4ir#c being the K of Masrwell, or the 
specific inductive capacity It is an analykcal not a physical relation, 
which enables us to apply the results for magnetisation to the case of a 
dielectric see our Art 1317 

[1319 ] Ueher eimge Anwendwngen der Theons der Formojn- 
derung, welche ein Korper erfahrt, wenn er magnetisch oder d%de<y 
tr%sch polamsiTt vnrd Sitzungshenchte d h Ahadefrme der Wissm- 
schaften, Jahrgang 1884, Zweiter Halbband, S 1155-70 Beriin, 
1884 Annalen der Thyenh, Bd 25, S 601-17 Leipzig, 1886 ((? 
A NaoKtrag, S 114-31) 

The only portion of this memoir which concerns elastic soMs 
IS § 6, which deals with the change in form undergone by an 
isotropic iron sphere of radius when magnetised by a constant 
magnetic force of mtensity J in the direction x 

In this case at a great distance horn the sphere the centre bemg the 
origin, and the notation that of our Art 1314 

- Jx, 

and mside the sphere 

^ 1 + Itt/c 

Whence from equations (vi) of our Art 1316 we have to find the strams 
m an elastic medium subjected to no body forces, for Pa. = Py = Pg = 0, 
but to the surface stresses P^,, Py, given by 

PJx = ^ , 

Pylv = p,h = yz (S’TK V + r;) , 

where ^ = j (l + 

The surface stresses consist therefoie of 

(a) A uniform surface traction = J/3 (k - ^ ) 

(5) A variable sui*face traction = 27r/?/c cos'’ ij/, where \f/ is the angle 
the outwardly directed noimal at any point makes with the diiection of 
magnetisation 

(c) A variable surf ace pressm e parallel to the diiection of migneti 
sation =Jy8^"cosi/^ 


T F PI TT 
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We can easily ascertam the corresponding shifts and strains 

(a) This corresponds to a uniform dilatation of the sphere and to 
a radial shift V at central distance r given hy 


and consequent dilatation 


( 6 ) If p be tbe distance of a point from the axis of x, the shifts 
u, Yy at 05 , p parallel and perpendicular to the axis of magnetisation are 
given by 

16 = 0105®+ 5iP®05 + 

Y = Oi'05®p + Vp® + CiVoV? 


where Kirchhoff finds for the constants the values which in our notation 
are expressed by 


Ol = - 


Ol =-- 


2rj 


(7 + 5i;) ix.r^ 
7~8r) 


2 vyS/c», 


4:7] 


'-a^y 


5i' = -Jai, 


4,(1+,,) 


Cl = 


3 + 2>; 

r(iT^ 


Oi 


(c) This gives us shifts parallel and perpendicular to the axis of 
magnetisation measured by 


The combination of these cases gives the total strain due to the 
magnetisation 


[1320] If we suppose, that k is immensely greater tlian k' and 
we have only to consider the shifts given by {h) 

Assuming the uni constant isotropy of the spheie, or 77 = we have 
then by neglecting k as compared with k 

“ "" {- 10 a;* - 5 V* + 6 !»•>}, 

The extension of the radius parallel to the magnetic foi ce 
~ ITOtt M ’ 
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aile the radii perpendicular to this undei^o the compression 

27 ^ 

176 ^ F 

[1321 ] In the course of his discussion Kirchhoff refers to the 
eat variations in the value of k see our Art 1314 He points 
it that the uniform magnetic force might be obtained by placing 
le iron sphere in the axis of a coil, but that the extension of 
le radius in the direction of this axis would probably be far 
lO small to be capable of measurement Finally he refers to 
)ule*s measurement m 1846 of the extension of an iron bar 
aced in such a coil see our Art 688 

Shelford Bidwell has, however, shown that an iron bar will 
Lorten when the magnetising force is sufSciently increased, so 
lat it is difficult to see the application of Joule's result to 
irchhoff’s theory Further J J Thomson (ApJ)l^cat^ 07 ^s of 
ynarmcs to Physics and Chemistry, p 54) has shown from 
wing's experiments on the relation of stram and magnetisation 
lat Kirchhoff s results in the previous article sometimes give a 
^ry small part of the total strain in soft iron, the chief part being 
ally due to the terms which connect the mtensity of magnetisa- 
on with the stram (compare the k' and k" of equation (iii) of our 
it 1314) It IS not possible to discuss these matters here at 
ngth, but the reader is warned that Kirchhoff’s results are not a 
)mplete representation of the relations between magnetism and 
ram brought to light by recent experimental researches 


Section III 


Clehsch^ 

[1322 ] The first memoii due to Clebsch is entitled I eh^t die 
leickyewichtsjiyuo eines bieysamen Fadenb Cielhb Journal fut die 
me u anyeioandte Mathematik Bd ^1, 1860, S 93—110 

1 For an account of Clebsch’s life and work see the Mathematihclie Annahn 
unded by him Bd vi S 197-202 and Bd vii S 1-55 Clebsch died Nov 7, 
i72, aged 39 
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§§ 1~7 of tins memoir are occupied with the eqmlibnmn of an 
inextemiUe hut flexible string, § 1 gives the general equations (S 
93-5) , § 2 deals with a uniform heavy chain (S 95) , § 3 considers the 
equilibrium of a strmg under the action of ‘ centrifugal force ’ produced 
by rotation, a solution is obtained in terms of elliptic functions (S 
95-101) , § 4 supposes the strmg constramed to remam on a given 
surface (S 101-2), while §§ 5-7 take the special cases of any surface ot 
revolution, a sphere, and a string on a sphere under the action of centri 
fugal force due to rotation respectively (S 102-7) The equations are 
integrated by a process due to Jacobi 

[1323] The remammg sections of the memoir deal more closely 
with our subject § 8 is entitled Qleichgewicht dunner elastischer 
Faden (S 107-9) Clebsch supposes a force function to exist and the 
cross-section to be so small that the strmg is perfectly flexible as well 
as elastic He obtams his equations by making the integral 

taken throughout the length or of the strmg a mimmum, F bemg the 
stretch modulus, s the stretch in the element dcr, and 27 the correspond 
mg force function per unit length of da- Clebsch reduces the general 
solution to the discovery of a solution V of the partial difierential 
equation 

(f)’* - '}■ 

The last section of the memoir is entitled Gleichgewicht eines 
dunnen elastwchen Fadens unter dem Einjluss der Schwere (S 
109-110) The statement is so brief that it is difiicult to follow the 
reasoning of this last section 

[1324 ] Theorie der circularpolarisirenden Med ten Crelles Journal 
fur reine u angewandte Mathematik Bd 57, 1860, S 319-358 This 
memoir does not properly proceed from an elastic hy])othesis, and the 
necessary optical teims are mtioduced into the equitions by assuming 
a type of inter molecular force which has not received any physical 
explanation Thus Clebsch’s hypothesis is the following (S 322-3) 

Nehmen wir an dass zwar m jedem Augenblick die Molecule sich inch ciner 
Function /(^) der Entferiiung anzichen, diss iber ausserdem durch die 
Bewegung selbst auf irgend eino Weise in dciibclben in jedem Augenblick 
eine (nicht wieder versehwmdende) Knit eiiegt wird, welcho senkieclit 
gerichtet sein soli gegen eine der Verbindungslime und der lel itiveii Oebchwiii 
digkeit gleichzeitig parallele Ebene 

Further 

Dass die gedachte, in jedem Augenblick entstehende Ki ift piopoitional 
1st einer Function der relativen Entfeinung T'O) und dorjeingen Oornponenten 
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der relativen Geschwindigkeit, welche gegen die V^bindimgsliine senkreciLt 
tst 

The resulting equations are not elastic equations, but fflTr>i7fl.r to 
bhe optical equations of Cauchy, MacCullagh and Keumann, and the 
methods adopted are akin to those of the tractate on optics referred to 
in our Art 1391 There is thus no need to consider iiie memoir at 
length under the history of elasticity 

1326 We have next to consider the work entitled Tkeone 
der Elastiavtat der fester Korper von JDr A Glebsch, Prcfessor 
m der Polytechmschen Sohule zu Garlsruhe This was published 
in large octavo at Leip 2 ag in 1862, and contains xi + 424 pag^ 
The preface states briefly the object of the work , this may be 
said to be to furnish a sound basis for practical studies and 
applications Accordingly the mathematical processes are kept 
as simple and elementary as possible , the general mvestigations 
given by Lamd and also any applications to the theory of bght 
are omitted On the other hand the researches of Samt-Yenant 
on the Flexure and Torsion of Pnsms, and those of Eorchhoff with 
respect to very slender rods, are fully considered The work is 
divided into three parts, S 1-189 treat of bodies having all 
their dimensions finite, S 190-355 treat of bodies which have 
one dimension or two dimensions indefinitely small , S 256-424 
are devoted to applications The work is subdivided into 92 
sections 

[Notwithstanding Clebsch^s preface and his position at Carls- 
ruhe his book is certainly not suited for the technicist, the 
slightest comparison of his pages with those, for example, of his 
successor Grasshof will sufficiently demonstrate this fact It is 
to the mathematical elastician that Clebsch in reality appeals, and 
the chief value of his book lies in the novelty of his analytical 
processes and his solutions of new elastic pioblems Throughout 
the work Clebsch practically uses only the equations for isotropic 
materials, and this depiives the woik of much physical and tech- 
nical interest In the French translation duo to Samt-Venant and 
Flainant, suitable distributions of elasticity replace this isotropy 
of the original work The copious notes of Saint- Yenant and the 
correction of many of the innumerable eriata of the original so 
increase the value of the translation, that it is safe to predict that 
for the futuie Clebsch will be chiefly read m the Fiench edition 
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(see aur Arts 298-400) For our present historical purpos 
however, we follow the original, giving under the letters F 1 
the corre'-po riding pages of Saint- Venant’s version] 

[1326 ] The first seventeen sections of Clebsch (S 1-50 , F 
pp 1-113) contain a general theory of elasticity, which does n 
possess much novelty The statements on S 7 and 10 with rega 
to the numerical limits of the elastic constants^ are only true i 
the isotropic materials of theory and not for the usual materials 
construction see our Arts 169 (d) and 308 ( 6 ) The definiti 
of the elastic limit, S 4, requires modification, but the remark 
S 3 as to the fitness of excluding caoutchouc from the substanc 
to which the theory of elasticity m its present form can be appli 
deserves notice As a novelty we may refer to S 23-7, whe 
the reader will find Lamd’s ellipsoid of elasticity and the stre 
director^quadnc (see our Arts 1008^ and 1059*) expressed 
tangential coordinates^ the analysis has probably more inter( 
than the result practical value 

The linearity of the stress-strain relations is practically ( 
sumed by Clebsch, as he appeals to a mathematical process a 
not to experimental facts see our Arts 928*, 1051*, 1064*, a 
299 

Clebsch terms the stresses Spannungen and the strains Vi 
schiehwngen^ , he uses Zughraft also in the sense of Spannung, h 
it would I think be better to confine it to what m this volui 
we term tractions He represents the stress system by t^^, t^, i 
hv ^12 strains by a, /3, 7 , ^ 

[1327 ] Clebsch next passes m § 18 to the special case of t 
equilibrium of a hollow spherical shell subjected to unifoi 
surface-tractions This has been fully considered by other writ( 
(see our Arts 1016*, 1093*, 123, and 1201 (c)), uid their resu 
should be compaied with those of Clebsch, as there are misprii 
m his work He uses also, hero, as throughout his book, t 
maximum sti ess not the maximum sti etch to suggest the fail-lw 
or condition of ruptuie see oui Arts 4(7), ■), 169(c) and 320-1 
The following section § 19 (S 55-61) deals with the rad 

^ Clebsch uses tx for our ?? and i tor oui ^ , he uses i' as wo do, for the Btret< 
modulus 

- He also uses 76? sc occasionally toi the & /a/ c g b 25 
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Vibrations of a sphere, and does not add mucli to Poisson’s tacmih 
ment of the like problem in his memoir of 1829 see our Axts. 
449^^-463* 

These sections occupy S 114-126 of jP 

[1328] The next subject to which Olebsch turns is of more 
interest § 20 (S 62-67 , jP jP pp 126-132) is entaitled TTeber 
die W'u/rzeln der transsoendenten Qleichung&ifh, wehhe die Unter- 
suchv/ng von Schwingungen eldstischer Korper mvt sich and 

its object IS to show the reality of the roots, or the stabilil^ of 
the small vibrational motions. I reproduce the substance of 
Clebsch’s investigation here, as it appears to be origmal, and 
IS of considerable importance 

1329 Let us suppose that for small vibratioiis the values of the 
skifbs u, i?, w can be expressed m series of simple harmomc form Thus 
we may put 

+ cos hit + Wa'cos h^t + cos hjt + , 

with similar expressions for v and w But as the treatment of the 
terms which mvolve cosines is the same as that of the terms which 
mvolve sines, we will omit the cosines entirely Hence we take 

u — sin kit + Ui sm kji + sm k^t + 
v = Vi sin k^t 4 - V2 sin ^2^ + sm k^t + 
w~Wi sin kit + ^^?2 sm kzt +10^ sm k^t + 

Now similarly each of the six elastic stresses will take the form of 
such a series , we will thus suppose that corresponding to 

WnSmkJ, 

we have for the three tractions 

Vi sm kj, V2 sm kj, vg sm k^i, 
and for the three shears 

Ti sm kfitj Tg sm kj, rg sm k,^t 

Then substituting in the body stress equations, and supposing no 
external forces to act, we have 

dvi ^ ihg dTc> \ 
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The values of Vi, Vg, are connected with by the same 

relations as the stresses are connected with the strains Also we have 
the followmg equations holding at the bounding surfaces, supposing 
there to be no load and a, y the direction-angles of the normal 

Vi cos a + Tg cos + Tg cos y = 0,| 

Tg cos a + vg cos jS + Ti cos y = 0, > (2) 

Tgcosa + Ticos j8 + v8cosy = 0 ) 


It will be observed that (1) and (2) are derived from the general body 
and surface stress-equations, each of these equations breaks up into 
sets obtained by considermg separately the terms which mvolve 

sm , sm kji , sm 


Now let correspond to smh^t in the values of Uy v, w?, 

where is different from Let the corresponding forms of (1) and 
(2) be what we get by putting v instead of v, and r mstead of r 
Consider the triple mtegral extended over the whole body 

^==111 A + dxdydz 


By means of (1) this gives at once, if p be constant 


-pkJJ 


-///(“•(I- 


dvi dr^ 
dy 


d%) 




/dr^ dvg drA /( 


dr^ dri dv^ 


dx ^ dy 


d% 


- dxdydz 


Now by integration by parts, the triple integral can be tiansformed 
mto a certain double integial extending over the boundaries, and a 
certain tnple integral extending throughout the body, the double 
integral vanishes by (2) , and we are thus left with the result 



Now in precisely the same way as this icsiilt has been obtained, by 
applying (1) with respect to w„, instead of with respect to 

obtain 





dwA 

dy) 




’ 

dy 


+ 'Tq 


(dw,. 

dun\ 

, dw,, 

/du,, 

do A 

\d^ 

dz] 

\*n ^ +r. 

\dy 

^ dx)^' 


1330 But the light hand members of the last two equations are 
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bhe same Foi we know that there is a certain homogeneous function 
3 f the second degree involving the six quantities 

du^ (kOn 

dx^ dz ^ 

such that its differential coefficient with reject to is v,, its 
ilfferential coefficient with respect ^ 

in like manner similar considerations hold when we form the same 
function of the six quantities 

dx ’ dz dy 

Hence it will be found, as asserted, that the nght-hand members of 
these equations are the same Thus we have 

and since and are different it follows that J must be zero, 
that IS 

/// dxdydz = 0 ( 3 ) 

This result enables us to show that the quantities are 

all real For suppose one of them were of the form ^ — 1, then 
another would be of the form f — let then cor- 
respond to the former, and u^, to the latter Then Uj^ and 

will be conjugate imaginary expressions of the forms + 
and — and so their product would be the sum of two 

squares The like would hold for and for and thus the 

mtegial in (3) would be necebsarily a positive quantity, and so could 
not vanish as it must by (3) 

Olebsch then proceeds to show that k^, must all be positive 
[Quantities Foi put 

= Iff (V + + ^n) dxdydz, 

bhe integral extending throughout the whole body , thus J' denotes 
what J would become if we put u^, Vn, for lespectively 

Then transfoiming this as we did J we get 

pK + I dobdydz 


= 2 

where F is that homogeneous function of the six quantities 

dlVn dVn ^ (^n 
dou ^ dz dy ^ 

to which we have already refeiied 
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Kow Clebsch says, m substance, that the right-hand member of (4) 
must be a positive quantity It is really the strain energy corresponding 
to certain small shifts , hence since J' is necessarily positive it follows 
from (4) that must be positive also Clebsch should have referred 
to some standard treatise on Mechanics foi the proposition which he 
here asserts [see our Art 1278], his own woids after arriving at 
equation (4) are 

Das negative Differential des dreifachen Integrals rechts bedeutete aber die 
Arbeit, welche die mnem iirstfbe bei emer klemen Verschiebung leisten, daher 
stellt das Integral selbst, nut entgegengesetzten Zeichen genommen, die Arbeit 
dar, welche die mnem Kraffce leisten, wenn der Korper aus seiner naturhchen 
Lage verschoben wird, bis er die Yerschiebungen v^, erhalt Diese 
Arbeit ist ihrer Natur naoh negativ, genau entgegengesetzt der ihr gleichen 
positiven Arbeit der aussem Elrafte, welche zu emer solchen Verschiebung 
nothwendig ist Das dheifache Integral ist also nothwendig positiv, aber 
auch Jy welches erne Summe positiver Glieder ist, daher muss denn auch 
nothwendig positiv sem, was zu beweisen war (S 65-6) 

Clebsch applies the results obtamed to the problem of the vibratmg 
sphere in order to justify an equation there assumed to be true 


1331 The twenty-first section consists of a demonstration that 
the problem of the equilibrium of an elastic body is a determmate 
problem (S 67-70 y F E ^ 132-6 ) This is a modification of 
Kirchhoff's proof see our Arts 1255 and 1278 

Suppose if possible that such a problem admitted two solutions, 
one in which the shifts are u', v'y w\ and another in which the shifts 
are w", v", vd' Write down the body and surface shift* equations, first 
with respect to v! y Vy wi, and next with respect to w", w” Make 
subtractions of correspondmg equations , for the result we obtain 
equations of elastic equilibiium, with no applied forces whatever y and 
where the displacements are denoted by v! — v' — d', vd — w” respec 
tively it IS our object to show that the displacements in this case must 
all be zeio, that is 

If this be shown it amounts to establishing that there is only one 
solution of the problem of equilibrium 

Let us then suppose that no applied foices wh itovc i act, iiid let us 
denote the shifts as usual, by Uy v, w If wc piocccd as in our last 
article we have results like those obtained there, provided wc put kf 
and zeio, foi now as we aie supposing no motion, these cpiantities 
do not occui Thus coi responding to (4) of that irticle we have 
now 

//J Fdxdydz = 0 (1) 

But this mtegial owing to its physical meaning has a positive value 



1332] 


CLEBSCH 


115 


and c€timot, therefore, be zero unless F be zero This can only be the 
case when all the variables in F vanish, that is when 



dv dw 



dw dii d/tJbch 
dx^ dz ^ dy^ ^ 


( 2 ) 


It seems to me that these equations are not obtamed in a very 
convmcmg mannei compare our Art 1278 

The values of u, v, w which satisfy these equations are of the 
following forms 


«A = a + y2/-/3», w = c+l3x-a^ (3), 

where a, 5, c, a, y are constants These are easily shown to follow 
from (2) For from the fiist three of these we see that u cannot 
mvolve X, that v cannot mvolve y^ and that w cannot involve z , then 
from the last ot them dujdy cannot involve y, and from the fifth of 
them dujdz cannot involve z in this way the assigned formulae are 
obtamed 

Now the equations (3) exhibit only such motions as the body can 
take as a whole^ and which consequently do not give nse to any r&laUve 
shifts, and so do not call out any stresses For a, 5, c correspond 
to shifts parallel to the axes of oj, y, z respectively , a, y?, y conespond 
to a small rotation of the body round a straight line inclined to the axes 
at angles whose direction cosines are proportional to a, /?, y respectively 
The conclusion is that any pioblem relatmg to the equilibnum of an 
elastic body becomes peifectly definite if we exclude all such shifts 
as the body could take as a whole 


[1332] S 70-148 of Clebsch’s treatise are occupied with 
what he has termed Saint-Venanfs Problem, that is to say with 
the torsion and flexure of prisms This forms Chapter ii of the 
French edition (pp 137-294) Clebsch’s treatment is very in- 
structive, as he combines in one investigation the general results 
of Samt-Venant’s two classical memoirs see our Arts 1 and 69 
At the same time the slight value of his book for technical 
students is well brought out by the fact that he passes over all 
the important practical examples (the elliptic cross section alone 
excepted) which Saint- Venant has given of his theory (see oui 
Arts 18-49 and 87-97), and devotes himself especially to the 
case of a prism bounded by two confocxl elliptic cylindeis The 
analysis is interesting, but the practical application is small We 
have here a good example of how the love of oiiginal investigation 



116 


CLEBSCH 


[1333_13J 


may render it impossible even for a mathematician of genius 
wnte a textbook especially suitable for a particular class of studeni 
In this respect his very onginahty may handicap him, and Clebscl] 
treatise has never won for itself the same type of readers as tho< 
of Navier, Lamd or Grashof see our Arts 279*, 1043* 

[1333 ] Clebsch states Saint- Venant’s Problem in the followir 
manner (S 72”3) 

Welches sind die Gleichgewichtszustande ernes cylindnschen Korpei 
auf dessen cylmdnsche Oberflache kerne Krafte wirken, und dess< 
Iimeres kemen aussem Kraffcen unterworfen ist, bei welchen die d€ 
Korper zusammensetzenden Fasem keinerlei seitlichen Druck eileide 
Welches smd die Krafte, welche auf die freie Endflache wirken musse 
um dergleichen Zustande hervorzurufen 


1334 We will now indicate Olebsch's method of investigatir 
this problem To free the shifts from pure translational ar 
rotational terms we may fix a point in the body and a linear ar 
a planar element at that point This Clebsch does in the followir 
manner 


Suppose the body of any cylindrical form Take the axis of 
parallel to that of the cylinder, so that originally a section at rig 
angles to the axis is parallel to the plane oi xy We shall suppose th 
the origin is a fixed point, so that we have w = 0, a; = 0, ic; = 0 at th 
pomt, that is where x, y, z vanish For a point in the plane of .. 
very near the origm the displacements parallel to the axes of x, y, 
respectively may be denoted by 


Suppose then that ^iid = 9 , this amounts to assiimii 

that an mfinitesimal element originally in the plane of xy rtmai) 
in that plane, or that there is no lotation round an axis m that plan 

Let us furthei assume that =9, then there is no motion paiall 


to the axis of y of any point of the infinitesimal element which is on tl 
axis of £c, and so there can be no lotation lound an ixis peipendicul 
to the plane of xy 

We take then these six conditions to hold when x— 0, y-0, z-0 


A A dw ^ diu ^ dv ^ 

u = « = 0, w = 0, ^ = 0, ^=0, ^ = 0 (1) 

These conditions m fact make the six constants of (3) in oui Ait 133 
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namely a, 6, c, a, p, y, all vanish The six conditions might be assumed 

differently, thus for instance, instead might take ^ = 0, 

keeping all the others but we shall adhere to the form adopted in (1)^ 
We assume that no body force whatever acts, and that there is no 
load on the curved boundary of the cylinder, but only on the terminal 
cross-sections The direct problem now would be to let given forces 
act at the terminals and then seek to determine u^v,Wj but instead <£ 
this Clebsch follows Saint-Yenant m an indirect course. He proposes 
to seek the conditions that must hold, and the forces that must act on 
the body, in order that throughout the body we may have 

^ = 0, yy = 0, 5? = 0 

The assumptions made that ^ shall all vanish amount 

to supposing the cylinder to consist of slender fibres, rectangular 
if we please, and that these fibres exercise on each other no stress 
perpendicular to their length As no transversal str^ exists on such 
a fibre we must have 

« = ( 2 ). 

_ du dv dw 

These relations flow at once from the conditions 

^ = 0, yy = 0, 

as we see from Art 78 

The condition that S = 0 leads to 

du dfo 

The body stress equations now take the form 

d'zx f. d^ dZz - 

Substitute the values of and these become, supposing the 

elasticity to have a planar distribution perpendiculai to the axis of the 
prism 

d^u d^w _ ^ d^v d'^'w _ . . 

dz^ ^ dxdz ’ d^^ ^ dydz ’ 

/E ^ \ d^w d^w . d-w ^ 




wheie E, fx and t] must be now regaided as ziidependeiU elastic 
constants^ see our Aits 310-3 and 321 {d) 

^ We have here followed Saint Venant in extending Clebsch s ^^esults to a planar 
elastic distribution Clebsch supposes the body isotropic and theiefore has 2 for our 
Ej/JL - 27) 
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rf^lative to the cylindrical surface reduce to 

0 = '^cos;p + sm^, 

dw\ fdv dw\ f. 

_jcosp + (^+^j8mp = 0 (8), 

^ a that the outwardly directed normal makes with 


1335 The twenty-third section proceeds to the solution of the 
equations just obtamed 

The equations to be discussed are the following 


du dv 
dx dy 

dm 

(i)> 

du dv ^ 
dy dx 


(2), 

d^u d^w ^ 
dxdz 


(3), 

d^v d^w _ Q 
^ dydz 


w, 


11 

o 

(5) 


Differentiate (5) with respect to z , and subtract (3) differentiated with 
respect to cc, and (4) differentiated with lespect to y , thus 

/E ^ \ d^w d^u d^v 




Hence by (1) we find 


dyd^ 

d^w ^ 


Differentiate (3) with respect to «/, and (4) with respect to x, and add 
thus 

d^u dH d^w 

dijdz^ dxdz^ dxdydz ’ 

the sum of the first and second terms vanishes by (2) , and thus 

dxdydz 

Differentiate (5) with respect to z, and use (6) , thus 

d^w d^w _ ^ 
dzdx^ dzdy'^ 


( 7 ) 
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Differentiate (3) with respect to x, and (4) with respect to 3 ^, the 
irst terms are equal hj ( 6 ), and we have 

d^w _ 

da^dz " dy^dz 

Comparing this with (7) we see that 

da^dz ’ d'fdz'^ 

Thus we have shown that the following differential coefficients of 

^ must vanish 
dz 

— ^ /dw\ ^dw\ dJ^ /dw\ 

d^ \dzj^ do^ \dzj ’ d^ \dz) ’ dxdy \dzj 

On account of the first three of these dwjdz cannot contain x^ y or 
to a power higher than the first , and on account of the last dwjdz 
annot contam xy hence 

^ =^a + <Ljp(i‘{-a^ + z(J) + hiX + 'b^) (8) 


From this we have hy (1) 


dU dV . /T T T 

^ = ^ = - ^7 { a + oio; + flfgy + « (6 + 5iftj + %) } 

Integrating the last two equations we get 

u = -7j (^ax + a^y"^ - rjz (bx + ^ +h^y'^ + (f> {y, z\ 


v = -yj(^y+ a^xy + - 1 ?» + K^y + z), 


vhere (y, z) denotes some function of y and z, and xf/ (^, z) some 
unction of x and z these mubt now be detei mined 
From (3) and (4) we have 


dy 

dz 




d^v , 

— = - a - 0-^ j 

dz 


hus and ip do not involve any power of « highei than the thud , also 
he coefficients of 2 ;” and are constants in each 

It follows fiom (2), combined with the expiessions obtained for n 
md Vj that y in ( 2 /, z) and x m if/ {x, z) c innot occur to a powei 
ngher than the second Thus for the forms of and ij/ we obtain 


<j> {y, «) = «' + a^'y + a 'y + « (6' + biy + 6,y) - 


a^z 

“T 


hi 

6 


xj/ {x, z) ~ a" + a^x + a^'x + z (b” + bi"x + b' x^")- 
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The equations (3) and (4) are now fully satisfied by the values of u 
and V which we have obtained Substitute these values m (2), and we 
find that the following relations must hold among the constants 


< = <h' = v^, < + <=0, 

W = V^, 6/ + V' = 0 

/ = - Oj" = fflo, 6i' = - h" - 6« , and we obtain finally 
^ 03 !+ {lx + 1- ^ 1 

+ a +aoy + z{l +hoy)--^ g- > 

= -ii)(ay+ <hxy + «2 — ^ -rp{hy + Ipiy + 

+ a"-a,fc + z{b''-l^)-~ j 


(9) 


1336 These formulae satisfy equations (1), (2), (3), (4), and they 
constitute the most general solution of them , it will be seen that they 
fully determme u and v, except that they each involve some arbitrary 
constants We proceed to find w, which has to satisfy (6) and (8) 
By integratmg (8) we get 

w=z{a + aiX + a^) + (6 + Sjcc + h^) + F {x^ ?/), 


where F {x, y) denotes some function of x and y Substitute in (5), 
then we get 

(PF (PF /F ^ \ , 7 V A 

Assume 

F{x,y) = Q-(^^- || (af" + y“) + + bphj^ + G~b'x- b"y, 

where O denotes a function of x and y , then the equation becomes 

PO. PQ. _ 
dy'^~ 

This equation will not fully determine 12 , as we shall see, the 
condition holding at the cylindrical surface will aid in this Intioduce 
now the expressions found for Vj w in the sti esses, and wc have the 
following set of formulae 
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u and V as given by (9), 

<5^ 

w = si(a-^aiX + a^) + + h^) + Q 

E 


“ ~ + 1 («* + J + C - 6'* - b"y , 

^ = 0, yj — 0, ^ = 0, 

= E{a‘Va^x+a^’\-z(f> + \x + h^)}^ 


tX =i fJL 


b,y-b^x-b. 


-(^-v)h^- 


dx 


>(11) 



— A __ nj «_ A 

(?-*’)”■ ,E 

\, do] 

i 

yz — fx"* 

^(r ^ 2^ ^ 

2 "U ’’ 


f / 


To determine n we have equation (10) , while equation (8) of our 
A.rt 1334 now becomes 


OSj9|%-^&»!-6j £ ■.■■ 


\ , dQ 


+ Sin jt? 


— BqX — ^ 62/ ” ^2 

ufj. 


W ^ 


ii-^) 


a? 


\ , dCl 


= 0 

(12) 


1337 The twenty-fourth section relates to the functions which 
nve to be determined in the solution of Samt-Yenant’s ptobleni 

The first thing to be shown is that O is fully determined by (10) 
ind (12) If there were two diffeient forms of Q which satisfied 
hese conditions, then their difference which we will denote by 0 would 
latisfy the two conditions 


dir 


-{. = 0, at eveiy point of the cross section 


d® 

cosp -j- + sin;? 



xt every point of its contom 


(13), 

(14^ 


Considei now the following mtegial T e^ctended o\ei the xvhole 
ross section 


, (M\-\ 
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By a process frequently exemplified, this can be transformed into 
_ r^/d® d® \ , ^®\ 7 j 

i® Jj® 

where d$ denotes an element of length of the contour of the cross 
section, the first integral being taken round the whole contour, anc 
the second over the whole cioss section But by (13) and (14) th( 
nght hand side is zero, and therefore T is zero , but this cannot hi 
unless d®/dx and d^jdy vanish at every point , so that ® must be t 
constmt Hence it follows that the two values of O which will solve oui 
problem can differ only by a constant , so that if we add the conditioi 
that O shall vanish at some point, as for instance at the origm, then O ii 
fully determined We can impose this condition on O without any losi 
of generahty, because m passing from to O in Art 1336 we have in 
troduced an arbitrary constant c 


1338 Thus since O is fully determmate any form which we cai 
give to it so as to satisfy the conditions (10) and (12) of the preceding 
section may be taken as the necessary form Assume then 

= hS + BqBq + biBj^ + 

where jB, 5i, B^ all separately satisfy (10), and let us add tin 
folio wmg special conditions round the contoui, so that (12) may b( 
satisfied 


dB 

dx 

dB^ 


dB / E\ , 

cos ^ ^ sin p = J (x cos p + i/ sin p), 


dBn 


cos ji? + sin^ = cc sin^; - y cos p, 

dB, dB, V'^ + {--hy/ ^ 

— oosp+-^smp= cos p + 

fE 


dB, 


dBo 


rjy + 


, cos p sin w = - 
an mj ^ 


(f-) 


(i-)) 


7 V sin 




-sin;? + 


C-) 


xy cos p 


Thus B^ Bq, 7ii, B^ are fully determinate, foi each has to satisfy tin 
general differential equation (13), and each has to satisfy round th 
contoui the appiopiiate equation fiom (15) 

1339 Clebsch now shows that h must bo /oro (Vmsuhi th 
expiession 

{{/clB dB\ , ^ 

1 1 \dt^ d^ J taken ovei the cross section , 
this must be zeio by viitue of (10), if b be not /( lo Intcgiate tin tiis 
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term once with respect to x, and the second term once with res^iect to 
y , then according to a very common process we have 

dB 

* dy 

By the first of (15) this leads to 

0 = /(as cos ^ + y sin ds 

But by such a process as we have just indicated, this can be 
deduced from 

that IS 0 = 2/* jdxdy , 

but this IS impossible, for the integral is obviously equal to double the 
area of the cross-section. Thus as the only escape from th^ contra- 
diction we must have 6 = 0 

We learn then that the solution which is furnished by equations (9) 
and (11) involves only the constants a, osi, Oa, a\ 6^, 6', 6", 6o, c, 

which all enter in a linear form, and besides these there is nothing 
arbitrary For the function O is expressed in the form of a linear 
function of three of these constants, namely 6o, 6i, and involves 
nothing else which is indeterminate for a given cross section But 
these twelve constants will reduce to a^a^, if we make use of the six 
conditions contained in (1) of our Ait 1334 These conditions 
lead to 

“•-0. ‘'-(S),. 

where in the last two equations the subsciipt 0 indicates that we are to 
put cc and y each zero after differentiation 

The values of i?, w as famished by equations (9) and (11) take 
then the following simplei forms 


sm^ 


Ids 




{ qjp‘ 1 f I 

ax + «i -ija |6i - g — + 

, /(IU\ a,z Jiz’ 

> - - 17 (/ + «j ^ ^ v) ~ ’?* ^ ^ 

, Oo® hx 

G ’ 

t> = s (rt + fti-j + a 2 /) + y (6,') + hiU) - - ij) + h^/i ) 

_ /(IQ V /(IQ\ 

(sj.-nsj 


y (1C) 
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1340 The twenty fifth section (S 85-7) proceeds to the discu«!sion 
of the solution 

There are six constants m the solution , we may then suppose them 
all to vanish except one, and so obtain an idea of the meaning of this 
constant This Olebsch proposes to do Theie would then be apparently 
SIX cases to discuss, but by a slight modification of the process it 
IS found that a smaller number of cases is suflicient 

When any system of shifts occurs in a rod there are two points 
which deserve especial attention We may determine the form 
assumed by a ‘fibre’ which was ongmally a straight line parallel to 
the axis of z , and we may determine the form assumed by a section 
which was originally a plane at right angles to this axis Suppose now 
that x', y\ z\ denote the coordmates of a pomt of which the original 
coordmates were a;, y^z, then 

cc' = ic + y' = y ^ — (1) 

In order to determine the form assumed by a ‘ fibre ’ we treat x and y 
as constant, and elimmate z between these three equations Neglecting 
quantities which are small in comparison with those which we retam, 
this amounts to putting ^ iox z m u and v ^ denote the results thus 
obtained by u' and v' respectively then we obtain 

cc' = aj + tfr', y' -y-¥v' (2) 

In order to determine the form assumed by a cross section we treat 
z as constant, and eliminate x and y , this amounts approximately 
to putting a' and y' for x and y respectively in w and the result may 
be expressed thus 

= » + (3) 


1341 As the first case to be considered we will suppose that all 
the constants vanish except a, then equations (16) of A it 1339 reduce 
to 


u — — TjaXi v = — yayj w - az 

The stresses all vanish except Tz, and this is equal to Ea The 
result corresponds to a simple longitudinal traction Every straight line 
parallel to the axis of z becomes (1 + a) times its oiigmal kngth, while 
a transverse line is reduced to (1 —yof) times its original length 


1342 The twenty sixth section (S 87—91) continues the discussion 
of the results, which was commenced in the twenty fifth section 

Suppose that all tin constants in equations (16) of our Art 1339 
vanish except % and bj Then 
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r](aP-^) + ls‘ , ("2* ) 

v=-rixy{ai + \z) + aJj > 

Further from (11) of our Art. 1336 

^ = JE» ((*1 + hiz)y 

f <^*(^-3,)^ 1 

§ + ^ 

The equations (2) of Art 1336 then become 

, fz'^ / - 2 /® / ^ 


(1) 


dsc 


( 2 ) 


X =X- Oi 


7j(ix^-y^)+z'^ 


y' = y-rixy(ai + b^z') + 2 ' 6 , 


(3) 


The second of these equations represents a plane, so that a ‘hbre^ 
Inch was originally paiallel to the axis of the prism remains m one 
lane , the fii’st of these equations is that to the projection on the 
lane ol xz of the curve which the *fibie ’ becomes , the cuive is one of 
le tJi/ird degree, which reduces to the common parabola when is 
ro The plane denoted by the second equation is parallel to the 
iis of X, m a particular case this plane will also be parallel to the 
XLS of z, namely when 



)r then the equation reduces to 

y-=z/(i 

Thus the ‘hbies’ which remain after displ ioeinent m i plant 
irallel to the axis oiigmally constituted i hypttbolic tylmdei deter 
Lined by (4) 


1343 The amount of the bending iiiaj be estimated by tlie shift 
the end of the hbie determined by a, = 0, y = 0 Suppose I the 


^ In the value of w Clebsch has ^ nibtead ot oui y - jlij , this 

akes his diinenbious in it and lo difteient the mistake prevails thioutjh hi^s 
venty sixth section 
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length of the cylinder ^ and Wj, Vi, the corresponding values of u J 
and -y, then 



Clebsch also deals (S 88-91) with the distorted form of the cross 
section 

If instead of we cause all the constants except to vanish 
we obtain precisely similar results except that the bendmg now takes 
place m the plane yz 


1344 The twenty seventh section (S 91-4) continues the discus 
Sion commenced m the twenty-fifth 

Suppose that all the constants in equations (16) of oui Art 1339 
vanish except Iq Then 


( 6 , 

Further from (11) of our Ait 1336 




(7) 


If we shift the origin of cooidinates, and put toi y + > ^nd 

/dB \ 

x-i foi a? - ( ) , the values of u and v become 
\dy Jo 




and then we see that they correspond to i to) bcott The angh which 
expresses the amount of twisting is denoted by and so it vines 
as z 

Clebsch shows that the ‘fibrts’ which oiigin illy wcu on the 
euived surface of any right ciicular cylindci of ladius / 

{^- a) = / , 


Will aftei stiain lie on a hyperboloid of one sheet 

He says with respect to this section and the two which preeide it 


bo said dean boi der Discussion diesei Result itc die dici 11 luptfoiinca, 
untei welcheii cm clastischei Stab sich daistcllt, soloit /ii Aiischauung 


^ Clebsch uses I without stating what it means and he seems to say on his S 
88 that the bendmg takes place in the plane of xz that is he treats Vi as it it weie 
zero 
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^ekommen Atcsdehnuna, BzeguiM und Torsum fur die 

emde Behandlung worKiicher Frobl^oie em sicherer Aujsg«u 3 gsp«Bkt ge- 
V70nnen, und damit die Basis gegeben, auf welche erne minder strenge Fort 
sntwicklung sich stutzen kann (S 94) 

[1345 ] The whole of the above investigation is concise, clear, 
and instructive, especially from the mathematical standpoint. It 
gives us the most general solution of the differential equations of 
elasticity subject to certain conditions, m particular the vanishing 
of the stresses S, SJ and It thus embraces Saint-Venant’s 
results both for flexure and torsion and throws light on their 
mutual relationship see our Arts IT and 82 It does not bring 
otit to the student, howelrer, quite so clearly as Saint-Venant’s 
treatment the reason for these assumptions as to the stresses, and 
requires therefore to be supplemented by such considerations as 
we have referred to in our Arts 77, 80 and 316-8 See also 
S^tint-Venant’s Glehsdh, pp 1T4-190 Oertam misprints of Clebsch’s 
have been tacitly conected m our reproduction 

[1346 ] Clebsch’s twenty-eighth section is entitled Aiigemh- 
erte Anwendung auf wirkhche Prohleim (S 94-8, F E 169- 
174) The discussion in this section does not seem to me to bring 
out fully the relationship between the theoretical surface stresses 
and such loads as can be applied in practice Namely it is almost 
impossible to apply in practice any distnbution of force which can 
be exactly repiesented by theory, we can only hope to obtain 
statically equivalent systems of loading see our Arts 8, 9, 21 and 
100 

Clebsch supposes a statical system given by the force components 

i>*, G parallel to the axes ot a., z (origin the terminal, = 0 ) ind 
i couple system A , G about those ixes, ipplied to the teinnnal 

cross section z = l He takes the axes of e and y to coincide with the 
principal axes of iiieitia of a cioss section, and we may viite 

I J dxdy — < 0 , ( f c dxdy — k o>, j fy dxdy — 

By the aid of these we can express the uncletei mined constants n, 6 i, 
62 , «i, a in teims of A, G, A\ B , C as is done b} Clebsch on 
S 98 Ihc equations he gives contain integrals ui\olving differentials 
of O But it lb shown m the folloAvuig 01 twenty-ninth section (S 99- 
102, F h pp 191-5) that although O may not have been determined 
these integrals can be determined with one exception in teims of the 
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cross section an^ mdepoidently of O Thus Clebsch deduces the follow 
mg values for his constants (S 102, F £! p 194) 

a=CI(Fm), \ = AI{E^Ki), (h==-FI(FmK^% " 

- 2^//{(? ■ ■(* f ^ , 

Thus a, 6i, 5s, <*2 ar® given each in terms of a single element of 

the load system, but is given m terms of three, namely (7', A and £ 
Clebsch says “ nur die letzte Gleichung enthalt dann noch sammthche 
Groasen, so dass sich durch alle mit Ausnahme von C ausdruckt’^ 
This seems to me incorrect, as 5o does not involve A' or B' 

[1347 ] The thirtieth section is entitled B^mmetrische Querschmtte, 
and occupies S 102-6 (F E pp 198-202) Heie Clebsch investi 
gates how the equations of our previous article may be simplified if the 
crobs section be symmetrical about two rectangulai axes Here after 
some reductions and for the case of a smgle force P acting parallel to 
the axis of x at the centroid of the teiminal cross section, we have 


^ J 

^ n \ ^ 

]- 



^ J 

+ +Pi-a:| 

m 




^ ^p 



^ Fx(l-z) 

xz — 



These values should be eoinpaied with those given iii oui Arts 17, 
83 and 84 Clebsch has an eiioneous valu( of ?/ in Ins equations (88) 
and (89) on S 105 The eiioi aiises fioni the wiong value of already 
icfeired to (Art 1342, given on S 87 m equation (75 a), iiid 
its influence extends to S 110 ot the Treatibe 

[1348 ] The followmg seven sections may be dealt with more 
biiefiy They occupy 8 107-138, F E pp 202-252 
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(a) § 31 treats the case oi l^e pnsm of elliptic csross^'sectioB see 
Samt-Yenant’s results m our Arts 18 and 90 There are errors on 
S 110 

(&) § 32 General remarks on ease of a hollow prism with, I 
think, wrong equations for c, h\ and b" see our Art. 49 

(c) § 33 This contains I believe the first mtroducti<m of what are 
really conjugate functions into Saint- Yenant’s problem Olebsch trans- 
forms the equations for O, i e for the ^'s (see our Arts, 1336 and 1338), 
mto curvilinear coordinates in the plane of the cross-section. 

The investigation has smce been more elegantly earned out by 
Thomson and Tait see their Treatise on Natural Philosophy 2nd Edm, 
Part II pp 250-3, but the idea is due to Olebsch see our Art 285 

{d) § 34 This develops the transformation of the preceding section 
foi the case of elhptic coordmates 

(e) § 35 applies the whole investigation to the case of the pure 

torsnon of a hollow oylmder the section of which is bounded by two 
confocal ellipses 

If the confocal ellipses be given by 

, y" -1 

-f Oi W -^01 
-f Co ^ 

Olebsch^ finds for the value of 




^ _ TT (ith -n) -{- tti + + <ll)" - H- Oo -f + ttj 

4 'Dfh -H etj^ “i- ri + (Zj) -h (^/ 'in *4- 4- \/?2f + Oq) 

Thus all the constants of the pioblem (see oui Ait 1344) are determined, 
and 6o the angle ot torsion per unit length of cylindei is given by 

p {(ki + K ^) <0 — t/} 

The values of ki and k are easily expicssiblc in teims ol the axes ol 
the two ellipses 

This lesult may be compared with baint Ycnant’s foi i hollow 
pi ism bounded by similai and similarly situated elliptic cylinderb 
Clebsch's analysis is iiitei esting, but to make the cross section with 
confocal instead ot similar elliptic bouiidaiies possesses no piiticular 


^ Olebsch (and Saint Venaut editing bun, p 239) have b instead of 4 in the 
denonoinator of/, but this appears to be an eiior Olebsch tuithei diops the tt u 
the nuineiatoi 
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practical advantages, and the theoretical results are fai more com- 
plicated See also Samt-Venant’s note on the subject pp 240-2 of 
his edition of Olebsch 

(/) An instructive conclusion can, however, be drawn from Clebsch’s 
lesult as to the possibly delusive character of torsional experiments upon 
bars which are not absolutely free from 0aws Suppose the inner elliptic 
surface to reduce to a thin cavity almost coinciding with the plane area 
between the focal hues of the outer elliptic surface We thus have theo 
retically a fair appioximation to the case of the torsion of an eUiptic bar 
with a flaw along its axis, or with a rotten core, a not infrequent case in 
castings If M' (= C") be the couple requned to produce an angle of 
torsion T (= 6o) per unit length of a bar with cross-section and semi axes 
h and c (= and \/M?T%)^e ea sily An d from the above lesults 

by putting = 0 and Vm® + ao = — c®, that 

M 

If Mhe the couple pioducing the same torsional angle in a sound 
bar of the same dimensions and material we have by Art 1 8 

52^2 


Thus 


M'jM 


(36 -c‘’)(6’ + c) 
46< 


We had that this latio vanes from 1 to 75, 1 e 
5/6 = 1 , M^M\ 

blc==2, 

bjc ~ 3, M= 80M', 

5/c = cc, M=75M' 

It would thus appeal that the deteimmatiou of the slide modulus 
liom toi’sional expeiiments 011 cast bars may be liable to consideiable 
erroi, if theie be flaws, as so frequently happens, in the core ot the bar 
The maximum slide <r might be calculated toi this case fioiu the 
foiniula 


a 

^ 2 - uiax 






and its value eouipared with that given foi the ease ot a sound bii in 
Art 18 The analysis would be somewhat lengthy, but it would be 
interesting to compare the result with Mr Larmoi’s eonelusioiis 
Philosophical Magazine, Vol 33, p 70, 1892 


{g) In ^ 36 we hive i discussion of the Elastvcitatbellipsoid toi a 
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case like the present when the three stresses and S stte zero 

The principal tractions aie now ' 

r"=o, r=j+y^+^+^, 

m // _ ^ X '-*-2 I ' — ‘2 I 

i -2 “V +S^ + -j- 

Obviously and are always of opposite sign, or one principal 
traction is negative and the other positive 

Olebsch gives an elegant geometrical construction for determmuig 
the position of the ellipse to which the ellipsoid reduces and so 
directions of the principal trackons His consideration, however, of 
the spot at which the dangei of rupture is greatest (S 132) seems to 
me invalid as it is based on a maximum stress hmit. 

(h) The same objection applies to his § 37 entitled Grenzeru fwr 
die Chosse dpr auasem Krafte The concluding paragraph of that seekon 
(S 138, .P p 252) contains several statements which do not seem in 
accord with experience, and a very loose conception of the limit of 
elasticity as well as of the different practical effects of pressure and 
trackon is exhibited see our Arts 164, 321 and 709-10 

[1349 ] The next or thirty-eighth section of Clebsch*s Treatise 
IS entitled Veigleidiung mitdei gewohnlichen Theone Grundlageri 
fur weitere Anwendangen (S 139-48 , pp 283-94) This 

compares the theory just developed foi flexure with the Bernoulli- 
Eulerian, and for torsion with the extension of Coulomb’s theoiy 
to pnsms of other than circular cioss-section Clebsch criticises 
with considerable severity the earlier theories He remarks that 
even Saint- Venant’s theory only covers the special case of flexure 
in which constant forces act upon a free end and continues 

Lb wird eiiie weiteie Aufgabe dei strengen riicuiic sem, ahnliche 
Gleicbungen fur allgemeinere Falle aufzubtelkxi Da dies inzwibchen 
bishei nicht gelungeii ist^, so wild man tinstweilen jenei Gleichungen 
bich aucli forbfalireii zu bedienen, wenn das Inner c dcs Loipeis duich 
Kiafte eigiiffen wird, odei wenn an vcibcliiedenen Sfcellen des Korpeis 
Emzelkiatte angieifen Man wild sicli abci dabei den Mangel lu 
Stienge nicht veihehlcn durfen In einem spatein Abschmtt wird sicli 
zcigen, dasb £ui kleine Queibchmtte dies Veifihren illeidingb 

zulabbig 1 st (S 142, A p 287) 

^ The Editor of the present woik in a mcmoii, the hrst part of which is published 
m the Qua)te)ly Jownal of Mathematics^ June 1889, has dealt with the case of a 
uniform body force and continuous surface load 
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01ebsch*s remark on S 142 as to a failure of the ordinary 
theory does not seem fully justified The theory had in respec 
to the non-coincidence of loading and bending planes been cor 
rected by Persy in 1834 (Art 811*), and he had been followed bj 
both Saint-Venant and Bresse with full consideration of this ver^ 
pomt Olebsch while reproducing results exactly equivalent t( 
theirs makes no reference to their writings see our Arts 1681* 
14, 171, 177, and 515 

The section concludes with a very severe criticism of tha 
modification of the torsion theory of Coulomb, which suppose* 
the stretch in the longitudinal ‘ fibres * of a pnsm under torsioi 
can affect sensibly its torsional moment I can only suppose th( 
gewme Krme Olebsch spends his satire on are composed of th( 
authors, whose papers on torsion are referred to in our Arts 481 
581 and 803 The criticism is severe, but perhaps not unjustified 

[1360] S 148-99 {F E pp 295-374) of Olebsch’s worl 
deal with the subject of thick plates, the edges (not the faces 
of which are subjected to load I believe the method here 
as well as several of the results, are original In the Frencl 
edition these pages appear as a separate chapter entitled Plaque 
d'dpameu? quelconque Olebsch in this portion of his work applie' 
the semi-imerse method of Saint- Venant (Arts 3, 6, 9, 71, etc ) t( 
the problem of thick plates Suppose the normal to the plain 
faces of the plate to be taken as the direction of the axis of z 
and the plane of x, y to be the mid-plane of the plate Ther 
Olebsch assumes 

= ^ = 0 ( 1 ), 

1 e he causes the other three stresses to vanish, not those assumed 
by Samt-Venant for his rod pioblem see our Art 1334 Besides 
no load on the faces of the plate Olebsch supposes uo body forces, 
and he then inquires what solutions of the equations of clasticitj 
are possible undei these conditions and what system of load thej 
connote on the cylindrical boundary of the plate 

With regard to (1) Olebsch merely writes 

Diese Gleichungcn gelten zunachst irur fur die Werthe von welch( 
den Gicnzflachen dei Platte entspiechen Ich werde abci nui diejem 
gen Zustande uiiteisuclicn, fur welche diesc Gleichuiigen fur jcdci 
Punkt dci Platte eitulit sind Man sieht, dass daiin jedenfalls dit 
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auf die cylindrxschen Seitenflaclien wirkenden Blrafte kerne der 2 f-Axe 
parallele, also zu der Platte normale Componente liefem dtirfen, well 
sonst wenigstens am Rande jene Spannungen nicht verschwinden 
wUrden (S 149, jP p 296) 


[1351 ] The body stress-equations are now obviously 
d'xx ^ dyy ^ ^ 

dx^ dy ^ dx^ dy ^ 


(2) 


Following Saint-Venanfs modification of Clebsch and supposii^ the 
plate to possess a planar distribution of isotropy, we have to use the 
stress strain relations 


^ du j,,dv .,dw ^ ./dm du)\ \ 

^ j.,du do .,dw ^ ^ /dw du\ 

^ y (du dv\ dm ^ j, (du do\ 

where a = 2/+/' see our Art 114 and 117, (5) 

Hence we have by (1) 

dv dw dw du du dv _ c dm 

d%^ dy'~' ^ dx^ dz^ ^ dx^ dy'' d dz 


and by (2) 

j,(d^u d‘*u\ . j, d (du dv\ ,, « _ 

^ \d^ ^ dx \dx'^ dy) 


,, d If) - ^ 
dxdz 


j,(d^v d^v\ d (du dv\ ,, d^w 


From (4) and (5) by eliminating v we find 


d (d^w\ _ ^ iL _ 0 _ (zJ£ \ - n 

d^\d^)~ ^ lUj\d^)~ ^ dz\lh)~^ 


Thus w must be of the form 
Cz 


rt £ n ^ + y 
u} = ~ — -zF-i-f-C -j, — 

2 rt 4 


( 3 ). 


(4) , 

( 5 ) 


( 6 ) 




where F and f are arbitiaiy functions of c and y, and the last term is 
tiken out of f foi the convenience of analysis 

Differentiating equations (5) with regard to l and i/ respectively, 
adding, and replacing diildni +dvldy in it by its value fiom tlio third 
equation of (4), we find by aid of the fiist two of (6) 


d^ /dw\ d fdif\ 
(IF \dz ) ^ dy / 


-0 
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Whence we obtain as the bonndary-conditions by i^bstitnting 
(14) in (15) 




[cosf,+/(| 


sin jp, 

,(d^ 

’'Kdy 

dsc) 

1 cos jO + 


sin p, 

-¥{ 

fdH 


1 



\da? 


9 


= -2/] 

f dH 

( 

dH 1 



[dscdy 

cosp + ( 


■ ) 


fd!U 


d^ \ 

/ . 

d^xj, ' 

^ sin joj 

= Tt( 


d^dyr^P^Wdy^ 

dxd^j 

4{( 

’ d‘<l> 

jd'xs^dy 

dxd^j 

\ / d^<j> 

df, 

^ sin joj 


Here are six equations with only three functions \j/, f, hence the six 
quantities Zo, 7q, Zj, Fj, Zg, Fg cannot in general be independent 

[1353] Clebsch now proceeds to an analysis of these separate 
results He considers first the terms 

X = + F=7o + Fg^2 (18) 

These do not change when z is changed to ^z, so that the boundary 
forces are symmetrical about the mid plane of the plate The condition 
of the plate is thus stretch without flexure The shifts will then take 
the foims 

U = Uo + U^, W = -W^Zi'\ 

V = V^^ + VoZ\ J ^ ' 

Consider first the terms and -y,, only, oi let ?/ v, - 0 , these lead 
us from (13) by aid of (11) almost at once to 

d<l> dxf/ d<f> dijf 

dx 


where k and k aie constants 
Hence n., = 




K'lJ K OC 

= = + y 


wheit U, T are solutions of 


tm 

i/x ^ (ly ' <1y di 


( 21 ) 





mmmM. 


m 

^ Negkctmg U a^d F for a ia^e tiiat m tiie 

foaasas m k eorr^^KHid only to a dighfc rotation, and tlio^ m k to a 
w^orm stretch. = k/ 2 in aJl directions parallel to the mid plane, aijid 
since ^ = 0, to a uniform sque^ perpendicular to it equal to K^jc 
load neoessai^y to produce thoi^ is (H— f^K along the normal at 
each point of the cyhndncgd botin<fery 

Neglecting this uniform strain and turning to that depending 
on V and V we find from (21) that 

Z7+Fv/^ = Xi(a:-S^*/£l),l m\ 

U-Vj-l=-fy(x + y>J-l)) 

Henoe xl 8'^d xs ^he assistance of the k terms can be so deter- 
mined as to solve the following problem 

A plate IS to be so stretched by forces actmg cm its cylmdncal boundary 
that the squeeze normal to its fac^ shall be everywhere uniform, 

1 e dwldz= - (d<l>lda?+dylr/d7/)€^lc= ■-K<^lc^ 

but all the generators of the cyhndncal surface receive arbitrary shifts 
perp^dicular to their length 

Clehsch discusses this problem on S 158-60, and investigates the 
required values of JT^, Yq for arbitrary shifts when the cylmdncal 
boundary is right circular m § 42, S 160-4 (F E pp 312-16) The 
problem is of more analytic than practical mterest, as it would be 
extremely diflGicult to pull out the edges of an actual plate to any chosen 
change of form 


[1354 ] The following section is of more practical value It is 
entitled Anwendung avf angenaherte Losung allgem&tner Auf- 
gahen (S 164-6 , j& pp 316-19) Clebsch notes that the 
general problem — Given the load on the cylindrical boundaiy 
to find the shifts and stresses m the plate — is not solvable under 
the conditions (1) of Art 1350, for the reason we have guen 
immediately after equation (17) m our Art 1352 Let us, how ever, 
suppose the plate to be of small thickness h, and let us apply the 
p7'i7iciple of the elastic equivalence of statically equipollent loads 
(see our Arts 8, 9, 21, 100) 


Let A and B be the components of the load on a strip hds of the 
cyhndncal boundary, where ds is an element of the contoui of the mid 
plane Then by the above piinciple we have horn (16) 


c+hn 




f 


+h/2 


h 
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TTannA yre See that X, and F, do not occur, and further that the six 
equations (17) reduce really to two, i.e we are thrown back on (15), 
We have indeed 


A 




cosy)\ 


f . fd' / d>4> ^1 

t’' ^ <5 [f^dy dxdy^J 12) 


d^iff \ A® I 


sm JO, 




cos^ 


y (24) 


^da?dy ' dxdy^) 12 , 

{(»f 


These with equation (12) fully determine ^ and \f/ u, Vy w will 
then be found by retaining only the terms in (13) involving fj> 
and i/r 


[1365 ] In the following section (S 167-81 , ^ ^ pp 319-33) 
Clebsch solves the equations of the previous article for the case 
of a circular plate That is to say he supposes the circular plate 
stretched by any system of load parallel to the mid-plane imposed 
on its cylindrical boundary The solution is only approximate, 
as it proceeds on the assumption of the elastic equivalence of 
statically equipollent load systems, but it would be more and more 
nearly true as the thickness of the plate became small as com- 
pared with its radius The investigation is a very fine piece 
of analysis, but the complexity of its results renders it of little 
physical value, except perhaps in some one oi two special cases, 
when the results might probably be reached by other and simpler 
processes Clebsch concludes with the remark 

Es ist ohne Zweifel moglich, das entsprechende Problem auch fur 
andre Formen dei Platte zu losen, als fui die hier angenommene 
Indess wird es genugen, m emem Fall Weg uiid Aufiosung vollstandig 
dargestellt zu haben, zumal schon ditser emfachste Fall niclit ohne 
Veiwickelung erscheint (S 181) 


[1356] § 45 of the treatise (S 181-4 , F E pip 334-7) is 
concerned with the terms corresponding to and in equa- 
tions (16) 
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We have^, retauung only these terms, for the shifts 
0 Cx\ /di c Gy\ 


fat c Cx\ fdt c Cy\ \ 

^ ''{dy'^WTjn 


G^ . ^ C + ^ 




^here 

tnd for the stresses 


da^ ^ dy^ 


c 

’’M' 


^ = -2/^5:. where C" = ^(S-/)g 


daad/y^ 


mi 


(26), 


(26) 


Here the stresses all change sign with hence the forces which act 
)n the edge of the plate are equal and opposite on either side the inid- 
Dlane Thus the character of the above solution is otzc of fl&xywre ly 
xmplea In the mid-plane itself there are no stresses. 

Clehsch treats (S 183) a special case of this, namely when f = 0 This 
orresponds to the case we have dealt with in our Art; 323 where the 
Diane faces become paraboloids of revolution. Samt-Yenant’s Mote 
F B 337-68) which we have analysed m our Arts 323-37 treats 
ihe whole subject much more fully and satisfactorily 


[1357 ] The values of Xi and Tj given by the second pair of 
equations (17) are not perfectly arbitrary, as there is only one function 
I at our choice Hence it follows that Clebsch’s investigation leads to 
no solution of the problem of flexure for an arbitrary system of load 
ouples round the boundary Clebsch in § 46 (S 184-9 , F B pp 
368-74) mentions the following however as one of the pioblems which 
Dan be solved by the aid of (25) and (26) 

Durch passende, in der angegebenen Weise wirkende Kiaftepaare soli die 
Platte so gebogen werden, dass die Penphene der Mittelflache nach der 
Biegimg auf enier beliebig \ orgebchnebenen, der ui'sprunglichen Penphene 
^ehr nahe kommenden Oberflache liegt (S 185) 

Let X Vy is) = 0 be the given surface, then we must hd\ e in the 
mid plane at the contoui w x dx}d% = - x constant C is 

chosen^ the value of f becomes determinate Clebsch woiks out the 
paiticular case of a circulai plate (S 186-8, F E pp 371-3) 

1 These results differ from Clebsch’s The errors of the latter are corrected 
by Saint Venant (F E p 334, footnote) 


10^9 
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He notes in conclusion that the value of the dilatation deduced from 
(25) for any form of plate is ^ 

and thus is independent of f Thus there is only one way of solving 
the above problem, when we attach to it the condition that there shall 
be no dilatation (i e 0 = 0) 

The problem suggested by Clebsch does not seem one capable of 
practical realisation m any but a few special cases, which are more 
easily dealt with by other processes 

With this section Olebsch’s treatment of thick plates closes 

[1358] S 190-355 of the Treatise are entitled Theone elas- 
tischer Korper, deren Dimensionen zum Theil sehr Mem (unend- 
hch Mem) sind (F E pp 407-806) The first separate portion 
of this deals with thm rods, and occupies S 192-263 {F E 
pp 409-631) Of this S 242-261 deal with the vibrations of 
such rods The second separate portion, S 264-355, deals with 
the theory of thm plates, S 331-65 being especially occupied 
with a discussion of their vibrations 

Clebsch attnbutes the first exact theory of bodies having one 
or two dimensions very small to Kirchhofif (see our Art 1253), and 
proposes to follow his methods with certain modifications In 
particular he deals only with homogeneous isotropic material 
This restriction is removed m the Annotated Clebsch of Saint- 
Venant, where isotropy is assumed in the plane of the cross-section 
only Clebsch begins his general investigations with the statement 
of Kirchhoff’s principle which we have cited in our Art 1253, 
and which does not seem to me so obvious as both Clebsch and 
Kirchhoff appear to consider it 

[1359] §48 (S 192-7) of the Treatise commences the 
discussion of the problem of the thm rod of uniform cioss-scction, 
initially straight and acted upon solely by terminal loads Clebsch 
supposes such a rod built up of small elementary cylinders placed 
end to end, and only acted upon at their terminals by the elastic 
stresses of the adjacent elements To each such cylinder he applies 
the formulae obtained in his solution of Saint-Venant's problem 
and in justification of this he remarks 

Zwar waren jene Formeln nur bei einer gewissen Vertlieilung der 
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Craffce ^reng noL.tig, ^lus wddben jeae Oomponeaiteii uad Dr^- 
agsmomente sich zusaanmenseteea Aber die dabei eantretende (Ja- 
enamgkeit wird offenbar um so grosser, je grosser der Quersclmitt 
it, und wird verschwmdead fcleax, wejm der Querscbnitt selbst 
ersobwindend klein ist, wie m dem vorli^nden Fall Wie also 
ueh daim in Wirkhchkeit die eintretenden SpannnDgen uber den 
iuerscbnitt vertheilt seien, immer wird man sie sicb bis anf Grossen 
oherer Ordnung so verth^t denken konnen, wie die oben in dem de 
►aint-Yenant'scben Problem erbaltenen Pormeln sei ergeben. Man 
fl.TiTL also jene Formeln sofort auf die klmnen Verscbiebungmi anwen- 
en, welcbe im Innem ernes der gedachten Elemente anfeeten (S. 
93) 

Now the pnnciple of the elastic equivalence of statically equi- 
K)llent load systems here appealed to depends for its accuracy on 
be smallness of the loaded surface as compared with the other 
limensions of the body, Le, if i be the length and e a linear 
imension of the cross-section of a cylinder, e/l must be small in 
11 practical applications of Saint-Venant's results Hence when 
)lebsch applies these results to an elementary cylinder of length 
i 5 , we must have e/Bs small in order that the application may be 
egitimate Now Clebsch takes a?, y, s to represent the coordinates 
f any pomt m an elementary cylinder referred to axes attached 
0 this element, thus it is obvious that the x and y can be of the 
rder e, and z, being taken in the direction of the axis of the 
ylinder, can be of the order Zs Thus z must be capable of 
aking values which are great as compared with e, but on S 195 
ylebsch writes 

Es ist vor allem wichtig, sich ubei die Ordnung der m diesen 
^ormeln auftretenden Grossen zu orientiien Bezeichnen wir durch 
erne Zahl, welche von der Oidnung der Quei dimensionen des Stabes 
at, so Sind X, y, z von der Ordnung c 

This seems to me a grave fault in Clebsch's method of 
pproaching Kirchhoff’s Problem He assumes x, y, z all of 
be same order and this order to be that of e, but if he is to 
pply the results of Saint- Venant’s problem, z^, yz and xz can be 
f a far higher oidcr than xy and y^ The teims retained on 
ylebsch's S 197 do not thus seem necessarily of the same ordei 

It will be remembered that Kirchhoff himself adopts a diffeient 
lode of procedure He obtains equations (see our Ait 1257) foi 
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the internal shifts of an element u, % w, which are true indepen- 
dently of the hypothesis 

= = 


(such equations are in part given by Clehsch on S 202) He 
then states that his equations agree with Saint- Venant’s if this 
hypothesis holds, and in his special examples assumes it to hold see 
his Qesammelte Ahhandlimgen, S 301 and 311, and the Vorle- 
swngen, S 416, 416 and 423 Thus m Kirchhoff’s investigations 
we come at the values of w, v, w last, and on a clearly stated 
hypothesis, hut in Olebsch's we have apparently perfectly general 
values given for u, v, w, deduced by making a cyhnder of finite 
cross-section dwindle to one of infinitely small cross-section , these 
values, however, are in reahty only particular cases of the equations 
afterwards given on S 202, and they are obtamed by dimimshmg 
mdefinitely the length of the cyhnder, so that their apphcation 
without further investigation seems to me illegitimate 

In order the better to exhibit Clebsch’s procedure and the 
manner in which he deduces and expands Kirchhoff's results, I 
cite in the following article Clebsch's expressions for the shifts 
in an element deduced from the values he has obtained in his 
treatment of Saint-Venant's Problem I give them, however, in 
my own notation and with the modifications introduced in the 
French Edition for a planar distribution of isotropy 


[1360 ] Let axes x, y, z be chosen in an element, so that if the 
rod returns to its unstrained condition the z axis coincides with the axis 
of the rod, and those of x and y with the principal axes of the cross 
section. Suppose for simplicity that the cross section is symmetrical 
about these axes Then let w, «?, w be the shifts referred to these 
axes of coordinates of a point x, y, z^ in the immediate neighbour 
hood of their origm Let P, Q, P, be the componaits of the total 
statical load applied parallel to these axes on a teiminal cross section, 
and P , Q , B' the moments of this load about the same axes, let w be 
the cioss section and acj, its swing-iadii about tlie axes of x and y 
respectively , let P be the longitudinal stretch modulus of the rod, rj the 
stretch squeeze ratio for a longitudinal stretch, and fx the slide modulus 
parallel to the cross section, then Clebsch finds (S 197) 


^ I and z in oiir notation are interchanged in that of Kirchhoff’s Ahhand 
lungen 
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where 


x”=S f “ + 1 //(*^“-y ^»)^} , 

and Bq, Bi and B 2 are to be determined by the equations of 
our Alt 1338 




Now Clebscb notes that Kj, iCg and x order e, and he 

says that x, y, z are of the same oidei, hence in the first place he 
neglects m u, Vj w the expressions m the curled and in the square 
biackets, 1 e Ae retmns only the first hne of each He remarks that if 
E is much greatei in magnitude than the other forces, then the terms 
in curled brackets must be retamed ^ if P and Q on the other hand 
are extremely great then the terms m square brackets must be retamed 
(S 197, ^ p 416) It seems to me that equations like ( 1 ) are 

better deduced as special solutions of the equations for v, w obtWed 
in the following section on the express assumption that 

^ = yy = 0 


[1361 ] In the following section Clebsch deduces Kirchhoff’s 
equations (ix) of our Art 1258 Changing the x on the left hand 
of these equations to z, and on the right hand side the e to cr, aftei 
transporting it to the third equation, fuither changing q to 1 and ]} 
to rj, we have Clebsch’s equations of S 202 {F E ^ 421) m his 
own notation 


dll 

^^=ry-r^, 


dv 

dz 


\ 

9iZ—lX, 


dw 

— 'I Jr cr 

dz 


J 


(11) 
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Fow substitute the values of «, v, w from (i) m (u), we find 

^ [.(p , 9^ + 1 ^ 

^ EmKi V 2EmKi ^ EmK^y ^ 2Ewk,^J ’ 


Fz 


rxZ-TX=^ — 


EmKi 


Ex 

E(iy)^ 

Q'x 


P’y 


Pxy Q(s^-^\ ^ Qa? 


-t) \ 

2E<oki } 

Px 




^EdiK-] 

Qy 


?]■ 




r^-rjy + <r = - j— . + 

If we neglect the terms in square brackets, we have with Clebsoh 
r, = ^EI{Eo,K,% r=-i 27 (^o,x®),'l 

<r = EI(Eo>) J 


(iv) 


Here o- is by previous assumptions small as compared with 
Further we suppose F and Q not to be so great that the terms m the 
square brackets need be retained 

But suppose P, Q are so great that these terms must be retained , 
then since r, r^, are not functions of x and y, it is obvious that the 
equations (u) can no longer hold But to obtain (n), Kirchhoff (see 
our Alt 1258) and Clebsch (S 202) not only neglect u, v, w on the 
right as compaied with x, y, z but also dujds, dvjds, dwjds The reason 
given for this neglect is not very clearly stated Saint-V enant however, 
m a footnote {F E pp 420-2), endeavours to put the reason for the 
neglect of the s fluxions of the shifts in a cleaier light He says that 
since the changes in u are continuous and never very lapid, the order of 
dujds foi example is (y^ -u^jl where I is the length of the rod and % 
the termmal shifts measured from axes near these terminals , similaily 
dujdz is of the oider {u\ ~-u\)ll', where I' is the length of the little 
elementary cylmder (i e ds), and u'l , u'q the terminal shifts Now the 
numerators, he says, are of the same order of magnitude, but I' is 
infinitely small as compared with I, whence we may neglect the s fluxions 
as compared with the z fluxions of the shifts But neither Olebsch 
noi Saint-Venant fully explains why, when the terms in P and Q are 
great, the above reasoning no longer holds and why we must then 
retain dujds, dvjds, dwjds in the equations (ii) Clebsch merely says 
that they must be retained it P and Q are great, and that then the terms 
drjds, dr^jds in them will be very great as compared with 
whence he says it follows that 

^ 1' *1^ Q / N 

ds EiDK^ ’ ds EijiKi ^ 


1 imagine that these equations are supposed to be deduced in somewhat 
the following fashion Substitute the values of E, Q', E as a first 
appioximation from (iv) in the last equation but one of (i) and we have 

w — (rgOJ - T{(j) z + tBq + (Tz 

(9^ + 4 . -^1 4 . _ /> ^JL -() 

2Eui \k2 j EoiK^ E(i)Ki Ao)K 2 E(i)K^^ 
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Substitute tins, remembering that r^y and r are funckans of a, in 


cko duo 


and we have 

Ew K^) v<fe 

d/r^ \ 





and therefore 

dr 2 P 

Q 

dr 


ds EtuK^ ’ ds 

E(i>Ki * 



These equations do not seem to me based on very satis&etoiy 
reasoning, supposing the ahooe to he really the method of findmg them 
which Glehsch had vn mew We have not yet shown them to be 
consistent witb the first two equations of (m) when we introduce the 
terms dujds and dvjds into those equations, but on substitution they 
will be found to be so Kirchhoff m his invest^ations does not appear 
to touch upon this point, although the equations (v) are of real 
importance^ 

[1362 ] Clebsch gives the following interpretation of the first two 
results in (v)' (he does not refer to the third one, which obviously 
denotes the constancy of the torsion along the length of the rod) 

Diese Erscheinung hat erne einfache Bedeutung Man sieht daraus, dass 
der Stab im Allgemeinen bestrebt sem wird, erne Gestalt anzunehmen, m 
welcher fur kemen seiner Querschnitte die seitlichen Gesammtcomponenten 
unverhaltnissmassig gross werden 1st es ihm mcht moglich eine derartige 
Gestalt in alien semen Theilen anzunehmen, so werden gewisse ausgezeichnete 
Punkte auftreten, in denen die gegen die Axe des Elements senkrechten 
Krafte P, Q vorwiegend werden, und in denen danu zugleich eine der Grossen 
dr-ylds, drfds oder beide sehr grosse Werthe erhalten Urn die geometrische 
BeJieutung hiervon einzusehen, bemerke man nun, dass fiir z=0y also in der 
Axe des Stabes [lather for all values of y, z\ nach (i) 

dHldz^ = QI{E^K^^)= -P7(Pa>0 = ^i (vi) 

Kun ist bereits fruher darauf hingewiesen, dabb die Grossen links bis auf sehr 
kleiiie Grossen die reciproken Krummungshalbrnebsei deijeuigen Curveu 
bedeuten, welche man aus der Projection der Schweipunktblime auf die 
durch die Axe des Elements mid je erne Hauptaxe des Querschnitts gelegten 
Ebenen eihalt Eben diese Bedeutung haben also, abgesehen \oni Zeichen, 

und ^2 Und in dei Nahe jener aiLsgezeichneten Punkte muss also 
wemgstens einer dieser Kiummungshalbmebser sich sehr schnell andern, da 
einer wemgstens von den Difierentialquotienten di-^jdsy d)Jd^ verhaltniss 
massig gross wird (S 203) 

1 Differentiating the first two of (iv) with regard to s and using (v), we have 

Q and - P These express that for the thin rod in this case, the total 
06 as 

shear is the fiuxion of the bending moment, a well known theoiem tor small shifts 
which forms the basis of a good deal of the graphical treatment of such lods see 
oui Arts 319 and the third equation of Art 634 
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It seems to me that perhaps as simple a meaning of the equations 
hat given m the footnote to our last article 


h section of his book Clebsoh obtains equations 
rod, similar to those of Kirchhoff cited m our 
ore generaL- Let the total stress across any 
) s from a terminal be given in relation to the 
1 our Alt 1360 by the components P, P at 
cross section and the couples P', Q\ JR' j let 
>rces acting per unit of volume on the element 
x', 2 /) space , further let 





(X') 
. Y' 
X 


\xdxdy^ 



(■^)> 


-cosine system of as, y, % with regaxd to y', »' be 



x' 

2/' 


X 

% 

A 

yi 

y 

02 

A 

72 

z 

a 


y 


Then Clebsoh obtains the following system of equations' from purely 
statical consideiatious 


^ -h (rjif - rP) + 0 ,^-+ F + y,TF - 0, 

^ + (r,P-ri<2)+aP+/3F -fylF =0, 

HP' V 

-0, j 

^ + {r,R' -iF) + l‘-aUi - ;8Fi - y )F, = 0, 

+ (r,F -r,Q) + a,U^+P,r, + 

— OjiTij — ^iF 2 — yi IFj = 0 ! 


(vni) 


^ We use here as in Ait 1360 P, (?, li foi Clebsch s ^ C to distinguish fiom 
the -d P, C of our Art 1265 
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Here P, JR>^ P ' , Q\ B! must be determined by e<^iiaticxns (iv) £y^ ^v) 
of our Art 1361 and r^, r, are given by 




r = ai 


ds 

da^ 

Is 


ds ^ 


dPi . «?y. 




ds 


(rx). 


Compare our Arts 1267 and 1266 

We see that the last three of equations (vm) agree with Blirchhc^s 
equations (xxiv) of our Art 1266, if we put U, F, W, Fj, W]^ 
^ 2 > ^ 2 » ^2 or suppose no body forces, farther, KirchhofPs equa- 
tions (xxm) are easily deducible from Olebsch's first three, when we put 
U, F, W zero We note that Kirchhoff’s 

A =Fai+Q(i2 + Eaj B = P^ + QP 2 + 

G^Pyi+Qyz-^Ey ) 

Kirchhoff’s equations are indeed Olebsch's (13) on S 206 
(This section in the F E occupies pp 424-30 ) 


[1364] The values of the shifts w, v, w, and those of r, r^, 
obtained in our Arts 1360 and 1361 cannot be apphed to the equations 
of the previous article, since they were obtained on the assumption of 
no body-forces Clebsch accordingly in the following section deals with 
the case of no body forces , here obviously A, C of (x) are constants, 
hence by aid of (iv) Clebsch puts the last three equations into the form 


Ki® ^ + (<2 - x**) V + ;^ (^“2 + ^^2 + = 0 / 


(XI) 


d'i 
^ ds 


+ {f<i - >^i) = 0 


These agree in form with Eulei’s equations foi the motion of a heavy 
body about a fixed point, and thus demonstrate KirchhoflPs elastico 
kinetic analogy see oui Arts 1267, 1270 and 1283, (6) 

Clebsch then solves in general teims equations (xi) on the assumption 
that A, B^ C are zeio, or that the terminals of the rod aie only acted 
upon by couples The geneial type of the solution is well known to 
students of dynamics see Routh’s Treatise on Eigid Dynamics^ 1877, 
p 404 or Schell’s Theo'iie der Bewegung, Bd ii , 1880, S 437-42 The 
additional mattei in the case of the elastic problem is the detei mmation 
of the diiection cosines a, jS, y, <fec in terms of the r’s and hence the 
total shifts in terms of s See Kirclihofi’s discussion of the like problem 
in our Art 1267 This section occupies S 209-15 {F h pp 430-7) 
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[13651 § 52 (S 215-218, F E 437-40) deals ^th tlie case 
in which, tne cross-section possesses inertial isotropy (i.e Kj = kj) and the 
terminals of the rod are acted upon solely by couples Clebsch obtains by 
a simpler process than that in the original memoir of Kirchhoff (see our 
Art 1268) the equation to the helix due to a given system of couples 
Compare the results of Wantzel, Binet and Samt-Yenant referred to in 
our Arts 1240* 176^ 1583* 1593*-5* and 1606*-8* 

[1366] § 53 (S 218-222, F E y? 440-6) deals with the 
practically mteresting case of flexure in a plane which contains a 
prmcipal axis of each cioss section. Clebsch easily deduces the equation 
of the ordinary Bernoulli Eulenan theory for the B>pecval case of a sPrut 
wiith om end hvA,lt-%n <md the other, or loaded end, free 

MmKi^ = CBaL<^ (3ai), 

where is the angle between the strained and unstrained positions of 
the tangent at s, and G is the longitudmal load He takes a hrst 
integral of this, and determmes by an ingenious bit of analysis on S 
221 {F E p 444) that if I be the length of the strut, we must have 
always 

.r 

if there is to be flexure 

The section concludes with a determination of the shift at any point 
of the axis of the rod, by formulae drawn from elliptic functions 


[1367 ] § 54 (S 223-9 , F E 446-54) is entitled 
Zusammenhang mit der gewohrdichen Theone Kleine Verschiebun- 
gen Clebsch shows very clearly how Kirchhoff's theory leads to 
results agreeing with the Bernoulli-Eulerian theory when the 
total shifts are small In particular we may draw attention to the 
method m which a term involving strut-action, due to a consider- 
able longitudinal load {G) on the rod, is intioduced into the 
flexure-equations We do not cite Clebsch’s results here but 
refer to our Art 1373 for the more complete equations, involving 
accelerational terms 

[1368 ] Clebsch devotes B 229-42 [F E pp 454-4G8) to the 
discussion of rods, which in their unstrained condition aie cuived He 
deduces the requisite equations exactly like Kucbhofl (sec oui Ait 
1264), attributing this extension of the theory to him 

His first thiee equations (S 231, F E ^ 457) are the same as 
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Kirchhoff’s (xxm) of our Art 1265 mtli ^le introduetoioii of tiie body- 
force terms % V, IT from (vu), i e 


ds 


+ 


U=0, 


dB „ ^ 


ds 


+ ir=o 


(xm). 


where foi A, £,C he substitutes their values from (x) These eqnati<ms 
hold for all rods whether initially curred or not. 

The next three equations on the same page are obtained from Hie 
last three of (vin) by substituting 

(n - n), (ra - ra), (r - r) 

forP', Q\ B (see equations (iv) of our Art 1361), where 5*1, and rare 
the values of r^ and r as defined by (ix) hefore sf/rmn The last ihree 
equations of (vm) with these substitutions^ we will term for purposes 
of reference 

equations 


[1369 ] In § 56 (S 232-3 , P P pp 457-9) Clebsch deals with 
the case of a rod, which when unstrained has a curved axis lying in the 
plane os's;', this plane passes through a prmcipal axis of each cross section. 
The rod is supposed to be without body forces and bent solely by terminal 
couples whose axes are perpendicular to its plane <j> being the angle 
between the tangent to the axis of the rod and the axis of z' after strain, 
^ the value before strain, and the terminal ^ - 0 being fixed, Clebsch 
easily deduces for the stramed form of the axis of the rod 





03' = J sm 


1 ds, 


Si ^ 

|(is, 


Q' being the resultant terminal couple 


[1370 ] In §§ 57 and 58 Clebsch discusses the small shifts of 
originally bent rods and shows how the equations are to be integrated 
(S 233-242 , P P pp 459-68) This portion of Clebsch’s woik seems 
wholly original and very valuable He himself remarks 

Von der grossten Wichtigkeit fur die Anwendung aber ist die Ausstellung 
von Formeln, welche sehr kleme Gestaltsveianderungen ursprunglich krurnmer 
Stabe darstellen (p 233) 

Clebsch’s theory depends upon the recognition that 
a =a-a:, = y=y-y, etc, 

1 In making the substitutions, it must be borne m mind that the r*s which 
appear in (viii) are not themselves to be replaced by (r - r)’s 
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Ava «11 vArv ffmall auantities, bars over the symbols denoting q[uantiti 6 s 

sily shows that the nine quantities a , y 
to the six relations which hold between the 
te variables jpi, jpa and jp He obtains the 

aa'=^ai-J9ia, a' -paSu ] 

P=Pip 2 -‘P^i, [ (xv) 

' 2 ' = Pyi “Pi7> y =^172 -^271 J 

jituting a' + a, )8 + jS, y + y, etc for a, p, y, 
neglecting products of the jt?’s 

i £ 

Pi Pi ? P 2 ' 

1 -I -2^ 

P 2 p2 pi P 

P P ds P 2 pi 

Here pi , pa are the radu of curvature of the rod’s central line and p 
IS its radius of torsion after strain, pi, P 2 > p the corresponding quantities 
before strain 

Their differences are very small and we may neglect their squares 
when substituting in (xiv) 

Let Ai, jBif Gi be the components parallel to the axes as, y\ z' 
(Art 1363) of the forces acting on the terminal 5 = ^ of the rod, then 
remembering that the shifts are very small, we can easily see that 
P, Q, B may be calculated from the values of the foices in the unstrained 
position of the lod, or they are given by three equations of the type 

P = ai J Uda + ^ yds + 7 i J ^^ds + + Ciji (xvii), 

where Z7, F, TF have the values given in (vn) 

Substituting (xvi) in (xiv) Clebsch obtains the following Imoai 
differential equations for the p\, the coefiicients being of couisc functions 
of 8 

dv-i Vo V 



as p p 

dvo V Vi 

+ J 

as pj p 

dv v, 

(iS Po pj 
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where oiIki, vJk}, v/^ are I3ie ihree differences on llie left-hand side <ff 
(xvi), and 

Ti = ;^(-e + aZ7j-Hi5F*+7]fj), '' 

*■ (^) 

To obtain the shifts u\ v\ vJ parallel to the axes a;', y\ of a point 
on the central axis of the rod, 'we have 

tt' = J^a(l + ar)ds— j ad8 = j (a' + cra)cfo ^ 

= I (Pi^-pA + <r^)^ I 

Jc 

with similar expressions for v' and w' j 

In (xx) we cannot neglect or, as a', jS', y are themselves small, but its 
value IS at once known from cr = RI{Mm) 

[1371 ] To integrate the above system of equations, we have 
evidently to deal with two similar groups of the types 

dv-x Vq V 

ds p 

f^ + £2_ ^ = J1‘ 

ds P p 2 Ki 

Olebsch solves these by a remarkably graceful analytical process If 
the end 5 = 0 of the rod be built-in, and ifj, Mo, M he the moments of 
the external load at the other end s = l round the axis system x, y, z 
attached to that end, then he finds formulae of the following type 

p=Jk + g^ + h% 


f P J. “ ^ 


and g or h is to be found fiom f by changing a to /? or y respeoti\ely , 

P\ or jpa IS to be found from p by attaching the subscripts 1 or 2 to 

a, yS, y Furthei 

V = aa + 6yS + cy, 

- C\ V J 1 UoM^ aM\ 

where a = - jja,r,+7l,r + 

and 5 or c IS to be found from a by changing a to jB ov y lespectively , 

Vi or vg IS to be found from v by attaching the subscripts 1 or 2 to 

7 
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[1372] S 242-261 of Olebsch’s Treatise are devoted to the eqmh 
tions of motion of thm rods, especially to the cases of vibratioii of 
straight rods {F E pp 468-628J 

In § 59 Clebsch demonstrates that by D’Alembert’s principle the 
general equations of motion are obtamed from (viu) by replacing 


respectively, by 
27- Ao) 


U, F, TT, U,, Fs, W, 

d^< TF-Ato^^, 


?7i-Aa)Ka , Fj AwKa ^ , 

TT A V A 

Z7i-Ao)Ki Fa-A(OKi , 


IFi — AcOKg^- 
TF2 — Aa)Ki^ 




y 

/ 


(xxi), 


■vrhere A is the density of the rod, and 07 , ^ the coordinates of a pomt 
on its axis referred to the axes x\ y, z' fixed m space 


[1373 ] On S 246 {F E ^ 473) Clebsch gives the complete equa- 
tions for the motion and equilibrium of an originally straight rod The 
notation is that of our previous articles see in particular equations 
(vn), (viu) and (x) 

(a) For transverse vibrations 

^ ^d^u ^ . d^u . Q d^ 


dW, 


With the terminal conditions ioT z = I 


d\ 


d^v 


TJf 2®^ TT A ^ ^ A2 

E<OKi -j-t = 0 -J-S + F -i -J Ao) - 5 ^ + AKi^OJ-t ■ , 

1 dz df ^ d^df' 


and 


(£L- ^ ^ (eL " ^ (SL- 


( 6 ) For longitudinal vibrations 
d^w 


E<a 


dz^ 


rrr a ^ W 

W + Ao) — ^ , 


With the terminal condition for z = l 

(dw\ 
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(c) For torsional vibrations (1 //> = dajds = — d^jdss) 
wiik the terminal condition for z- 1 



The last terms in the four equations of (a), depending on the rotatory 
inertia of the elements, are really of the same order, namely as the 
terms which Clebsch has neglected in deducing his equations for thiTi 
rods , hence the method by which he brings them mto these vibrational 
equations is not wholly satisfactory 

Of the terms m the longitudinal force C in the same equations 
Saint- Yenant remarks (F B footnote p 475) 

Ces termes sont la seule partie reeUement mfluenteque Clebsch mt ajout^e 
aux Equations connues de vibration transversale 

It IS, so far as I know, true that equations so complete in form 
as (a) were hrst given by Clebsch, but Seebeck m his memoir of 1849 
introduced the term due to longitudinal traction and used it to deduce 
17 Savart’s theorem see our ^t 471 


[1374] § 60 (S 247-52, F B ipp 475-80) dealmg with longi 
tudinal \ibrations contains nothing of novelty 

§ 61 (S 252-60, pp 480^^—490) treats of the transverse 

vibrations of stiaight rods Clebsch takes the geneial equations (a) 
and starts by supposing the rod pivoted at either end He discusses the 
equation which gives the form of the z functions m the solution, 
particularly the case when it has equal roots (S 256 , F B p 485) 
Having retained the term m if, he is able to deal with the cases of 
a rod, a stiff string and a flexible tight stung under the same general 
analysis see our remaiks on Seebeck in Arts 471-2 

^62 (S 260-1, F B p 628) briefly lefers to torsional vibiations 
§ 63 (S 261-3 j F B pp 629-31) gives the values of the sti esses 
for the case of a very thin rod initially straight They are to a fiist 
appioximation 


r=L(fl + 5_^), 

w \ Kl Kg- / 


fJL R' 

Bo) ^ 


y + 


dB, 


Bo\ 

dx)^ 


}ji R' / 


The fust stress agrees foi a special case with the value gi\en b} the 
old theory see our Arts 815^ and 71 , the second two stresses aie 
due only to the toision, and coincide with the \ allies fiist gi\en b} 
Saint Yenant see oui Arts 17 and 1344 
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[1375 ] The next portion of 01ebsch*s Treatise (S 264-355 , 
F E 632-806) deals mth thin plates On S 264 is the 
footnote refernng to the services of Kirchhofif and Gehnng, which 
we have mentioned in Art 1293 On S 271 (F E p 640) Clebsch 
gives equations (64) for the shifts which are identical with those 
given by Kirchhoff numbered (ix) in our Art 1294 

ISTow take the expressions (x) found by Kirchhoff for the strains and 
substitute them m the values of the stresses given m our Art 1203 (5) , 
thus allowing the plate to have three axes of elastic symmetry, we find 
^ = a + (Ti) +/' + cTg) + e'dwjdz, ^ = ddv^jdz, 

W-f + <ri) + 6 (~P 2 « + o-g) + d'dwoldz, ^ = edujdz, - (i), 

'5? = e' {qiZ + CTi) + d' + era) + cdw^ldz, S =/ (- 2p^z + r) . 
where a = 2 /* + h = 2c? + d\ c = 2^ + d 

Kow substitute these m the body stress equations, the body forces being 
by Elirchhoff^s prmciple negligible (see our Art 1253), and we find 

d^u,ldj^ = 0 , d\^\d^ = 0 , ^ = 0 

Now Wfl, Wq are mdependent of x and y, hence ^ is independent of 
X and y , it follows therefore that 

dujdz, dvjdz and 'zz are constants, or that 5^, Tx and 7z are constants 
But these stresses are supposed to vanish at the surface, hence 

= (ll) 

The method by which this conclusion is reached should be compared 
with Kirchhoff’s reasoning see our Arts 1294-5 

Further smee dujdz = dv^jdz^O, and Vq are constants, but they 
are to vanish for « = 0, therefore we have them both zero Next mte 
grating = 0, to find Wq, we have, 

Wo = - - i ® - <^P -) jj . 

no constant being added as iOq is to vanish with z 

We can now write down the shifts and stresses completely, i ( 

= - piyz + q^zx + ctiX + ry, 
v = -p2yzi-p^zx + (r^, 

w = - 1 %^+PiXy + J + d'o-,) z + (e'q, 

^ = (« - (<^1 + + (/' “ v) ~ ^ 

w = (/'- (o-i + ?i^) + -P »). 

7)=f{-ippi + r), 

^ — "oz = zz — 0 
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These equations agree with the values given m the Fr^oh Oldmh 
(p 643), if we put therein. 

= 9& = o^ 2> g = ^> = 

They are identical with Clebsch’s own values (S 273), if we put his 
= — h—~-P 2 i ^i = — S'lid suppose unieonstant isotropy, so that 

our /= his Il]{2(l+fi)}, our a-e'^lc=b--(Plc = }m ^/(l our 
f'—d*e'lc = his ^1(1 (Note Clebsch’s /* = the stretch-squeeze 

modulus, our rj ) 

Olebsch makes the interesting remark that the values of w, v, w, m 
(in) for a thin plate are only special cases of those we have found in 
equations (13) of our Art 1351 for the thick plate, if we take m the latter 

<h = o‘jX-hry, 

f = _ _ y!>) ^p^scy, C=j{qy, -p^, 

and put for the case of isotropy in the plane of the plate 

With regard to the range within which equations (in) are applicable 
Clebsch remarks 

Das Element ist nur durch Spannungskraffce ergnffen, welche der Ebene 
seiner Mittelflache parallel sind, und durch Kraffcepaare, deren Axen in jener 
Ebene liegen Man darf deswegen nicht sagen, dass die Spannungen oder die 
auf den Kand wirkenden Krafte, welche eine andere Richtung batten, absolut 
verschwinden mussen , aber sie nehmen Werthe an, vermoge deren sie nur 
Verschiebungen hervorbringen, welche gegenuber den andem Verschiebungen 
von einer hoheien Ordnung smd Es ist wichtig dies zu bemerken m Bezug 
auf die Tragweite der hiei zu entwickelnden Formeln Denn betrachten wir 
den Band der Platte, so konnen die auf denselben wirkenden Krafte entweder 
im Stande sein, denselben so zu biegen, dass die aussern Krafte wirklich 
tangential zui Platte wirken , und in diesem Fall ist kein Widerspruch 
\orhanden Ist aber dies nicht der Fall, so mussen entweder die Krafte, 
welche auf den Kand wirken und gegen denselben senkrecht smd, selbst 
ausserst klein (Grossen hoherer Oidnung) werden, oder es mussen sich 
Ausnahmspunkte der Art ergeben, wie sie hier nicht behandelt weiden sollen, 
und in welchen eigenthumliche grosse Knimmimgen eiutieten (S 273-4) 


[1376] § 67 of the treatise (S 274-282, F E 645-650) 
shows that, when the shifts are fimtey the approximate form oi 
the mid-plane is a developable surface see our Art 1297 
Clebsch discusses this developable surface at considerable length 
and shows that its introduction leads us to three arbitrary 
functions terms of which all the other elements of the 

pioblem (Mj, /3j, 7 ,, a,, 0^, %, a^, /Sj, 73 , f t], f in Kirchhoff’s 
notation see our Art 1294) can be expressed The problem then 
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reduces itself to the discovery of these three arbitrary functions , 
we require, however, in order to ascertain them the equations 
of equilibnum of an element of the plate 

[1377 ] These Clebsch mvestigates by some rather lengthy analysis 
m his 68 and 69 (S 282-94: ^ F E 656-71) In the first of 
these sections he apphes the prmciple of virtual work to determme the 
relations between the stresses and the load system at every point of the 
mid plane and at every point of its contoui (equations (88) S 289) In 
the latter section he substitutes the values obtained in (iii) for the 
stresses in these equations For every point of the mid-plane we have 
three equations to be satisfied These m Clebsch^s investigations contain 
two functions Qi, defined by two additional equations see his equa 
tion (92), S 292 These equations are given ^ m the French edition 
for three axes of elastic symmetry as (267) on p 668, and for isotropy 
in the plane of the plate as (267 «) on the same page They involve first 
fluxions of cTi, oTg, T and fiist and second fluxions of with regaid 

to and in the notation of our Art 1294 The contour conditions, five 
m number, mvolve an arbitrary function A (in Clebsch’s notation) as well 
as the above and so that they are really only equivalent to four 
They are given by Clebsch as (93) on S 294, or with a more geneial dis 
tnbution of elasticity in the French edition as (268) on pp 670-1 
These equations for the finite shifts of thin plates are too complex for 
reproduction here, and we must content ourselves with merely refen ing 
to them So far as we are aware there has been hitherto no piactical 
application of them 

[1378] In§70(S 295-9, E pp 671-6) Clebsch mdicites the 
general stages by which the problem of the finite shifts of thin plates 
might be solved He writes of it 

Dieselbe sondert sich in drei verschiedene Theile Dor erstc Theil hat /urn 
Zweck die Bestimmung dei abwickelbaren Fliche, \oii wclohci die Mittel 
flache der Platte im gebogenen Zustaiide nui sohi wcuig ibwculit Dti 
zweite Theil beschaftigt sich sodann mit der Aiifsiichuii^r clei Dil it itioiuii 
O’! 5 0^25 welche diirch die aussern Krifte bervoigcnifc ii wcidoti du diitto 
endlich mit den Bestimmungen der kluiu det witkhclicii 

Gestalt der Mittelfliche von dei gcfuiidcuui the (S 29^) 

The hist pait of this pioblem, the determination of tlio develop ibic 
surface as the approximate foim of the stiamcd inid plane, is < onsidtrcd 
m § 70 In § 71 the method ot dealing with tins put of tin ])iol)l( m, 
when there aie no body foices and the load on uiy eleim at ot tin’ 

1 There are some misprints In (267) read in thud c(|nation y foi y, and m 
foui-th and fifth equations read (f - ^ In (267 a) a factor has ^ot 

inverted and then tiansposed, the teim in (.urved biackets should be 
9 (Si ~ *>7 v^)ldb + (1 - V) dr^lda 
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contour depends only on the magnitude and direction of the element, 
IS especially developed In this section Olebsch makes a slight reference 
to ho'w the problem of the finite shifts of a plate, whose mid surface m 
the unstrained condition has the form of a developable surface, might 
be approached (S 302) 

In § 72 Olebsch indicates in the briefest manner how the second and 
third parts of the problem might be dealt witL He concludes with the 
remark 

Ich habe hier erne kurze Skizze von der Eeihenfolge der Probleme 
entwickelt, auf welche man bei der Behandlung des Problems endhcher 
Biegungen sehr dunner Platten gefiihrt wird Nur in emem einzigen Falle 
kann man ohne Weiteres vorschreiten, um die vorgefuhrten Probleme selbst 
zu untersuchen , dann namhch, wenn die endhchen Biegungen aufhoren, 
und nur die an die ursprungliche Gestalt der Mittelflache anzubnngenden 
Correctionen aufzufinden sind. Dieser Pall, m welchem alle Theile der Platte 
von ihrer ursprunghchen Lage nur sehr wemg abweichen, soil jetzt emgehender 
behandelt werden (S 305) 

In concluding our remarks on this problem of Clebsch’s, it is sufficient 
to note that the elastic prmciples involved are simple and the earlier 
part of the mvestigation mvolves no great difficulties, but that the 
analysis tequired to solve even simple cases promises to be far too 
complex for us to hope by aid of it for any results of physical or 
technical value 

[1379] § 72 is entitled Kle%ne Verschiebungen and occupies 
S 305-8 {F E pp 684-9, where a more general distribution 
of elasticity is dealt with) Olebsch deduces from his general 
equations the two equations for the shifts of the mid-plane in its own 
plane and the corresponding contour-conditions as we have given 
them in our Arts 389 and 391, except that he neglects the surface 
load on the plane faces i e the terms 

{7S)_^ 

Furthei he gives the equation for the transverse shift of a point 
on the mid-plane and the two contour conditions such as we have 
given them in oui Arts 384-5, 390, 392-4 except that he again 
disregards the suiface load His equations are thus moie geneial 
than those of Kiichhoff, but not so general as those of Saint- Venant 
His method is certainly better than Kiichhoft’s fiist method it is 
not so concise but it is more general than Kiichhoff s second method 
As depending upon the theory of the finite shifts of thin plates, 
it is more cumbersome than the method by which Saint \ cnant 
and Boussiiiesq have deduced still more geneial lesults 
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Olebscli compares these equations for the small shifts of thin 
plates with those he has obtamed for the case of thick plates (see 
our Arts 1351-3), and remarks with regard to the first system of 
equations, or those for the shifts in the mid-plane 

dass es genau nut den Systemen (11), (1^), (15) [of our Art 1351-2] 
uberemstimint, nur dass hier noch Gheder auftreten, welche von den 
auf das Innere wirkenden Kraften abhangen, dass hmgegen diejenigen 
Gheder fehlen, welche dort mit hoheren Potenzen von h multiphcirt 
erschienen (S 307) 


[1380] In^74 (S 309-19^ F E ^9 763-763) we have the case 
of the small shifts of a thin circular plate in its own plane completely 
solved The contour of the plate is supposed either to be subjected to a 
given system of forces or to be simply fixed Clebsch includes body 
forces acting parallel to the plane of the plate Several serious errors in 
Olebsch’s equations (19) are conected m the French edition 

In § 75 (S 319-27, pp 763-72) the small transveise shifts 
of a circular plate subjected to any system of body force are dealt with 
Olebsch’s work here amounts to the following process Suppose the 
plate to possess elastic isotropy %n ^t8 plane^ and let it be stretched to a 
traction T uniform in all directions , let H be the plate modulus and w 
the transverse shift of the point m the mid-plane of the plate defined 
by r, <35), the polar cooi dinates with respect to the centre The body shift- 
equation for w IS the following 

d^w 1 d^w 1 dio \%T id'^w 1 dw\ 

dr^^ T d/i^ 7^ d/r^ ^ 7^ d/r Hid \d/ii^ ^ r d/rj 

c/® r2 d^w 2 dw 4 \2Tw~\ 1 d^ 

^ \j^ dr^ 7^ dr Hid r j dcfd 




dx 




(>) 


Here, if P, E be the components of body force acting on the olenu nt 
dxdydz of the plate of which the thickness is h, and if x and y da i. 
r cos </>, r sin </» respectively, then 


r+7ili r+h/i .+/i/2 

E' = Edz, F' = Pzdz, (2" = Qzdz 
J -hl2 J -hIZ J -7i/2 

(See S 320, F E p 765, and compare oui Aits 384-5, 390, when 
e = lil2, and Ait 1300 (<?)) 

dF' dO' 

Olebsch now supposes i?' + , + to be known in sines and 

dx dy 

cosines of multiple angles of <^, and then expresses w in like foim 
This gives him a differential equation for a coefiicient of one of the 
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terms m w as a function of r alone To simplify this he assumes T 
and it then takes the form 

/d® 1 d 12 

W r cfo- r*/ ■>'* 

where Wi is the coefficient of cos ^<|i or sin in w, and the coefficient 

of the like terms m ^ + - 7 — + 

dx ay 

Clebsch then uses his unrivalled powers of analysis to find the most 
general solution of ( 11 ) for a com/plete circular plate (S 326 , F M 
p 771) He detei mines the constants of this solution for the particular 
case m which the edge of the plate is built-m 

[1381 ] § 76 is entitled Bwgung &m&r am Bands emgeapanThten 
kreisformigen Platts dv/rch ein einzelnss Gew^cht (S 327-31 , F E 
pp 772-8) The word e%ngeBpannt is here to be taken m the sense of 
emgehlemmt, “built-m,” ai^ Clebsch puts T — Om using equation ( 1 ) A 
horizontal circular plate with built-in edge is suppos^ to be loaded at 
any smgle pomt Clebsch remarks 

Diese Aufgabe kann man mit grosser Annaherung so behandehi, als ware 
an Stelle des Gewichts eine auf das Innere des betreffenden Elementes wirkende 
Kraft gegeben, deren Wirkungskreis nur auf einen sehr klemen Eaum be- 
schrankt ist Uebrigens 1 st der Fall, wo mehrere Cewichte an verschiedenen 
Punkten angebracht sind, ganz ebenso zu behandeln , die dann entstehenden 
Verschiebungen sind nichts anderes, als die Summe derjenigen, welche von 
den einzelnen Gewichten herruhren warden (S 327) 

The solution is obtamed as a special case of the results referred to 
in the previous article It is somewhat lengthy, but as being the 
theoretical answer to a definite practical problem it is given here Let 
w be the deflection at the pomt r, <f> of the plate of lacLus 6 , loaded at 
7 * 0 , <I>Q with the weight P, then 

OQ 

W = Wq4-'Zw^COBI(4>- <#> 0 ), 


wheie for points for which r<rQ 

... 


'27rIPl^\ 


[r’(l +log»-o)-»-„’(l -logr„)+^-^ {2h\ogh + ^—^'^ 

-{b +?„)log6j, 

g + 6,„log6)], 


fr: 
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3 P r ^ yi-i-a 52 _y 8 / (^_2)r* \ 

“’*~2»irm»[(a-l)n*'’ (»+l)»-o* 26^'"" \(»+l)6*-"i (4-1)6»-V 

■*■ 26*+» V(»+l)6^ (a-l)J^-vJ’ 

and for those for which r > »•„ 


Wo = 

M)j=. 


j^.[(-*«.-)loS' + ¥(2Sloi* + ^’) - (S- + n-)l085] 


ZV‘-1^ 


(§‘ + 6r„log6)], 


Si* r_jV_ 
“’‘~2aar£'A»L(«- !)»•*"* 


b‘-r^ J 

(a+l)!-*"^ 26‘+‘’‘ '^(» + l)6*« 
(t + 2)5^-ar° / 

26*+*“ V(i+1)6* 


(^-2)r„n 

(^-l)6*-V 

(a -1)6*-“)] 


Olebscli remarks of these results^ 


Auf so verwickelte Formen fuhrt ein Problem, dessen analoges, bei Staben, 
mit Eecht unter die elementarsten ge25ahlt wird Und selbst dann iiur gelang 
es, wenn die Peripherie der Scheibe kreisformig vorausgesetzt wurde Inzwi 
schen muss auf die Wichtigkeit des Problems auch fiir Anwendungen hinge 
■wiesen werden, so wie auf die Methode, mit deren Hulfe es vielleicht auch fur 
andere Formen gelingt, die Losung des Problems herzustellen (S 330) 


[1382 ] 
is given by 


We may note that the cential deflection for a load at 


ZP 



which becomes for a central load 

f = 


These results may be compaied with those of our Art 334 
They agree with the values that Clobsch gives on S 3 31 for tlic 
deflection at r~r^ due to a central load P This follows from the 
geneial principle that deflection at i for loading it ? “7,, is equal 
to deflection at r = for the same loading at r = 


[1383 ] Olebscli in § 77 (S 331-3, F E pp 778-81) next passes 
to the motion of plates, and finds by D’Alembert’s principle tin tdiiis 
which must m this case be introduced into the gcneril equations for 


1 There are several misprints in the reproduction of these formulae m the Ficnch 
edition see p 776 
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finite shifts For certain quantities P', E, F\ E' (the X, F, 
X", Y\ Z’' of our Art 384) we must substitute 


p„ AA» cPa 

12 ’ 


2'-M 


^ ’ 


AA°<P)8 
■ 12 dS^ 


S-Ah^, 

^ ^ if ^ 


where A is the density of the plate, Ti its thickness, 97 , ^ tlie co- 
ordinates of a point on the mid surface referred to fix^ axes in space, 
and a, y the diiection-cosines of the angles the normal to the 
mid suifaoe makes with the axes ot i, 77 , ^ 

Clebsch confines himself, however, to the case of thin plates with 
small shifts, and deals only with the trcmsverse vibrations of these in 
two special sub cases, which form the topic of the foUowmg two sections 
of his treatise 

If ^ be the transverse finite shift, we may in this case clearly replace 
it by the w of our usual notation for small shifts. 


[1384] §78 IS entitled Kla^igfiguren mi&r hre%sform%gen fireim 
Platte (S 334-43 , X X pp 781-93) Clebsch shows that, when no 
forces act on the plate, we must (owmg to the conclusions of the previous 
section) replace 




dP'' 

dx 


+ by • 
dij ^ 


■ Lh ' 


i 

/d^w 


r-n' 


df)] 


but he at once neglects the term multiplied by h as very small The 
remainder of his investigation adds, I think, nothing to that of 
Kiichhoff see our Aits 1241—3 On S 333 he had acknowledged 
the latter’s sei vices m this matter 


[1385 ] § 79 IS entitled Scliwingungen exner heihforimyen ge 

bpamUeyt Memhane (S 344-7, X X pp 793-7), but Clebsch’s 
treatment differs fiom the ordinary one, in that he does not suppose the 
membrane perfectly flexible His work thus coiiesponds foi membianes 
to that of Seebeck on stiings see oui Ait 472 We must start from 
equation ( 1 ) of oiu Ait 1380 and retain nov\ the teims in T’, while the 
teim in bi ickets on the light hand side must be lepliced as in our Ait 
1384 by 


- A/i. 


d 

dt 


( If /d w \ dw \ d wV 
12 ^ r di ^ 1 d<^ ) , 


Wilting UTI{Ilh) = lih and 12A/(//A ) = 1/^^" we ha\t Clebsch s 
equation of S 344 (2' X p 794^) 


1 Equation (310) p 703 should ^ive 1/6- and not b 
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The boundary conditions become 



when r = 6 the i*adius 


The first condition signifies that the couple round the tangent to the 
contour vanishes at each point. See our Art 391 

Substituting w = cos + aj) cos where 

Omj Pmn ^^e constants, we have a differential equation to determine 
as a function solely of r This can be solved by expanding in a senes 
of ascendmg powers of r in the usual mode The solution is really 
found to be in terms of the same functions, Le Bessel’s functions, as 
in the previous case, but the coefficients of the arguments of these 
functions are different The transcendental equation for the frequencies 
of the notes follows in the usual manner from the contour conditions 
Clebsch makes no attempt either to solve this equation numerically, 
or even to calculate the effect on the pitch of the notes of a slight 
stiffness in the membrane 


He concludes this poition of his work by showing that the transcen 
dental equations which occur in the problems of both plate and membrane 
have real roots, or that the motion is leally periodic (S 347-55, F E 
pp 797—806) The method adopted resembles that of the geneial 
problem of ^ 20 of the Treatise (see our Arts 1328—30), and leads 
to expiessions for the arbitrary constants of the solutions in terms of 
the initial shifts and velocities 


[1386 ] The remainder of Clebsch’s treatise is entitled Anwen- 
dungen, and occupies S 356-424 {F E pp 807-880) This 
portion of the work is less exact ^ and more elemental y I 
content myself with noticing anything that seems of special 
interest or originality in the problems dealt with, not giving an 
abstract of the whole 

(a) In § 82 Clebsch investigates in an approximate mamiex what 
the cioss section of a rod undei longitudinal body foice md load must 
be, in oidei that the stress may be everywhere unifoim Let Z be the 
load pei unit volume, and w the cross section at a distance 2 : from one 
end, and let F be the total load sX z^l and T the imifoi m tr ictive 
stress, then appioximately 

Tu) = P’¥ j Z(j}dzy 

^ Clebsch rightly insists on the importance of recognising the approximate 
character of most of the ordinary practical formulae 

Es wird in den betreffenden I alien immer auf den Mangel an btrenge lunge wiesen 
werden eine Gewissenhaftigkeit welche ebenso naturlich als nothwendig ersebemt 
und welche deiinoch leidei in bohntten ubei Anwendungen dieser Art nur zu haufig 
verimsst wird (S 366) 
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or, by differentiation since T is a constant^ 

d<t)l<i)-—£dzlT, 


whence 



Zdx 


Suppose, for example, we require the cross-section when Z is due to a 
centrifugal force measured by a?z per unit mass. Let A be the density 
of the rod, then we have 


<0 = ^6 21 ’ 


(S 360-3, ^ ^ pp 812-5) 


(h) In § 85 Clebsch investigates the fail-point in beams variously 
supported He adopts a stress-lvrmt^ which in the simple cases dealt 
with does not lead him to results differing from those which would have 
ansen m considering relative strength from the standpoint of a &1/rwm- 
hrwit see our Arts 4 (y), 5, 169 (c), 320-1, and 1327 


(c) On S 392-6 we have the case of a uniformly loaded con- 
tinuous beam freely supported on + 1) equally distant pomts of support 
This problem had already been dealt with by Lamarle and others see 
our ^ts 576, 947, 949, etc The analysis is here clear and the 
results concisely given 


(cf) In § 88 Clebsch deals with the problem of ‘solids of equal 
resistance’ by what is leally only the appioximate Bernoulli-Eulerian 
theory see our Arts 4*, 5*, 16*, 915*, etc, and compaie them with 
our Alt 56 Case (4) Clebsch supposes all the cioss sections of the 
rod to be similar figuies and that the maximum stress in all the 
cross sections is the same Furthei he supposes the plane of flexure 
to contain a principal axis of each cross section Suppose h to be the 
distance of the most strained ‘fibre’ from the ‘neutral axis’ and k the 
swing radius about its neutral axis of the cross section distant 2 ; from 
one end of the lod , let 7^ and be the corresponding values when s = 7, 
and let T be the given maximum stress Then Clebsch finds the follow 
ing differential equation to determine the lineai dimensions of successive 
Cl OSS sections 

dz\ dz) ZTk, ’ 

where p is the body foice pei unit ^olume of the lod at 2 : 

Clebsch solves this in two cases ( 1 ) when only gravity, 1 e a con 
stant p, acts on the lod , ( 11 ) when no l3ody force but a teimmal load 
F at z = I produces flexure 
In the first case we have 
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In the second case we have, correcting a misprint 






(l-z) 


a cubical parabola 
(S 396-402, P P pp 852-8) 


(e) § 89 IS entitled Biegung he% seh/r grossem Zug oder D'iuch in 
der Richtimg der Langsaxe SauUnfesUgJceit (S 402-8, P P pp 
859-65) The equation for flexure now takes the form 

M ±B {ui — u), 

where M is the bending moment of all the forces perpendicular to the 
axis of the rod, E the component of the longitudinal force and ui the 
deflection for » = ^ Clebsch mtegrates this for R positive or negative 
In the latter case, which corresponds to the case of a strut, Olebsch 
notes the inconsistency of the ordinary theory, in which the strut only 
bends for certain defimte values of the load and for no intervening ones 
He attributes this failure of the theory to the fact that for long rods 
the shifts become finite and we must fall back on the results of our Art 
1366 This correction had of course already been made by Lagrange 
see our Art 110* But the full theory of finite shifts, we have seen, 
also leads to the Bernoulli Eulerian value of the buckling load and with 
this Clebsch seems to be content, although that theory has been by no 
means verified expeiimentally He mdicates in brief teims the point as 
to the relative magnitudes of the buckling and compiessive loads, whioh 
had been previously worked out by Lamarle see our Arts 1258*-9* 


[1387] In §90 (S 409-13, P pp 866-71), Clebsch 
discusses an important practical problem, namely the discovery 
of the strains and stresses m a system of bars pinned together 
at their terminals, or in a framewoik In this section the body 
forces are supposed negligible and the terminal loads in no case 
sufficiently great to pioduce buckling Thus the system will be 
without flexure If there be no sxi'pernimierai y bxis, we know that 
in this case the stresses m the various memhcis can lie easily 
ascei tamed by the method of leciprocal figuies , if supeuiumei iiy 
bars exist, however, we are compelled to use ah initio the elastic 
properties of the bars 

Suppose to be the cooidmates of the ^tli node of siieli i 

fiame befoie strain iiid u^ its shifts iftei sti iin, these lattei 

quantities being very small , fuither let be the stn toll modulus of 
the bar joining the nodes ^ nid A, its unstiaincd, t its str lined 

length, Its cioss section, let X,, T„ Z^ be the components of the 
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load at the ^th node Then we must have for the equilibnum of that 
node 

—5 = Vf 

F. + 2* ^0, 


where the summation is to extend for all nodes k umted hy bars to the 
node ^ 

If there be n nodes we have thus Zn equations , there are also 3^ 


imknowns, namely the w, w for the n nodes ^Obviously pi* is given by 
Pik = ) 

^ik J 


But of the equations 6 must be the equations of statical equihbnum 
between the external loads X, F, Z Hence there are 6 of the shifts 
undetermined by the above equations This is what we should expect, 
as we might give the system any displacement of translation or rotation 
as a whole without affecting the elastic equations, and such displacement 
involves six arbitrary constants As a rule certain nodes and diiections 
ot rods will be fixed, and these will give the additional conditions 
sufficient to solve the pioblem, even when there are also unknown 
reactions at some of the nodes to be deteimmed Clebsch works out 
this solution by solving for u, w, in the special case when a loaded 
node IS supported by any number of bais attached to fixed points 


[1388 ] The problem of the preceding article becomes more 
complex when there are joints or nodes attached to points in the 
bars themselves as well as at their terminals, so that fiexure takes 
place Olebsch’s §91 (S 413-20, X JS' pp 872-79), entitled 
Stahsysteme mit Biegimg, deals with this problem He supposes 
the bais to be pm-jomted, the cross-section of each to be uniform 
and their weight to be negligible His method is indicated in 
the following sentence 

Das allgemeine Princip wnd auch hier daiin bestehen, dass man 
die Veischiehungen dei Knotenpunkte zunacLst wie bekannte Giossen 
behandelt, aus ilinen die eintretendeu elastischen Kr ifte bestimmt, mit 
welchen die Stabe in ihren Knotenpunkten reagiren, und endlich die 
Gleichgewichtsbedingungen fui die in den Knotenpunkten ^\nkenden 
aussern und elastischen Krafte aufstellen , Gleiclmngen die schliesslich 
genau himeichen um aus ihnen die eingefuhiten Ver&chiebungen /u 
bestiminen (S 413) 
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Thus we see ihsit Clebsoh^s equations are really rari constant, and the 
fact that there are relations among his elastic constants would, I think, 
considerably modify the rest of his investigations 

Por double refraction Clebsch obtains conditions identical with those 
of Cauchy and Saint-Yenant Thus in other notation his relations (44) 
and (46) (S 21-2) agree with ( xxxix ) of our Art 148, if we put 
d==d\ e = 6' and/=/ therein 

Much of the pamphlet contains extremely interesting analysis 
to which we may draw the attention of those interested in optical 
theories We have referred above to all that directly concerns us 
when we are dealing with elasticity 

[1392] TTeher die Befleanon cm einer Kugelflaohe Jowrnal 
fur die reine imd angewandte Maihematik, Bd 61, 8 19«5-"262 
Berlin, 1863 This memoir is dated October 30, 1861 It opens 
with the following paragraph explaining its object 

Obgleich das Problem der Eeflexion von Lichtstralen an einer 
gegebenen Plache langst die Aufmeiksamkeit der Geometer in vielfacher 
Hmsicht auf sich gezogen hat, so ist doch niemals der Versuch gemacht 
worden, aus den Bewegungsgleichungen selbst die Gesetze dieser Erschei 
nungen zu deduciien, und so theoretisch eine sichere Basis fur 
Untersuchungen diesei Art zu gewinnen Dei einzige Fall, den man 
betrachtete, war der einer unendlich ausgedehnten biechenden Ebene, 
auf welche ebene Wellen fallen , und so kam es, dass die geometrischen 
Satze der Dioptrik und Katoptrik mit dem was man heiite eigen tlich 
Optik zu nennen gewohnt ist, nur durch einige Betrachtungen der 
Enveloppentheone lose und gewaltsam veiknupft sind 

[1393] Clebsch attempts in this memoir to investigate the 
motion of an isotropic elastic medium, when the disturbances aic 
totally reflected from the surface of a sphere contained in it He 
deals in fact with a special case of an extension of Land's Pi ohlem 
(see our Art 1111*) to media m vibratory motion In oidei 
to simplify the surface conditions, which he remuks aio still 
both theoretically and physically somewhat obscuie, he takes 
the simplest hypothesis possible 

dass namlich die Kugel vollstandig re^ectii a, und dass, bei Al)wcsou 
belt gebrochenei Wellen, die einfallenden uiid die rell( etuende n 
Bewegimgen an de^i Oberflache der Kugel sich in iliiei Sunmu gduu 
anfheben (S 195) 

The last woids aie somewhat obscure, but what Clebsch le illy 
does IS to put the total shift (due to incident and reflected dis- 
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turbances) at the surface of his spherical reflector zero In o&er 
words, he fixes his ether cut the smfcm of a totoMy reflec^ng hody\ 
With tlys simplification debsch rem^ks that the problem becomes 
a purely mathematical one, n^mefy to develop tiie differential 
coefficient of a function of x, y, z, with regard to one of these 
variables in a senes of sphencal harmonics, if the development of 
the function itself m sphencal harmonics be given The solution 
IS obtained simply and symmetncally by replacing the sphencal 
harmonic by the corresponding homogeneous function of the %th 
degree 

The results of the investigation are exceedingly complex for 
the optically important case of a wave-length very small as 
compared with the radius of the reflecting surface, but they are 
capable of being easily dealt with approximately, if the wave- 
length be large as compared with this radius 


[1394] § 1 of the memoir is entitled ZwruchfuJmm/g der Gle%chr 
ungm der Mcbsticitat cmf getrennte jpartielh Bifferentmlgle^chungm 
and occupies S 196—9 Clebsch adopts as his equations for an isotropic 
medium the type 

SO that his and his a^ = (X + 2fL)/p of this History He then 

gives a demonstration that the most general solution for the shifts is of 
the form 


_d^ ^ 

doc ^ dy 

dP dU 
^ dy^dz 

dP dV 


dV 
■ dz^ 

d^ 
dx » 

dU 

dy 


(u), 


where P is a solution of 


(PP 

d^ 


= aV^P 


(ill). 


1 This fixing of the boundary as a condition for total reflection is interesting in 
the light of Sir William Thomson s hypothesis that the ether may be treated as an 
elastic solid fixed at infinity (and I suppose at totally reflecting surface'^ placed in 
it) See the Philosophical Magazine, November 1888 Is it possible in thib case 
to absolutely neglect the waves ‘ reflected ’ from the infinite boundaiy as Helmholtz 
asserts? Must not the steady motion be considered to have existed from an infinite 
time’ If we cannot neglect the reflected waves what becomes ot them and ho^ do 
they affect the problem of cosmic temperature ? 
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iro 


and U, F, W are solutions of 


(P<l> 

df 




(iv) 


Compare these results with those of Lam^ and Kirchhoff re 
ferred to in our Arts 1078* and 1309 


[1395 ] § 2 entitled Entyyickehing von F, Z7, F, TF nmh Kugei 
fimoUonen^ occupies S 200-2 In this section Olebsch introduce 
a function which may be considered as consisting of two parts 
IS a solid spheiical harmonic of the 9^th degree, i e a homogeneou 
function of the ^^th degree m x, » which satisfies VW,^ = 0, but it 
arbitrary coefficients are functions of r and t, where r is to be put equal t< 
r, Le Jq? + 2 /^ + after all differentiations have taken place Thu 
if be taken in its most general sense to operate on /(r, cc, y^ z 

we have to take mto consideration the differentiation of with regar( 

to the r which occurs in the coefficients of treated as a soIk 
harmonic mx^y^z Thus we find, if be used instead of to denot 
lecial sense of an operator on a;, y^ z only 



2 d f dM^ 
dx 


±i.(. 

rc^r \ 


+ 2/ 




dy 




dz ) 




d?Mn 2y2>-t- 2 dM^ 
dr^ ^ V dr 


Hence we shall obtam a solution of an equation of the type 


dt^ 


= c2VV, 


if we take 


<!> 


CO 




and determine the coefficients of as functions of r and t from th< 
equation 

^ 2n + 2dM,\ 
df \dx^ r dr J 


[1396] A method based upon this property of the functioi 
M„ for solving the body-shift equations (i) and (ii) is developed b} 
Olebsch m the following sections (§§ 3 and 4, S 202-8) Many o 
the fundamental properties of solid spherical harmonics wore hcr( 
published, I believe, for the first time 

On S 208 Olebsch gives the following expression foi the typo o 
shift 


w = 2 
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where 


and 


dLe da;?**”' " da 




_ Id ( jfV 
^ r^rl2w— 1 «. 




■^»+i rs«+2^r 


^ /p2»+S / “^tt+1 , 

^rl \2n-fB n-^ljj 


(vi), 


and where if/, are arbitrary solid spherical harmonics of the 
Tith degree Their coefficients are, however, ftincfcions of r, t l^ose of 
Mn, satisfy the equation 


^ ((^<p 2n -h 2 
df ^ ^ r dx] 

and those of i// and satisfy the equation 

_ ,3 

d^ t<fr^ ^ r dr J 
with the condition that if/ is to be zero 


(vh). 


(viu), 


[1397 ] In the particular case when the motion is not vibratory 
we must put = we then obtain a solution m sohd 

spherical harmonics of the equations of elasticity for a medium 
subjected only to surface forces Results for this special case of an 
elastic solid in equilibrium were given by Sir William Thomson 
in a paper pubhshed in the same year as Clebsch’s, but read on 
November 27, 1862, a year later than Clebschs was written 
Sir William Thomsons conclusions will be dealt with in our 
Chapter xiv They differ considerably in form from Clebsch’s 
as cited above When <f> is independent of t, we have 

where and J?/ are solid spherical harmonics of order n 
Substituting we ultimately obtain the shifts m a form \^hich is 
explicitly free from the somewhat complex coeflicients involving 
the elastic constants and [le {m-\- 7 i)/p and 71/ p’] which occur 
in Sir W Thomson s form of the solution 


[1398] In the fifth section (S 209-11) Clebsch integrates the 
equations of types (vii) and (vm), and shows that in (vii) is of the 
form 



172 


OLEBSCH 


[1399—140® 


yv>(r_a^)+Jfw(r + a<) «(«+ l)/”-i(r-a<) + JP*‘-i(r + oj) 

^+i 2 r"+® 

(n-l)n(n+ 1) (» + 2)/“"“ (r - a£) + F”-^ (r + at) 
+ - 2~4 ' 

, 1 2 ^nf{r-at)+F{^+M) 

- + ± 2- 4 2« 

where a must be changed to 6 in the case of (vui), and the indices 
attached to /and F denote derivatives of those functions 


[1399 ] To complete the solution it is necessary to determme from 
the surface conditions the arbitrary functions/ and F, which it must be 
remembered are to be solid spherical harmonics in aj, y, z of the order 
n. This Clebsch achieves very ingeniously He demonstrates on S 


206 that 


/o .IN /I (du^.dvn dwn\ 


(n+l)(2w + l)P„« = -r“+'>{; 


dy 

d Un d 


\ 


dx 7^+1 dy dz J » 

dv„\ /dUn dWn\ 


'\dx~ dy) 


+ Z{ 


(*) 


Now on the right there are no differentiations with regard to r 
Hence if u, v, Wy the shifts over two given concentric surfaces, say of 
radii r^ and rg, be given as functions of two position angles, we can 
express them by surface spherical harmonics and by dividing or 
multiplying at the same time by the proper power of r^ and rg replace 
these surface harmonics by solid harmonics Now u^y v^y are 
known as the nih solid harmonics in Uy v, w respectively, and these 
results may therefore be directly substituted in (x), as there is no 
differentiation with regard to r Thus by aid of (vi) and (x) we can 
deteimine the six arbitrary functions which occur in M^y M\ and 
as exhibited in (ix) It might seem from this that the motion was 
fully determined when the arbitory shifts over two concentric spherical 
surfaces are given at each instant of time, but Clcbsch guaids himself 
against this assumption by the remark that though the sui faces of a 
spherical shell were fixed, its material could still move 


[1400 ] § 6 IS entitled Vollstandige Behandluny des Falle^y wo 
evnOy ciuf einer hestimTnten Kugeljlache gegehene Bewegung hick %ns 
Unendhche aushreiten kanriy and occupies S 211-15 Suppose a number 
of centres of disturbance of given character to be at finite distances 
apart in an infinite medium , then the shifts Uy F, W which they 
would produce at any points of the medium arc known Now mtro 
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duce into tlie medium a spherical surfece of no disturbance and let the 
additional shifts be represented hy tii, v, to, then the conditions to 
be satisfied over the surfiice are 

u+U=0, «^-fF=0, t&+W = 0 

These will suffice to determme u, the manner suggested m the 

previous article The shifts at any point of space will th^ be 

u + lTj v+ V, w+ W 

It must be noted, however, that there is an additional fiict to be 
taken into consideration One of the rigid spherical boundaries has 
really been taken at an infinite distance, hence, Clebsch asserts, there 
can be no mward bound wave or the terms in equation (ix) involving 
the function Fiv + at) and its derivatives cannot exist. This con- 
clusion Clebsch attributes on S 211 to Helmholtz. 

Now 27, F, W may be expressed over the surface of the given sphere 
in terms of spherical harmomcs and hence quantities like 

Cn-1> 

corresponding to them found from equations similar to (x) But these 
lead us to the values of for we must clearly have 

©ft = ©ftj Pft = — ^,1, 

at the spherical surface In this maimer Clebsch finds Imear differential 
equations with constant coefficients for the arbitrary functions which 
occur m the values of P^^ Q^, Tn Clebsch notes the foUowmg facts 
with regard to these equations 

(i) If the incident disturbance be periodic, the reflected motion (i.e 
one correspondmg to the particular mtegral) will also be periodic, i e the 
shifts will not contain the time outside the arguments of sine or cosme 

(u) A free motion of the system (lo one corresponding to the 
complementary function) is possible, even when there are no external 
centres of disturbance, and a spherical surface is ngidly fixed in the 
medium But this motion cannot contain any periodic terms except 
foi special values of ajb, and these values of ajh appear, to judge from 
the equations in the case of the smallest values of n, to be negative and 
therefore impossible A general proof of this Clebsch has, however, 
been unable to find (S 215) 

These two results are of considerable interest , m particular the 
free motion of a mass of elastic material fixed to two rigid enclosmg 
surfaces is deserving of closer investigation It may possibly be found 
that some such masses aie incapable of isochionous vibrations The 
impossibility of free vibrations m Clebsch^s case, however, is solely the 
result of his neglecting the inwaid bound wave 

Since the fiee vibration m the case (ii) of a fixed spherical surface 
is, according to Clebsch, non periodic, so every pei iodic disturbance will 
be duly reflected, foi the only possible case of failure, that of equality 
between the periods of forced and of free vibrations, cannot occui 
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[1401 ] In § 7j entitled Einfcbchste JBewegungen Emfvhrung d&r 
Fvmf^onm /, ^ (S 216-21), Olebscli deals with the special case m 
which the incident disturbance is given by a single term of the period 
27 r/^, or where are of the form^ 

= = (xi) 

But these lead at once to 

df 

and thus to determine and we have from (vu) and (viii) the 
equations 




(xu) 


hen shows that 




fe: 

11 





where etc are sohd harmonics of the Tith ordei, and (s), (®) 

are solutions of the equation 

(P^ 27^+2 do, _ ^ 

^ + ^ + 0 = 0 

dr s ds 

These solutions are as follows 

(s) = {/« (s) + ^» (s) V - 1 } 

where 

/• J- _ (”_■ 1) ^AVl± 1) (»» + 2) , (« - 3 )_ (n+ i) _ 

\ / oTi+i 2 4 sy A no .w+B 


2 4 6 8 6 ^^ 


s ^ 0^-2) (?z + 3) (n -^ 4 ) (91 + 5) _ 

) 2 2 4 6 2 ” 4 10 6 ''+» 


(xm), 


or, 


S^/2) 


^ To avoid the confusion of the symbol t being used with two different meanings, 
I have slightly changed Clebsoh’s notation throughout 
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are tlie consecutive numerators and denominators respeckvdy of the 
convergents to the continued fraction 





[1402 ] From the values of and Qebsch finds those of 

and P^+i, and ultimately and (S 220) He thus 

reduces the problem to the determination of which will 

follow at once from (xi), since and are known in terms of 

Cn,Pn, S'nbyArt 1400 

In the case of a single spherical surface, over which there is no 
shift, no function of t + at can occur (Art. 1400), so that the terms in 
disappear, and Clebsch ^sily fii^s and as functions 

of the given quantities P,^, and 


[1403 ] ^ 8-18 (S 222-62) deal with the case of a single centre of 
disturbance, and like previous portions of the memoir are very charac- 
teristic of Clebsch^s remarkable power of analysis. 

In this case the solution of the equation 

for a disturbance symmetrical about the source Xq, consists of 

terms of the form 

h h 

sin - (P - at) cos - (P — at) 

^ and ^ , 

where P = ^J(x- a?o)’ + (2/ - 2 / 0 )** + 

These may be replaced by the exponential term 

p-^ 6 " , 

and the shifts due to a distuibance of the kind consideied will be of the 
type 


, aj - cUq d { e 


R dR\ P 




C (z/-2/'u)-^"(^-«o) d ( e ^ (xiv), 

p dii V p / 


by our Art 1394, the O't, being constants 
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If be the first, the second term of ?7, we have 
Til ^*"^0 y-Vo 

and + Fi® + IFi® is a function only of E and t Thus the total shift is 
in the direction of motion of the wave, and is a function only of the 
distance from the centre of disturbance and of the time We are 
therefore deahng with a spherical wave of longitudinal vibrationa 
For the second terms we have 

U^{x^x^-^V^{y-yo)+ W^{z-Zq) = 0, 

while + Wi IS not independent of 

x-Xq y-y^ 

B ' E ^ 

or the direction-cosmes of the line from the centre of disturbance to 
the point disturbed We see that the shifts ZZg, Fg, TFg aie peipen 
diculai to this Ime, and are also parallel to the plane 

(7'rr + C7'V + C''"« = 0 

They correspond therefoie to a wave of transverse vibrations 


[1404 ] The next stage in the problem is to find the value of 

1 wBV-i .cosw^i? - sin mi? 
p® , or of — ^ and — , 


in sohd spherical harmonics, m bemg a constant This is accomplished 
by Olebsch in § 9 (S 224-7) Although it is impossible to leproduce 
the whole of the analysis of this special case, these expansions may be 
given heie as they seem likely to be serviceable in a number of 
problems quite mdependent of the present one I may cite them as 
follows 


1 [cos mi?] vVr/ \ rcos(mr(,)l _ , . ^ [sm (mro)! “I 

5 w <”*'”) U («.)} + *(”■■•) U Uj}] 

^ [/o {lai ) + (rur) cos )] 

T 3m-7, h (m.„) 

L lcob(mi„)J ' “Msin J 

X [/j (mi) cos (mr) - (^j (wi) sm (mi)] 
r \r V ^ , \ foos(mr )] _ , , - ffein (mi,,)') “I 

L lsin(mr„)J Moos(mi„)jj 

X [y (?ui)sin (vir) 1 </) (y>/r) cos (/Mr)] 


+ 5//i^ 


+ 7m^Y, 


V, I V [bin (mi y)) , , , . fcos (7/ii ,)) "1 
L lcos(/m^,)J ^ ' (bin (m-i,,)/ J 


+ etc 


^ [fi (^^^r) cos (mr) — {mi) sin ('^^a)] 

(XV) 
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Here fn and are given by oxtr (xm), and is tbe solid spbencai 
barmonic 

I'n = (»^o)“ -Pn (cos ^), -vAere cos ^ , 

and J? = ^0 <50S ^ 

As an identity we may of course put on mgbt-bandside of (xv) 
r = r and ro = ro, but the form in which we have left it shows ns at once 
how to apply the operators and V® of our Art 1395 to it This 
application is required'in the further course of Clebsch's analysis. 

[1405 ] In § 10 (S 228-9) Olebsch expands ZZ, V, W in sohd 
spherical harmonics by the aid of (xv) He thus obtains the 
disturbance, due to the source at at any pomt x, y, z on 

a spherical surface of radius r with centre at the origin In § 11 
(S 229-33) he deals with the case of an incident wave of purely 
longitudinal vibrations (ZZ^, Fj, TT^) and he shows that such a 
wave always produces reflected waves of both longitudinal and 
transverse vibrationa In § 12 (S 233-6) we have the case 
of an incident wave of purely transverse vibrations (ZZ,, TT^), 

it is shown that with one exception, the reflected wave consists 
partly of longitudinal and partly of transverse vibrations. § 13 (S 
236-40) deals with the exceptional case of no reflected longi- 
tudinal vibrations This case occurs when the resultant of the 
shifts 27^, Fg, TFj is parallel to a plane which is perpendicular to 
the line joining the centre of disturbance to the centre of the 
reflecting spherical surface, i e in the notation of our Art 1403, 
we have 

G' a" G'" X, y, z, 

[1406 ] So far Olebsch has confined himself to a single centre 
of disturbance In § 14 (S 240—6) and § 15 (S 247—50) he deals 
with the special problem of determining the system of centies of 
disturbance which if distributed over a spherical surface inside 
the reflecting sphere would pioduce the reflected motion (see 
our Art 1400 and compare Art 1312) A different system is 
necessary for the two types of vibration, and what is more the 
distribution of systems of disturbance is quite different for waves 
of different periods The whole investigation, although the results 
are very complex, is of interest, especially when we compare it TMth 
similar investigations dealing with fluid motion in and about 
spheres by the method of images 
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'[1407 ] § 16 (S 250-4) xs entitled Untermchwng des Falles, wo hei 
moLBS%g grosser Wellenlcmge der Badvus der rejlectvrenden Kugel seh/r hlevn 
ut Clebscji commences by lemarking that the case in which, e being 
the radius of the reflecting sphere, kc/a and ke/b are very large, — a case 
of great importance in the application of elastical theory to optics, — 
does not admit of any great simplification in the formulae On the 
Other hand the case in which these quantities are small, or the radius 
of the reflectmg sphere is small as compared with the wavelength, 
admits of great simphfication We can in this case for the incident 
motion replace for pomts in the neighbourhood of the reflecting 
sphere 




-5-BV-I 


and- 


— ^roV-l 

by? andl 


-^roV-l 


■ respectively 


Jd jR - Tq Tq 

Starting from these Clebsch determines the principal terms in the 
various functions on which the values of u, v, w depend He shows 
that it IS only in the immediate neighbourhood of the reflecting sphere 
that its influence is of large magnitude, but that at greater distances, it 
IS of the order of the radius of the sphere (c) see his S 254 He divides 
his mvestigation into two parts The first occupies ^ 17 (S 2 d 4-9) 
and deals with rhe reflected disturbance at pomts i emote from the 
reflectmg sphere but not necessarily from the disturbmg centre The 
approximate results are given on S 256, but they aie too long to 
be cited here On the other hand they take simpler forms, when 
the disturbed pomt is at a great distance alike from the centre of 
disturbance and from the reflectmg sphere In this case the type of 
shift, due to the reflected motion only, is given by 


= W-^ - i)rr, (a sm ^ 

+ aC {Iq - 1 cos <^) sin A; ^ 

+ bGl sin </» cos X sm A ^ 

Q (Iq sin xj/Q-lsmcl) cos x) sm ^ ^ 


where 


(xvi), 


27r/k is the period of the disturbance, 

C, G\ de teim ine its amplitude as in oiu Art 1403, 

G=JC +(7" +^, 

r = distance of distuibed point fiom centre of leflectmg spluK , 

7*0 = distance of centre of distui banco fiom the centie of sphere, 

I, m, n are the direction cosines of ?, and Iq, iUq, Uq of 
^ IS the angle between r and ro, 

X IS the angle between the planes rrQ and G'ju + G"y + G"'z-0, 

ij/Q IS the angle between the perpendiculai Pq to the lattci plane and 
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7 * 0 , while Iq, are the direcUon cosines of the perpendicular to 

and ro 

Obviously it IS only I, m,n, <f> and x which change with the posi- 
tion of the disturbed point. 

Olebsch’s results on S 257 do not all agree with the above He gives 
for his constants n and q the values and where I find in his 

notation the same values multiplied by the factor ^ 

tr + £t(b 

On S 257-8 Clebsch draws a number of condusions as to the 
general character of the vibrations. These follow at mice from ^ 
trigonometrical form in which we have displayed his results in (xvi), 
Indeed in that form, they are obvious on inspection. 

[1408 ] The second part of Olebsch’s investigations deals with the 
disturbance at points very dose to the reflectmg sphere^ when the centare 
of disturbance is supposed to be at a considerable distance Ihis 
occupies the final section § 18 (S 259—62) In the notation of the 
precedmg article Clebsch finds shifts due to tke reflected motwu onlyy 
of the type 


__ /€ 

a'tQ tr ®^2 (b^ + 2a^) 
Gk (€ j, 


(? - 0 * (' " ») 

2(f^ + L ) (? - ■^) 

xsinib^^-^^ (xvn 


Thus in the neighbourhood of the reflectmg sphere we have only to 
deal with two waves, one of longitudmal and one of transverse vibra 
tions 

Clebsch instead of discussmg the motion as given by (xvii) adds to it 
the shift due to the direct action of the disturbance, i e the real part of 


“ = S-. V— y f 

(X\lll), 

SO far as terms of the order l/r^ are concerned 

The only difference this makes is that we must read ~ ^ ^ “ 

in the first term within each pan of called brackets in equations of the 
type (xvu), so that u, v, w now "vanish for 7 = c, as of couise they ought 
to do 

[1409 ] From the values of the shifts as expressed m the 
above maimer Clebsch foims expressions for the amplitude of the 


cl 
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longitudinal and transverse vibrations in the immediate neigh- 
bourhood of the reflectmg sphere He concludes 

(i) That the amplitude of the longitudinal vibrations will be 
greatest for points whose directions from the centre of the reflect- 
ing sphere are nearly perpendicular to the line joining that centre 
to the centre of disturbance 

(u) That the amplitude of the transverse vibrations will be 
greatest for points whose directions from the centre of the reflect- 
ing sphere lie neai the plane which passes through the hue 
joining the centre of the sphere to the centre of disturbance (r^) 
and the hne perpendicular to the plane C'x -1- G"y 4- = 0 

(termed by Olebsch the Axe der Bewegimg, Aoce der einfallenden 
Schmngungen and also Axe der Schwingungen) 

(lu) That as the values of u, v, Wy do not alter when x, y, z 
are changed to —a?, — y, —Zy respectively, the foimulae to this 
approximation give no trace of a shadow 

It would be interesting to know, if this result be true for other 
than elastic media. W e might easily place in the electro-magnetic 
field a non-conducting sphere the radius of which would be small as 
compared with the wave-length of a possible disturbance Would 
such a sphere have a shadow ^ 

[1410 ] Although Olebsch, as usual, seems more interested in 
his analytical processes than in their physical applications, and 
makes no attempt to deduce numerical results, there is still so 
much of physical suggestion in his memoir, that quite apart from the 
analytical merits, it will repay close study Special applications to 
several simple physical problems appear to be placed by it within 
reach of ordinary calculation, while the contributions it offers to 
the theory of solid sphencal harmonics are of wider physical value 
than is suggested by the title of the memoir 

[1411 ] It seems well to considei in this chapter the memoir 
by Gehring to which we have had occasion to refer in our Arts 
1292-3 and 1375 and which is closely related to the researches of 
Kirchhoff and Olebsch It was published at Berlin in 1860 as a 
dissertation for the doctorate and is entitled De aequatiombm 
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^fferevdiOfltbm qvAhus aequiUbnum et moHs lammae cry^^iciUinae 
defimuniur It contains 30 quarto pages, and is dedicated to 
KirchhoflF 

[1412 ] The object of tlie memoir is stated m the followup 
introductory paragraph 

In problemate aequilibru et motus laminae elasticae tractando cl Sophie 
Germain, Ijagrange, Poisson conjecturas fecerunt, quas falsas esse cl 
in diani Crelliam tomo XL demonstravit Qm novam theonam deduxit ^ 
prmcipus, quae quidem non minus sunt hypothetica, quae tamen smaiba 
sunt ns, qmbus cl Jac BemouUi usus est ad baculi elastici aequihteum et 
oscillationes definienda et quae theonam praebuerunt satis expenmentis 
congruentercL In recentiore commentatione (Diar CrelL Lvi) cL Kirchhoff 
theorema proposuit generale, cujus ope fere omnia elastioitatis problemata 
accuratissime solvi possunt Unde mini liceat, nulla facta conjectura physica, 
solum mathematicis dehberatiombus utens, aequationes deducere, quarum 
integratione aequihbnum et motus lammae elasticae crystalhnae vel n<m 
crystallmae defimimtur sub ea conditione, ut tantum infimte paullum {s%cl) ex 
aequilibni statu lamma progrediatur Quae theona a me constituetur, m 
casu laminae non crystallmae easdem praebet aequationes ac mventas a cL 
Kirchhoff et confirmat igitur conjectur^ qmbus usus est Sed non mmus 
facile casus laminae crystaUmae ea contmetur (p 6) 

One or two remarks may be made on this. The historical reference 
18 evidently based on the statement in Kirchhoff 's memoir on plates 
see our Art 1234 But it is very inexact Lagrange so far as he went 
made no false conjecture, and Poisson^s work ought not to be placed 
on the same footing with that of Sophie Germain The ciiticism of 
ElirchhotPs first hypothesis as hypothetical is just (see our Art 1236), 
but the author can hardly mean that he has really deduced the plate 
equations nuUa facta conjectura physica^ solum rnatheniattcis delibe- 
Tat%on%hu8 uteris ! That would indeed be a feat equally briUiant with 
the discovery of the whole theory of elasticity m Taylors Theorem 
see our Arts 928*, 299-300 The general theorem of Kirchhoffs 
which IS refen ed to is that of our Ait 1253 Finally by a ‘‘crystalline 
body^^ the author means one having 21 independent elastic constants, 
the two things are, however, by no means necessaiily identical 


[1413] Pages 5-12 determine in a general manner the value of 
the shifts for a plate of isotropic material and coi respond to our Arts 
1293-4 Gehiing does not define what he means by a lamina, but his 
method shows that so far his results are only true for a plate of in- 
definitely small thickness The reason for neglecting certam teiras and 
retaining others is rather vaguely based (p 10 of the memoii) on a 
reference to a similar neglect m Kirchhoff’s memoir on thin rods see 
our Art 1258 So fai Gehring’s results would appear to be true for 
finite shifts, and they agiee with those given by Clebsch on S 270-1 
of his Treatise or by Kircbboff in his VoHesungen see oiu Art 1294 
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[1414 ] Gekring next proceeds to jSnd an expression for the elastic 
potential of the plate This is still I think true, admitting Kirchhoff’s 
assumptions, up to p 14 for fimte shifts, and the result on that page 
agrees with Eorchhoff’s Vorlesungen S 455 (see our Art 1294) We 
have then (pp 15-18) the equations for the longitudinal and transverse 
shifts of the plate supposing it to be only infinitely little displaced from 
the position of equilibrium The final results ought to agree with 
equations (13) and (14) of Kirchhoff’s S 459 (see our Art 1296), but they 
do not To begin with, the value of given in equation 24 (h) is quite 
wrong, and the value for k given on p 17 is likewise wrong To bung 
Gehnng’s results into unison with Earchhoff’s, it is necessary to replace 
the coefficients 1 + ® in equations (28) and (29) by ^ (1 + ©), but far 
more consideiable modifications would have to be made in the steps by 
which these equations are reached It is to be noted that Gehring 
woiis out fully only the equations of the shifts in the plane of the 
plate, for the transverse shift he cites Kirchhoff^s results see our 
Arts 1298-9 Gehring’s d^jda is the 1 + dujdx of Kirchhoff, and 
his dffldb the l + of Kirchhoff 

[1415 ] The second part of Gehnng^s paper occupies pp 18-30 and 
deals with the equations for the longitudinal and ti ansverse shifts of a 
thin plate whose elastic material has twenty-one constants The results 
ought to be of importance, for few plates possess elastic isotropy, and 
foi testmg various physical theories it is often desirable to deal mathe- 
matically with material possessing considerable elastic complexity 

We have here to determine the value of the elastic potential subject 
to the relations (see our Axt 1294) 

aw? = = ^ = 0, 

z being the direction of the normal to the plate 

These relations enable us to expiess and as functions of 

the three remaining strains o-a^, and Sy and thus to express the elastic 
potential per unit volume as a function of cr^y, s^, Sy and the 21 
constants This is done by Gehiing on pp 18-21 His lesults thus 
far appear to be correct, but I think might be somewhat simplified 
The next stage is to substitute the values of these strains (e g those 
of our Art 1294) in the elastic potential and integiate it through the 
thickness of the plate But Gehring makes eirors in the value of all 
three of the exjiressions 

r+o r+c r+r 

/ I I i/v 

J—0 J —0 J ~c 

which he gives towards the bottom of p 21 (2c is here the thickness of 
the plate, and yy, Xy correspond in our notation to 6^, Sy and o-^^) 
The denominator 3 in the last terms of the values of these expres 
sions ought not to be there The terms thus wiong involve only the 
first power of the thickness^ and therefore their error ought only to 
affect the equations foi the shifts in the plane of the plate 
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G^linng gives the equations for the transverse vibirafeions (one 
equation for the shift at any point of the mid plane and the bounda^- 
conditions) as (43)* and (44) on p 28, and the equations for the co-planar 
vibrations of the plate (two for the shifts at any point of the mid plan6 
in the plane of the plate and the two boun^ry-etmdilions) as (46), 
(47) and (48) on p 29 He remarks that these equations 
with those for an isotropic plate if we make the proper assumptions 
as to the relations of the 21 elastic constants which he gives. But 
xt will he found that this is not the fact for the last set of e^^uakom 
(46-48), or Gehrmg's results for the longitudinal vibrations are 
erroneous The first set of equations (43-44) do give the correct 
results for the case of isotiopy, or pro tanto we have confirmation of 
the correctness of Gehnng’s equations for the transverse vibrations of a 
21 constant plate 

In conclusion Gehnng remarks of these equations 

Integratio aequationum (43) et sequentium tarn difficihs videtur esse, ut m 
hodiemo scientiae analyticae statu fieri non possit (p 30) 

Nor IS the difficulty confined only to the 21 constants, even the 
equations for a thin plate of isotropic material had up to that time only 
been solved for the special case of a circular boundary 

[1416 ] Summary The three German elasticians with whose 
researches we have dealt in this chapter mark a very great advance 
m the mathematical treatment of elastic problems Franz Neu 
mann stands, however, on a somewhat different footing from 
Kirchhoff and Olebsch His style is clearer and he keeps more 
in mind the physical bearings of his analysis He possesses much 
originality and in his investigations on photo elasticity and the 
elasticity of crystals he breaks almost untrodden ground which 
both physicists and mathematicians have hardly yet exhausted 
Olebsch, while by far the greatest analyst of the three, puts physics 
(and the technologists for whom he is professedly writing) in the 
background Stimulated by Saint-Venant's woik, he has not 
Saint- Ven ant’s practical experience, and in simplifying the latter’s 
results for prisms and in extending his piocesses to plates, he is 
guided rather by love of the analytical processes involved than by 
their practical applications No mathematician, howevei, can read 
Clebsch’s T'ieatise without recognising the suggestive charactei of 
its analysis, and appreciating the mental povvei of its authoi 
Kirchhoff’s researches in the field of elasticity, like Lame’s, suffer 
to some extent from being out of touch with physical experience 
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This IS raaxkedly the case in those contributions to our snbj 
which border on electro-magnetism and optics But Kirchhc 
treatment of both the rod and plate problems, if it cannot be ' 
to haye been final, still advanced those problems a long st( 
Future discussions will probably serve to define better the hn 
within which Kirchhoff's assumptions are legitimate, and 
possibly add further terms, of minor importance except in spe 
cases, to his expressions for the strain-energy , they will han 
however, displace Kirchhoff’s investigations as the latter h 
done Poisson’s and Cauchy’s In our chapter on Boussinesq 
shall endeavour to give some general companson of the Frei 
and German methods of dealing with rod and plate problems 
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Section I 

Memoirs dealing directly with Elasticity and Molecular Action, 

[1417 ] One of the most distinguished of the pupils of Saint- 
Venant is M J Boussinesq, member of the InsMut, and at present 
Professor of the Faculty of Science, Pans A Notice sur les 
ti avauos scientifiques de M J Boussinesq {Notice I ) was published 
at Lille in 1880, when Boussinesq was a caudidate for membership 
of the Institute and an Ecctrait de la Notice sur les titres et travaux 
scientifiques de M J Boussinesq et supplement d cette Notice poui 
les travaux piihliis depuis cette ipoque {Notice II ) was published 
in 1885, also at Lille, when Boussinesq was again a candidate 
In 1880 Saint-Venant made an Analyse succincte des bavaux de 
M Boussinesq, professeur d la Faculte des sciences de Lille, which 
appeared m a lithographed form The Notices I and II as well 
as the Analyse succincte foim a very useful bibliographical guide to 
Boussin esq's researches piioi to 1885, but my ihume and criticism 
of his work in the present chaptei aie based on the perusal ot 
the memoirs themselves Boussinesq’s in\estigations extend fai 
beyond elasticity, dealing in paiticular with light, heat h}dro- 
dynamics and the philosophical basis of the fundamental pimciples 
of dynamical science 
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[1418 ] Mude nouvelle sur ViqmUhre et le mouvement des corps, 
sohdes 6last%ques dont certmnes d%mensions sont trls-peMes pm 
rapport d d'autres Journal de mathdmatiques, 2® S^rie, T xvi 
pp 125-274 Pans, 1871 This, the Premier Memoire with the 
above title and with the sub-title Des tiges, was presented to the 
Academie April 3, 1871, and analysed in the Gomptes rendus 
T Lxxii, pp 407-10 

Let CO be the direction of the tangent at any point to the 
central line of a bar, beam or rod, and let y, z, two lines at right 
angles, be taken in the plane of the cross-section Then Saint 
Tenant in 1853-6 (see our Arts 1 and 69) had obtained twc 
solutions of the general equations of elasticity on the assumption<= 
that Jy = '^ = R = 0, and that the central line is initially straight 
These solutions were shewn on the principle of the elastic 
equipollence of statically equivalent load systems (see our Arts 
8, 21, 100) to correspond to the torsion of a prism about its axi' 
and to the flexure of a prism either under an isolated central loac 
or as a terminally loaded cantilever In obtaining these solution* 
Samt-Venant had not supposed elastic isotropy, but merely tha1 
the elasticity was the same in all planes perpendicular to the 
central axis He applied his results to a great variety of cross 
sections, and shewed that they did not justify the earliei 
hypotheses of Cauchv and Poisson see oui Arts 29 and 75 
With regard to Saint-Yenant's solutions there is an importanl 
distinction between that for the case of torsion and that for the 
case of flexure In the former case the shears ^ and xz are 
fundamental, and their values must be ascertained in order tc 
calculate the torsional resistance of a rod, howevei small the 
dimensions of its cross-section as compared with its length Ir 
the latter case the shears S' and are shewn to be practically 
negligible whenever the dimensions of the cross-section ue small 
1 e in the case of what is really a rod, and the discovery of thei 
values IS only needed as a step towards shewing that they ai( 
negligible, and so justifying the Bernoulli-Eulenan theory 

Clebsch in his Treatise (see our Art 1332) had sought th( 
most general solution of the equations of elasticity subject to tin 
conditions J? = ^ = JP = 0, and had thus i cached a solution of thos( 
equations embiacing both the flexure and torsion pioblcms o 
Saint-Venant But as in all Clebsclfs work this lesult was onb 
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obtained for the case of bi-constant isotropy He dealt also with 
the case of rods of double curvature Kirchhoff m a memoir of 
1858 (see our Art 1251) had endeavoured to give a complete 
theory of strain in thin rods with an initially curved central line 
But a defect of Kirchhoff's theory has been pomted out by Samt- 
Venant (see our Art 316), and the objections against it are again 
raised by Boussinesq in the present memoir (pp 127-9 and | Yii 
pp 176-81) In the equations (vii) of our Art 1267, Kirchhoff 
neglects the terms dujds, dvjds and dwjds Now Boussmesq 
points out (p 179) that this assumption has no A pnon justifica- 
tion, but that the terms neglected appear to be of the same order 
as those retained He cites cases in which the assumption would 
not be true, but remarks that it is satisfied in general when 
Saint- Venant’s hypothesis, = = 0 is fulfilled Thus it 

IS satisfied in Saint- Venant’s cases of flexure and torsion but 
not when there is an appreciable longitudinal or buckhng load 
(see our Arts 911* and 1361) 

En r^sum^, la theorie de M Kirchhoff conduit, dans le cas de tiges 
dont la contexture est symetnque pai rapport a leurs sections normales, 
aux vraies formules approchees de la flexion et de la torsion , mais elle 
rae parait reposer sui une hjpothfese douteuse d pmori, consistant a 
admettre que les sections normales, pnmiti cement 4gales entre elles, sont 
encore, sur une longueur time, ^gales apres les d^placements Elle a 
aussi I’mconv^ment de laissei parmi les quantites qu’elle neglige com me 
tiop petites, les actions tangentielles exerc4es, dans le cas de la flexion 
inegale, a travers les divers elements plans d’une de ces sections, forces 
qu il est cependant mteiessant d'4tudiei, puisque leui i^sultante est egale 
et contiaiie h, celle des actions exterieures qui produisent la flexion 
(pp 128-9) 

[1419] Boussinesq in the present memon endeavouis to 
amplify the labours of pievioiis ^ ^ i by a discussion of 

the following topics 

(a) He seeks to denionstiate that Saint Venant’s assumption 
(jy = 7' -^7^ = 0) is legitimate and necessary foi thin lods This is 
sumption \mounts to saying that the mutuil action of the fibies at a 
finite distance from their evtiemities is iinaiiibly diiected along then 
tangents The denioiistiation (and the lesulting equitions foi a tnin 
rod) Boussinesq considds the fundamental pait of Ins memon 

Jo le^ tvpose poui lo cxs gtiiu il on de's xetion^ quehonques sei nent 
appliqutes, non seulement des extiemites, mais encoie sui li misst 
entiue de li tige, et on celle c^ seiiit htttiOQtne nmc. Ho oa - 
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tnque par rapport k ses sections normales, et fonn^e de fibres qm, Isoldes, 
subiraient les mimes diformations latirales si on les soumettait k de simples 
tensions, produisant snr toutes la mime dilatation longitudinale (p 127) 

(6) The general equations for the stiain of a thin rod are given. 
These correspond closely to Olebsch^s results for Samt-Yenant's problem 
dealt with, however, on the supposition that the elasticity is not iso- 
tropic but the same for each cross-section see our Arts 1332 and 1360 

(c) Boussinesq pomts out a certain analogy between hydrodynamics 
and the torsion of prisms Another hydrodynamic analogy had been 
previously noticed by Thomson and Tait in their Trecbt'iBQ on Natural 
Ph%lo8oph/y^ Art 705 Oxford, 1867 

(cZ) He discusses (from the general elastic equations however) a 
problem already dealt with more fuUy by Seebeck, namely, the influence 
of rigidity on the transverse vibrations of a string see our Arts 471-2 

We will now consider these points in some detail 


[1420] After the introduction, which deals with the historical 
aspect of the problem, Boussinesq passes in §§ i and ii (pp 130-44) to a 
general discussion of the equations of elasticity and the expressions of 
the stresses m terms of the strains for various types of elastic media 
In the first section (pp 132-5) Boussinesq gives a proof of the 
relations of compatibility of the types 

' 

Id// ^ dCTjjgy d(Ty^\ 

dydz ^ dx\dy dz dm ) ^ 

d\f, __ ^Sy ^ (PSgi 

dydz dz dy^ 


first stated by Saint Venant see our Aits 112 and 190 

In the second section two special cases of distribution of elastic 
homogeneity aie considered, {a) when the medium is symmetrical about 
the plane yz see our Art 78 , (6) when the medium is isotropic round 
the axis of x In the latter case we may write 


^ — XO + 2/x'5jc, yz = /XCT-yg, 

+ l/Sjc + 

zz ” 4” vSjjj 4" xy — fx 


(11) 


Boussinesq by aid of these equations expresses the stiains in terms 
of the stresses (p 140) He fuither shews that if IF be the strain energy 
per unit volume 


dW 

_ dW ) 

ds^ ’ 

7 “> 

da-y^ 

dW 

dW 


11 


(in) 
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[1421 ] § III (pp 144—50) IS entitled l^i/ade ^une t%ge de Pt^ 
pMe secUoTb Gonsndera^na prilmmim/tm Boussmesq takes for hxs 
elastic body one which is sensibly cylindrical for a comparable 

with its transverse dimensions, the total length bang much greater than 
these latter dimensions He supposes Mie total shifts to be as consider 
able as one pleases, but the strains at each point to be mall 
represent the small shifts relative to some chosen point of any pomt of 
the small element of the rod bounded by two adjacent cross-sections. 
The plane yz is taken parallel to the unstrained position rslMvoe to the 
ehmmt of some cross section of the element All this is in practical 
agreement with Kirchhoff’s treatment see our Art 1257 Boussmesq 
considers the cross-section (cd) to have any number of cavities and that 
the contour of the cross section {s) may thus consist of several closed 
curves. Fuither the constitution of the material of the rod is supposed 
to vary from one point to another, very gradually along the axis of a;, 
but rapidly and even abruptly if desiied along oertam Imes m the plane 
of the cross-section Ko load is apphed to the curved surface of the 
rod, but only to the terminal cross-sections 

Boussmesq then proves the foUowmg identity, F, W bemg any 
functions of oj, y, which are continuous over w, and the same statement 
holdmg for then first derivatives, except along lines at which the material 
abruptly changes its constitution 

^dU ^dV ^dW ^(dV djr\) ^ 

the integrations extendmg all ovei the cross section (o, and X, Y, Z 
bemg the body forces This result easily flows from multiplying the 
body stress equations by TJ^ F, JF and integi ating by parts ovei the 
area of the cross section the sum of the lesults so obtained 

[1422] We now come to the fundamciital pait of Boubbinesq’s 
aigument (pp 148-53) I must confess that it by no means cairies 
conviction to my mind Boussmesq aims at demonstrating that 
Saint- Venant's assumption 

JJ” = "^ == JP = 0 (cc) 

IS practically true, or that these stresses aie negligible as compaied 
with the remaining three when no load is applied to the 
surface of the rod except neai its extremities The assumption 
(a) may possibly be incoirect for the parts of the lod verj ntai 
the extremities 

Boussmesq ’s aigument seems to be of the follosMng kind 
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Considering only portions of the cross-section where the elastic 
constitution of the material of the rod is continuous, it is natural 
to suppose the stresses here are also continuous But where the 
axis of y meets the surface 'SJ = ^ = 0, hence by Maclaunn’s 

Theorem (Boussinesq does not appeal to this theoiem, but I think 
there is an implicit assumption of it) we must have results of 
the type 



+ terms involving the square of the 
0 


linear dimensions of the cross-section 
Here y' is the distance of the origin of coordinates from the 
pomt at which the axis of y cuts the contour of the cross-section 
Similar results will hold for all the other stresses 5? , 

which vanish at certain points of the contour But to quote 
Boussinesq’s words 


*1 


Done, la section o) ayaut toutes ses dimensions tr^s petites, les forces 
Sy ne peuvent qn’^tre fort petites dans toute son ^tendue 
par rapport aux valeurs absolues moyennes de leurs d^riv^es premieres 
en y et is( (p 148) 

It seems to me that this argument fails because it does not 
state what are the quantities relative to which the y and z of the 
cross-section are small, y and z cannot be absolutely small In othei 
words exactly the same objections apply to Boussinesq’s theory as 
to Cauchy’s, Poissons and Neumann’s expansions of the stresses 
in terms of the coordinates of a point in the plane of the cross- 
section see our Arts 466*, 618*, 29, 75 and 1225-6 Boussinesq 
continues 


D’ailleurs la continuity, sui une longueur tinie de la tigc, des 
71^ JT, et de leurs dynvees en //, Zy exige que les derive es en x de 
toutes ces quant ites ne soieiit pas d’un oidre de giandeui plus clevc qne 
Tordre de ces quantit^s elles memes, si ce n’est toutcfois aux points 
voisins des extiymites de la tige, on plus gyndialenicnt, dc ceux on la 
constitution de la matieie et les conditions dans lesqudles cllc se trouve 
varieiaient brusqueinent dans le sens des x Si Ton fait abstraction de 
ces points tout paiticulicis, les deux deinicres cquitions (e)^ pom i out 
§tre reduites k 


dyi! dTz « dijz d'zz 

dy ^ dz~ dy ^ dz 


(V) 


^ This symbol refeis to the body stress equations 
1517 * 


see foi example oiu Ait 
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En ejQfet, si nous consid^rons, pai exemple, la seconde des Equations (c), 
les termes d^fdy, d^jdz pourront §tre, soit de I’ordre de da^jdx^ soit 
incomparablement plus petits, soit incomparablement plus grands. 
Dans les deux premiers cas, Jy et seront, d’apr^ ce qui pr^o^de^ 
negligeables par rapport k Sy, et Ton pourra poser en comparaison yy = 0, 
y^=0, dans le troisi^me cas, la seconde ^nation («) se reduiia 
sensiblement aux deux termes d^fdy, d^jdz^ car le dernier pY n^est 
jamais qiie de I’ordre de d^jdx Done on pourra poser toujours 
dpiildy + d^ldz = 0 148-9) 

The argument here is that yy and dyyjdy are of very different 
orders of small quantities, while ^ and d^jdx are of the same 
order I do not see what step m the reasoning hinders ^ from 
being a function of the form c sin y, say, which vamshes for y = ± tt, 
the units of the linear dimension of the cross-section being taken 
as small as we please In this case yy and dyy/dy do not seem to 
be of a totally different order, and it would therefore appear that 
Boussinesq's argument is not sufScient 

[1423 ] A.sfaummg Boussmesq’s conclusions as to the order of 
quantities, it follows that when the elastic distribution is symmetrical 
with regard to the plane of yz, the second fluxions with regaid to x of 
the shdes cr^g, o-ag., o-gay and the stretches Sy^ will be negligible as 
compaied with their second fluxions with regard to y and z This 
follows at once from the expiessions for the strains m terms of the 
stretches, if we remember the above relations between the ordei of the 
fluxions of the stresses Hence fiom the lelations of type (i) we have 

d^s^ _ ^ ^ _ 0 i \ 

dydz dy~dz^~ 

or, if Xii Xi arbitrary functions of x 

^«; = Xi+X2« + X32/ (vu) 

Putting U — Oy V=v, = in equation (iv), Boussmesq obtaiiib 
(p 149) by aid of (v) 

+ + 5 ^ cTyj,^ d(j) — 0 ("^ 1 ^^) 

Further by putting 

U-O, + ix « ) + (xiz/ + + kxiy") - . 

C'iX^y + ^ (xi“ + ix = + Xi~y) - iC'jx y . 

we fand (CJ? C T + Cj:) sjo = 0 (ix), 

wheie (\, C , 0^3 aic any constants whatevei 

Bv substituting for the stiaiiis m (viii), expiessmg the integral as 
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the sum with positive coefficients of the integrals of the squares of four 
ex|>ressions linear im the stresses 5^, «« and J?, a result obtained by aid 
of (ix), Boussm^q deduces that for a thin rod loaded only at the 
terminals ^ ^ 

Zy = ^ = = 0 (x), 

or, Saint-Yenant^s assumption see our Axt 1422 


[1424] Boussmesq in a later memoir has again returned to 
this point as to the relative magmtude of the fluxions of the 
stresses see our Art 1433 The supposition he makes m that 
memoir, namely that the variation of the stresses parallel to the 
axis of a rod or to the mid-plane of a plate is very small as 
compared with their variation m the plane of the cross-section of 
the rod or perpendicular to the mid-plane of the plate, does not 
seem to me established by the arguments used 

Si done on fait abstraction de ces regions restremtes, T^quilibre d^un 
crongon^ quelconque h fort peu pr^s prismatique pr^sentera cette circon 
stance, que les composantes des pressions et les d^foimations y seront 
sensiblement les m^mes, soit tout le long d’une m^me fibre long%iud%nale 
perpendiculaire aux bases du prisme, s’ll s’agit d’une tige, soit sur toute 
r^tendue d^une couche quelconque parall^le aux bases du prisme, shl 
s’agit d'une plaque Au contraire, les m^mes pressions et deformations 
vaneront en g^n6ral d’une mani^re tr^s notable dans les sens des 
dimensions transversales d’une tige ou dans celui de Tepaisseur d’une 
plaque II est d’ailleurs Evident que les actions exterieures dii ectement 
appliqu4es h la masse du trongon (y compris Tmertie dans le cas d’un 
^quihbre dynamique), et celles qui le sont a la portion de la supeificie 
du corps qui fait partie de la surface du trouQon, n’ont qu’une influence 
minime sui les forces toutes ces actions n’etant piesque 

nen en comparaison de celles qui agissent sur le reste du coips et dont 
I’ensemble donne lieu aux reactions int^rieuies Ix, J?, (p 164 of 
the memoir cited in our Art 1433) 


Foi the case of a rod this supposition leads to 

^ (^, Jy, = 0 


But Boussmesq shews that the nariower assumptions 


(iry, = 0, 


, (yy , y;r ) = 0 


are sufficient to lead to the same solution as that which wc aie 


^ A small pii&matiG element of the rod bounded by two adjacent cross sections, 
01 of the plate bounded by the faces and two pairs ot planes at light angles per 
pendieular to the plane face of the plate 
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discussing from the first memoir In fact they lead us to the 
results (6) of our Art^ 317, and these last results^ give us with 
some easy analysis (pp 166-172 of the second memoir) the results 
(vu) and (x) of the last article 

Saint-Venant has reproduced Boussmesq's argument, and in 
our Art. 318 we have already cited his version of it, expressing at 
the same time our douhts as to its sufficiency 


[1425 ] Changing the notation of Art 317 to that of our present 
discussion the last two conditions of (d) become 

dx " ^ dx ^ ’ 
dsy. _ d'^w db^ _ dH 
dz " (M ’ dy do^ 

Hence by (vii) 

d^v . . 


or smce x® Q'Ud Xs are mdependent of y and the second fluxions with 
regard to x o£ w and v may be supposed to be taken at the point 
y = z = 0 In the case where the curvatuie is small, we see that Xs 
and — Xs represent the changes in curvature of the central line in the 
planes zx and ooy respectively Thus 


1 


Xhy 


1 




(XI)' 


(see p 185 of the memoir of 1879), where Ry, aie the radii of curva 
ture m the planes sjct, xy, aftei strain, and R^ those befoie stiain 
Further Xi is e\ ideiitly the stietch of the central line of the rod, oi 5^,^ 
say Hence we liave obtamed a physical iiiterpietation of the as yet 
undetermined functions in (vii) Consideimg the portion of the lod on 
one side of any cioss section cu, let the moments of the applied load 
and the body forces on this portion loiind the axcb of a;, y and z be 
lespectively My^ then since (x) holds we have 


zdiii = Mu 


r 

■ j 'jplydiji — y 

j {1/72 — zTy) dui = 3 / 


(Ml) 


^ In the present investigation it is x in the investigation ot Ait 317 it is 
- which IS the piismatic axis 

’ The axes aie supposed to be taken so that a light handed scicw motion in the 
positive diiection of a; turns ?/ towards 2 , and so with cyclic interchange foi each axis 
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The eonditioDS (x) lead us as in oui Art 78 at once to 

■whence from (vii) we hnd 

My = lEtoK^yXg , iScoK^^xs? 

and if be the component parallel to the axis of x of the whole system 
of load and body-forces acting on one side of cd 

j ® ^Xi 

Hence Xi=-^/^^j X 3 =^y/^^^V Xs = “ (xm) 

These deteimine the value of and give in fact the elements of the 
solution of the problem of the tlnn rod so far as they are due to 
extension and jlexure Here Boussinesq has followed Bresse (see our 
Art 515) and tieated the cross section as having a density equal to the 
variable stretch modulus Thus the centroid is found from the con 
ditions 

r<o t<>> 

/ jEJyd<s)= I Ezdia^O, 

ie 1Sa) = J ^cfo>, j ?Eto#c/ = J EyH<i>y 

define IE, Ky and 


[1436 ] If we seek d and w from equations (8) of oui Art 78, we 
determine them to be of the following foim 


« = X5-X4® +i{«Xi» +(’7^X3 + «X’) {xiU + X^^+hXiU'\\ , 

M- = Xe + X4A' + Ww + (w + «Xi) y'\—n (xi» + xiy^ + ix2~) i ’ 


wheie X 4 » Xs? Xs undetei mined functions of x only 

Now the equations which still lemain to be satisfied aie the first 
body stress equation, oi 


dxi/ dzx d . y , V » ^ 

and the equation 

Tydz o\er the contour of the section 


(XV) 


If the values of o-;^, be calculated in terms of the fluxions of u 
and of the values of -y and w given in (xiv), and then J? be detc i mined 
from then values in (7) of our Art 78, we find a piitial difiliential 
equation for u involving only and X 4 , X6» Xb» simple lunctions of a;, as 
unknowns, together with a surface condition involving tht same quan 
titles Now these equations will not suffice to dctcimine the four 
unknowns, but Boussinesq on p^ lGO-1 shews that tiny completely 
deteimine the values of Ty and zx 
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[1427 ] In the special case where the elasticity and density are 
everywhere uniform and the body-force X is constant over the cross- 
section, Boussinesq works out completely the equations to determine ^ 
and ^ 

The load being applied only at definite points of the rod, F of 
equation (xm) is only a function of x in so far as it involves the 
body force X, and thus 

dFjdx = — pXo), 
or c?Xi/ ~ pXjE 

Further if Sy and Sf^ be the total shearing loads on eo parallel 
to the axes of y and z 


JSy = - dMJdx and 8;^ = dMyjdx (see our Art 1361, 

Hence dxii/dx = S^/FfuKy^ dxsIdx^SyjFwK^^ (xvi) 

Thus equation (xv) becomes 

d^ dzx S^z 8yy ^ ^ 


r I + 


M(-- 


whence we can take, if </> be an arbitrary function of y and z 

^ _d<j> Syy __ d<j> 

dz 2a)/c/’ dy 2(i)Ky^ (xvii) 

Turning to equation (7) of our Ait 78, we find 

Bxt! F" zx 
ef-h'h" ’ 

— It XV 

~ ef^'ir 

^ d ( dv\ d ( dw\ 

Tz V " dx) 

Hence by aid of (xvi) and (xvii) we find 

dy ^ ’ dydz d^ ’ dx 

+ s _ («y _ ]j jr) -JL - {ej - h h ") j -- I 

-V {^J 4") -W- '«') (X,...) 

This result is in agreement with Boussmesq’s (44), p 162, except that 
he uses thlipsinomic while we aie using tasinonuc constants see Ait 445 
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The second equation of (xv) gives us for the contour condition 

(“) 

Finally from (xu) we have 

, - /*> /d<f> d4> , , . 


On pp 162-5 Boussinesq considers the case of a section containing 
one 01 more holes The problem here involves the usual modifications 
due to cyclosis in dealmg with the function 

It will be noted that (xvm) and (xix) above aie more general than 
Saintly enant^s results given in oui Art 82 as equation (19) 

It will be remembered that Saint-Yenant finds for his flexural 
moment Jf, d^MId^^ = 0 see our Art 80 This follows at once from the 
second and third body stress equations which give, since Samt-Yenant 
supposes no body-forces ds^ldx=^0, d'^jdz=:^0 see our Art 79, 
equation (11) Boussmesq neglects the terms 

d^jdoQ -h pY and d zxjdx + pZ^ 

&econd and third body stress equations, for he says pF, pZ are of 
same order at most as dl^jdx and dzxjdx, and these he holds to be 
xxv.gngible as compared with terms like d'^jdy •^d'^zjdz see his p 149 
and our Art 1422 Now his analysis leads toyp = '^='^ = 0 Hence I 
find it difficult to understand how d'a^jdx + pT can be small as compared 
with dmjdy + d'^jdz unless we have absolutely 


dl^ 

dx 


+ pr=o, 


dx 


+ pZ = 0 


(xxi) 


If we take the exact assumptions of the second memoir (Ait 1424) 
dxy/dx = dTxjdx = 0, 

then F=F = 0, and Boussinesq^s apparently more geneial solution leads 
us again to Saint-Yenant’s, involving d^Mjdxr = 0 

But if F and Z be not zero then it is impossible to put 

2/y = ^ = =0, 

foi these quantities can (foi example at certain points of a heavy beam 
othei than those of external loading) be infinitely gi eater than xy 
01 see a paper by the Editor On the Flexure oj Heavy Beams, 
Quaiteily Journal of Mathematics, Yol xxiv , p 106 Thub so fai as 
Boussinesq’s theoiy is moie geneial than Saint Yenant’s, in that it 
appears to allow of body foices, I doubt its accuracy Let us make the 
additional assumption of the second memoir that such body forces have 
only a vanishingly small influence on the sti esses (p 164 of the second 
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memoir) We easily find by diffeientiating the first body stress equation 
-with regard to x and using (xxi) 

(djY dZ dS\ d^^ 

Now if the body forces are to be wholly neglected we have 
0, which leads to Saint- Venant’s lesults, or xd X 2 > Xs be 
all linear functions of x, whence by (xi) and (xiii) the axial shifts can 
only be algebraic functions of the third degiee in x, and either the load 
system, or the original form of the rod must be extremely limited If 
on the other hand the body forces are not zero, it appears that a certain 
1 elation must be satisfied between them and the surface load Tor the 

surface load and the body forces fully determine Xi? X 2 > Xsj hence 
(xxii) and (vu) give a relation between them, which as a rule wiU 
not be satisfied 

If we do not take = 0, but extremely small, then it seems 

necessary that Xi? X 2 xs should be extremely small, or the total 
longitudinal load and the changes of curvature very small , but it must 
still be remembered that m this case, even at pomts distant from the 
points of application of the external load, yj, ^ and although absolutely 
small, are not at every point necessarily small relatively to and ^ 

To sum up this part of Boussinesq's investigation It does not seem 
to sufficiently justify the ordinary assumption of the Bernoulli-Euleiian 
hypothesis (^ = 55 = = 0) foi the cases either of a sensible continuous 

loading or of body-forces, while in the cases in which continuous loading 
and body forces produce insensible effects, it does not bring out clearly 
that the stresses neglected can at certain points be of the same older 
as some of those retained , further it does not fully solve the difficulties 
involved m the result <P^ldx^ = 0j or what leally amounts to the same 
thing 

d^Myjdx - d^M^jdor — d Fjdoi? = 0 

[1428 ] Pp 165-76 of the memoii are occupied with a discussion of 
the shape of the distorted rod aftei the stiaui This is olitained by 
combining the shifts of shoit prismatic elements and should be compaied 
with the similar investigation due to Kirthhoff see oui Arts 1257 
et seq 

Pp 176-81 contain the ciiticism of Kirchhoffs treatment of lods, to 
which we have already lefeiied sec our Ait 1418 

[1429] §vin, which occupies pp 181-94, is entitled JDe 
composition de V action totale exeicee siu itn tion^on de la tige en 
SIX actions elementaii es qui pioduisent 7 espectivement 7ine exten 
Sion on une conti action, deux flexions egales, deux flexions inegales 
et une torsion This is an analysis into its component parts of the 
solution we have sketched in the above pages, and it resembles 
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Olebsch’s treatment of Saint- Venant’s problem in S 85-94 of his 
Theme der Elast%citai (see our Arts 1333-9) except that Olebsch 
dealt only with the equations for bi-constant isotropy and with 
the simple case of an initial straight central line 

Boussinesq points out that m the case of the flexure problem 
the dx^ldoo of our equation (xviu). Art 1427, is zero, when either 
(1) the cross-section has a centre of figure, or (2) the axis of z 
(or y) IS an axis of symmetry and the elastic structure is sym- 
metrical about the plane of zgg (or ccy) (p 188) 

Further since d'^jdx and d^jdco are either zero or negligible, 
it follows from (xvii), that d^jdz and dt^jdy are sensibly indepen 
dent of X, if Sy and 8z the total shears are constant , and hence 
from (xviii) that the like holds for dxJdx, which is therefore 
essentially a constant Thus for flexure in the cases of symmetry 
mentioned above dxJd^x) is zero, and for torsion since 8y and 8^ 
are then zero dx^jdx may be treated as practically a constant 
Boussinesq remarks that the case of torsion is the only one 
which requires us to integrate (xvm), for in the case of flexure the 
slides (Tayy and o-^x are negligible (pp 174, 186 and 194) 


[1430] The next section of the memoii (pp 194-204) deals niou 
especially with the general laws of torsion In this case and cr 
have always to be found by the integration of a diffdontial (({nation 
Putting the total shears 8y and aSV zero, and dxJdx - a const in t - r, w( 
ha\e from (xvii) and (xviii) 



d<j> 


^ df 


+ (r + A") 


dydz dz 


f2(./-A7( 


)t 


0 


(xxiii), 


while from (xx) 


M -- 







(X\]V) 


as lb exsily seen by iiiu iri irniir by pirts uid using (mx), whicli now 
giv(.s <f> a constant foi the coiitom , but tins const ml in \) In su|)pos( d 
incliid((lin th( viliu of (/> so th it 0o\cr tin (ontoui Boussimscj 
shews tint in the speei il c is( wlifu h' ■] h 0 (([uitions (win) ind 
(xxiv) aie itlit(d to tlios( for tlu stc idy motion of i viscous Hind in i 
tube, tl)( cross s( ction of flu tiilx being in oi tlioiron il pio)(<lion of (liaf 
of the lod, at le ist foi the e ise wIk n tlu eiobs S( etion consists of an ii ( a 
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without cyelosis (pp 195-9) The steady velocity of viscous 
corresponds to the of the torsional problem 

Boussmesq proves the following proposition (p. 199) 

Les forces exerc4es aux divers points d’une section sent partout 
suivant les courbes cp—coTisty qui seraient celles d’^ale vitesse dans^fe 
tubes, et elles sont ^gales en chaque point, par umtd de surfe^ h k 
de (f) smvant la normale men^e en ce point k la courbe qm y 

n e , elles ont la m^me expression que le glissement relata^ dima xm 
eux couches liqmdes adjacentes 

If then the curves ^ = const are constructed for equal 
ments of the constant, this family will in a manner reproduce the 
peculiarities of the contour, but members of the &mily 
in general be closer together along a short than a long diamete 
Hence the stress which varies as the constant mcrement of ^ 
divided by the perpendicular distance (dn) between two adjac^t 
members of the family will m general be a maximum upon 
the shorter diameters of the cross-section Further ^ is in 
general a maximum at the central parts of the section (hence 
d<f>ldy = 0, d^jdz = 0 there), and thus at these parts the stress is a 
minimum, so that we should expect d^fdn to reach its maximum 
value at points on the contour, but by what precedes these will be 
the points on it nearest to the centre Boussmesq goes further 
and demonstrates on pp 200-2, that the components d^jdy and 
d(j>ldz of d<j>/dn cannot be maxima or minima m the intenor of the 
cross section 

Boussmesq terminates this portion of his memoir by a discus- 
sion of the modifications introduced into the torsion moment when 
theie IS cyclosis of the cross-section, le when the rod contains a 
hollow This case is of special interest from its application to the 
theory of flaws m bars see our Ait 1348, (e) 

On pp 204-9 he records the cases in which solutions of the 
torsion or flexure equations have been obtained, citing the results 
of Saint- Venant see our Aits 18-42 and 83-97, and refemng to 
that of Clebsch for a section bounded by confocal ellipses in a 
footnote on pp 209-10 see our Art 1348, (e) 

[1431 ] § XI of the memoii (pp 210-26) is entitled Exemplet 

divers dequihhrp et de moumment (Ev/m hge ^echligne dont let dejut 
7 mit%ons totales sont tie^petites In this section Boussintsq deducts 
fiom the geneial equations of the earlier part of his memoii the special 
equations for the longitudinal, tiansveise and toisional \ ibiation-s ot lods 



200 


BOTTSSINESQ 


[1432— 14Sf 


He deals also with oases m which a mass or masses are attached to a 
vibratiiig rod He does not integrate these equations, but refers on 
this point to the special mrestigati^s of Naner, Poisson, Poncelet, 
Saant-Yenant and Phillips see our Arts 272 -3 ,466 -71 ,577 -81* 
988*-92* 104, 203-23, and 680 


[1432 1 § xir of the memoir (pp 226-40) is entitled J^tude dvm 
t%ge rectJigm sowimse h um tractnon crnMnewre cmc dtplac&rn&nAa 
Ydyrafum des cordes en tmmt compte de la rig%d%t& Boussinesq cites 
from his memoir on liquid waves (see our Art 1442) the results he has 
obtained for the body-stress equations when there exists a considerable 
imtial stress He wks out the particular case of a single initial 
traction So, and develops at considerable length the form taken by the 
equations of the earlier part of the memoir, when this initial stress 
exists m the diiection of the axis of a rod He applies his general 
results to obtain the equation due to Seebeck for the vibiations of a 
sh-rhtly stiff string (see our Art 471), and he deduces the result (u) 
of '’our Art 472 for the case ^=l with a slightly different form of 
statement, mz the effect of the stiffness of a string upon its fundamental 
note IS the same as if its total tension P weie increased from P to 

p + ^ or the stiffiiess produces a constant increase in the apparent 

tension Since E is not sensibly changed by large tensions approaching 
even the rupture stiength, we see that this law of increase holds for all 
variations of P which do not produce great changes in u> 


[1433 ] The above memoir by Boussinesq is by no means easy 
reading and it does not appear to me to possess the clearness and 
conclusiveness of parts of his latei work It seems well to take 
in conjunction with it a supplement written in 1(S70, but first 
published in 1879 It IS entitled Complement <) une (tade de 
1871 s?/r la tldoiie de Vequilihe et da inoavement des solides 
ilastiques dont cei tames dimensions sunt ties pctitts pai mppoitd 
d'autres The first section of this pipci cotil sonu ^rcncial 

remarks on the negligible terms in tlu < <juilihi nun i <|u itions foi 
plates and rods, and the second ind thud mi lions (h ding with 
rods only were published in tin foaimtl dt matJa maiupits T V 
pp lGi-94 Pans, 1879 

[1434] The first two sections (])p lh]-<Sl)w( h i\e ])i ic tnall}' 
dealt witli in our ( onsidciation of the c uln i nu nion si ( oui Art 
1424 We mxy note, however two oi thue iddition d poinb 
which occur on pp 179-81 

(a) To i first apiiioxnnation, oi on tin supposition (A) of oiu Ait 
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torsion, or on the existence of the con]^ For in ilm case 
functions Xi» Xaj Xs l>ecome absolute constants and theiefee bj (xm), 
Sfi and Sy are zero This should be compared the ratter ^^agnar 
statements referred to in our Arts 1427 and 1429 

(h) The strains Sy, and <ry^ are entirely indepen<tet of 3f^ or tte 
torsion while altering the form of the cross section does not alter ite 
form of the projection of the cross section on a plane perpendicular to 
the central line 

(c) From a slight extension of (h) Boussinesq proves geom^ricaily 
the theorem demonstrated in our Art 181 (d)y namely that the 
amount of torsion is produced when the same couple twists the rod m 
pnsm round any axis whatever parallel to its centr^ a-Tna- 

[1436 ] Section ill of the memoir (pp 181-94) is entitled 
Apphcation d la thAone des tiges Boussinesq remarks that tfie 
theory in which the relations = ^ = hold, applies in 

absolute rigour only to prismatic rods of length infinitely greater 
than the linear dimensions of their cross-sections It may, m 
practice however, be applied with considerable exactness even to 
rods the central line of which is a cmve of double curvature 
and this application Boussinesq proceeds to make in the following 
manner 

Let y and z be the pimcipal axes of any cioss section, and x the 
tangent to the central line at this cross section , let s measure an arc of 
the central line from some fixed point up to this cioss section, and s + Bs 
to an adjacent cioss section, let a^dh be the angle between the principal 
axis y in the cioss section at s and the projection upon this cioss 
section of the piincipal axis y in the cross section at s -i- 85 , let and 
R^ be as before (see oiu Art 1425) the radii of cur\ature in the planes 
of and %\jy all befoie strain Let the coi responding quantities after 
strain be a, R^ and and let s ® be the stietch of the cential line at 6 
Then a - is veiy nearly equal to t the xngle of toi'sion at 6, and if Q 
be the total thiiist on the cioss section at i», 1 /^ be the torsional couple, 
My and be the bending moments in the plane's x and ly lespectiveh 
\\e have (see oui Ait 1425) 

Q = ~ ‘?£coi» U = VO} (a - a, ), | 

(i- 4^) • ’'-*»■ Q -]-•) I 

where v is a constant to be determined from the solution of equations 
(xxiu) and (xxiv) To desciibe the whole system of force upon i 

1 ± 


T E PT II 
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particular cross-section we req^uire besides these quantities to know ti 
total shears Sy and Sg parallel respectively to the axes of y and 
(p 185) Boussinesq further subjects the elementary prism of lengi 
ds to certain external forces 

J’appellerai p la density moyenne pnmitive du trongon, dont la mas 
vaudra par smte pwc?^, et je d^signerai par pXads, p Tods, pZods les comp 
santes totales des actions ext^neures dont il s’agit Quant k leurs momen 
par rapport k Oy, Oz, les deux forces pYods, pZods, dont les bras de leva 
seront comparables k ds, n’en donneront que de n^gligeables, et ceux de pXo 
seront en g4n6ral msensibles, surtout si les composantes longitudmales < 
Taction ext^neure ne sont pas distributes trop mtgalement de part et d^aut 
du centre de gravitt des sections L’autre axe Ox ttant parallkle k la for 
pXods, il y aura seulement k compter le moment des actions exttrieur 
transversales par rapport k Taxe Ox ou k Ttltment ds de fibre moyenn 
j’appellerai ^po^ds ce moment, dont sera en quelque sorte la valeur p 
unitt de masse, valeur comparable k la force qui le produit multiphte par i 
bras de levier de Tordre des dimensions transversales de la tige ou de Tord 
deV®(P 187) 

The general equations of Statics will then give us relations betwe< 
the values of My, Mg, Q, Sy, and Sg corresponding to the cro 
section at s and those corresponding to that at s + 8s Boussine 
confines his attention to the following cases 

(a) Shghtly strained rod, originally without tortuosity and stiaigl 
1 e tto = 0, = 0 Boussinesq finds, pp 189-90 


dQ y 

dM^ 8 \ 

d^ 



n dM, 

dx ’ 

If 

\ 

f 

(xx\ l) 

dSi, Q Y 

dR Q 

i 


These lead to 




dM Q 

d M„ Q . ^ 

, - ; 1 imZ 0 

dt h„ 

(xx\ 11 ) 


Tn the case of a negligible total thnist Q, tin list loin k suits 
(xxvi) give us the well known lesults ot (h i])hi( il Stilus, th it t 
sheai curve is the sumcuive of th< loidcuivi, xnd tlu Ik nding inonK 
cuivc th( sumcuive of tin sIh u cuivi Tin t<ims Qjli nid 
will not, liowiAer, as lloussincsq iimaiks, lx in g< n< i il mgligihli 
compiled with d^Jdn ind dH jdn Tin \ ( innoi, foi < \ iniph , 
iKghctfd in Ccisis of lougitmhiiil tinsion, oi igiin in tliosi of Imckl 
iction 

{J}) The lod IS syninutncal with iigaid to a }>! im nid s\ 
nictiically strxinid with logsid to this pi me 
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Let the plane be that of ay, then cu = 0, -K„<' = 0, a = 0, if. = 0 
0, 5*= 0, Z= 0, and we find ’ 


These give 


dQ y. S, 


dS„ 


y 


dM, ^ 

ds 


/ 


ds 


+ |--p.r.o, 


1 dM^ 

By ds 


- piaX = 


\ 


0 


(rsTOi), 


(xxix). 


The results (xxv) substituted m either (xxvu) or (xxix) detemime 
for cases (a) or (h) the form of the strained central line, ne. the so-called 
elastic line 

Boussmesq remarks (p 192) that the thrust Q and the bending 
moment enter into both the equations (xxix), and in such fashimi 
that one cannot be made zero without the other bemg in general com- 
pelled to satisfy two incompatible equations It is usually impossible 
to set up longitudinal without transverse vibrations or mce versd m a 
curved rod This point had already been noticed by Eesal for the 
case of a lod with a ciicular central line in his Trmti de Mecamqm 
ginerale, T n p 153 


[1436 ] The above investigations only determine the total shears 
Sj, and If it be required to determine the stresses Tv and then, 
for a rod only moderately bent, the formulae and equations of our 
Arts 1425-7 may be safely applied to a second appioxiination, — 
the first approximation bemg considered as that m which these 
stresses are neglected altogether As a case m which the flexure 
slides cr^y, cr^ could be worked out Boussmesq suggests the problem 
of a small torsion applied to a lod under considerable flexuie (p 194) 
Boussinesq^s results for lods of double cm\ature should be compaied 
with those of Saint Yenant and of Biesse discussed in oui -^rts 
1584*-1592* 1597*-1608* and 534 

In a footnote at the conclusion of his memoii Boussmesq lefers to 
Thomson ind Tait’s Tieat%be on Naiuud Philobojdig^ Arts 702-3 
where they deal with the case of a constrained torsion, which tlie^ 
term simple toosiooi 

[1437 ] (i) Etude nouvelle sm Vequihhe et le mouvement des 

€07 ps sohdes elcntiques dont cei tames dimensions sunt ti^s petihs 
pai lappoit () dualities Second Menwtie Des plaques planes 
fouinal de matheniatiques^T xvi pp 241-274 (see aKo (^omptes 
lendm T ixxii pp 449-52) Pans, 1871 
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(ii) OompUmmt ci une 4tvde de 1871 sur la thione de V4qm- 
lihre et du mmvemmt des solides 4lasttques dont certames d%mm- 
s%ons sont tr4s-pehtes par rapport d d’autres Suite iv Equations 
d’dqmhhre d'une plaque Journal de tnathimaUques, T v pp 
329-44 Pans, 1879 

These, the second parts of the memoirs of 1871 and 1879 
respectively, deal -with thm plates, the results of the first are 
apparently supposed to hold only for plane plates, but those of 
the second are considered to be true also for curved plates or 
shells The two papers are best dealt with together 


[1438 ] If the axes of a), y he m the tangent plane to the mid 
of the plate at any point, then Boussmesq takes in his first 
memoir (p 246) 

■« = 5* = *x = 0 (i), 


so obtains the remaining stresses as linear functions of ^yi ^xy 
takes 

^ = K -h PSy + P ^xy)i 

+ PiSy + O-zcy), 

^ = jfiT {ySx + y "t y ^xy)i 


where p, P', jS", 7. 7^ v" independent of * but can 

vary with x and y, while Z is a function, continuous oi otherwise, of s 
and may vary very slightly with aj and y 

The generdl investigation is similar to tliat adopted by Saint Vtnxiit 
(see our Arts 384-9) In the case, however, of elastic isotropy 
paiallel to the mid plane of the plate the II of equation (vi) of our Ait 

385 IS equal to Kzd% m Boussinesq’s notation, whcie - € , c" are 

the values of 2 ; at the suifaces of the pi ite, and an supposed to be 
slightly variable with x and y 

The contour conditions at the edge of tlio j)l ito in reduced to two 
(pp 250-1, 257-8) in the same manner is hid bu n puviously adopted 
by Thomson and Tait, although Boiissincsfi indepf iidt utly discoveied 
the metliod see our Aits 488*, 394, 1440-1 ind 1522 4 


[1439 ] Boussmesq on pp 2G8-74 of tin lust immoir consideis 
the efiect of great initial stiesscs piialkl (o tin midpliiK of a ])lane 
plate He deils especially with the case ot i tightly ind uiiifoimly 
sketched membiane, the notes of which aic mflui iil( d by its stiflmss 
His results m ly b( easily deduct d fiom oui Aits ^S4-5 and ibO In 
Art 390 put Tfo = and TJ,," 0, tlun (vi) ot Ait 585, having 
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regard to (m) of Art 384, may be written for the case of a vibrating 
plate of density p 





(d? 


V da? 


3 • 

\ds? 





Assuming the last term on the right in the case of a slightly stiff 
membrane to be small as compared with the first, we may suppose 
solution still to be of the membrane type 

Wo — ^W^{Ai cos mifxt + sin 
where a® = Q/(2€p) and 

Substituting in small terms we find (ii) may be written so far as 
terms in 7n. are concerned 




/dSo^ d?w; 
3 ) Ua? 


or, the effect of a slight stiffness in the membrane is to increase the 
apparent tension in the case of a note of peiiod ^Trjm^a by the amount 
see our Ajt 1300, (c) 


[1440] The most unsatisfactory part of the investigation 
undoubtedly lies in the assumption (i) of our Art 1438 

7^ = =:yz = 0, 

and this point is discussed more at length in the second memoir 
The investigation of the second memoir has been reproduced by 
Saint-Venant in a somewhat modified and simplified form see 
oui Arts 385-8 Neither the arguments of the original memoir 
nor of Saint-Venant’s modification seem to me convincing, especi- 
ally for the else of cuived plites oi shells see in particulai 
GUI Alt 1296 bis Boussinesq m the course of his memoirs refeis 
to the reseat dies of Navier, Poisson, Kirchhoff and Gehring see 
our Arts 258^, 474*, 1211, 1292 and 1411 In a footnote at the 
end (p 344) of his second inemoii Boussinesq acknowledges that 
Thomson and Tut had pieceded him m giving a tiiie t\phnatioii 
of the difficulty as to the contour conditions in the cise of a plate 
(see our Aits 488* and 394) He furthet lefeis to his contro\er'.\ 
with Levy (sec oiu Art 107), which wmuld haidl} ha\c allien 
had Thomson and Tait’s Fieatise been bettei known in fiance 
see our Arts 1441, 1522-4 and Chaptei \i\ 
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Oa the last pages (pp 342-4) of the second memoir are some 5 
interesting remarks upon Saint-Venant’s principle of the elastic I 
equivalence of statically equipollent systems of loading see our ' 
Arts 8. 9, 21 and 100 

[1441 ] In the Journal de mathdmaUques (T ill pp 219-306, 
Pans, 1877) will be found a long memoir by Maurice Ldvy 
entitled Mimovre sur la ihSone des plaques dlashques planes, in 
which the author questions what I have termed the Thomson- 
Tait reconciliation of Poisson’s and Kirchhoff’s contour-condi- 
tions for a thin plate, attnbuting that reconciliation, however, 
to Boussinesq see our Arts 488* and 397 The authoi works 
out with considerable fulness of analysis a solution for plates of 
finite thickness, and endeavours to shew by means of his solution 
that three contour-conditions are in general necessary for every 
elementary stnp, and that the terms neglected by Poisson involving 
cubes and higher powers of the thickness (see our Arts 477*-9*) 
cannot in general be neglected What L^vy does is practically 
to introduce terms into the sti esses which in certain cases may be 
made to allow for the local perturbations produced by the replacing 
one statical system of contour-load by an equipollent one This 
replacement is essential to the Thomson-Tait reconciliation and 
IS legitimate for thin plates owing to Saint-Vcnant’s geneial 
principle of the elastic equivalence of statically e(][uipollent load 
systems But it is certainly of importance to measure the amount 
of the local perturbation due to the replacement This liad been 
piactically done by Thomson and Tait in their Tieatise in 1867 
(see our Art 488*), and theiefoie a lediscussioii of the Kirclihoff- 
Poisson boundaries conditions in 1877 was sumewli it late 

L(^vy’s memoir, however, led to a controversy with Boussines(|, 
which will be found in a senes of articles in the Comptes lendusy 
as follows 

(1) J Boussinesq ft < ou(httoits (ta I Itnitti s ddus h pnMtim 
lies plaqiKb dastiquob, T 81, pp 1117-0 i*uis, 1^77 (Points out 
til it Levy’s teiins give only eeitain local p< ) fa'ibdtioiiSj ic uu not 
s( usible far f i om the contoui ) 

(FT) M Levy Qmhpus obst'i oatioos ua snjd d'ano Nof< (b M 
BoubSinebq Ibid [)]> 1277-80 (Asscits th it IIk eontour lo id might 
pioduee lupture in one case, though it might not win n it was replaced 
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by an equipollent statical system, and that therefore the repiaoeanent 
cannot be elastically legitimate ) 

(III ) J Boussinesq /SW la gu&shon des ccmdilions sp^sholes a/a 
cordouT des 'plaques %lajst%ques^ T 86, pp 108-10 Pans, 1878 (Poants 
out very forcibly that both L6vy and Poisson Imve already reduced 
their contour conditions to three for each generator of the edge instead 
of three for each point of the generator, and so have already apphed 
that very principle of the elastic equivalence of equipollent loa^ the 
truth of which L4vy is disputing ) 

(lY ) M L^vy Qudques ohservatwm swr une n/uyumUe Note de 
M Bou8s^nesq Ibid pp 304—7 (Accuses Boussinesq of ‘‘obscuring 
by empirical considerations an extremely clear question” and assets 
that “his ‘incontestable principles’ cannot prevail against the funda- 
mental principles of mechanics ” The statement is repeated that the 
so-called perturbations are not local to the edge, but occur throughout 
the plate ) 

(Y ) J Boussinesq Sv/r les cond/itiOTiB spec/iales au contcmr des 
plaques Ibid pp 461—3 (A temperate reply to lY pointing out 

that the terms introduced by L4vy are of the order e where 2c is 
the small thickness of the plate, and n an element of normal to the 
contour Hence they vanish at a small distance from the contour 
Further these terms would vary with every distribution of the load 
along a generator of the bounding cylinder of the plate Thus there 
would be an infinite number of solutions satisfying Poisson’s three 
conditions and yet diflfering from each other as much as they differed 
from Kirch h off s solution Thus Poisson s conditions do not really 
sufiice to determine Levy’s teims.) 

The whole controversy might have been avoided by an early 
investigation of the order of Ldvy’b terms, such an investigation 
had been given ten yeais previously by Thomson and Tait see 
our Arts 1522-4, and Ohaptei xiv 

[1442] Theoiie des ondes hquides pei lodiques Memoiies 
ptese/iUs d I’Acadenne des Sciences Sciences matheniatiqueb et 
physiques, T XX pp 509-615 Pans, 1872 This memoir in as 
presented to the Acadentie, April 19, 18G9, with addition'^ ot 
Novembei 29, 1869 and September 5 1870 Poitioiis only cun 
cein our present inquiry and we will lefer to them briefly here 

[1443 ] § 1 (pp 513-7) IS entitled Equations des mouienientb 

coidinus dun milieu quelconque Here Boussinesq consideis the tNpe of 
body stiess equation which aiises when the squares and pioducts ot the 
sliift-tiuxions cannot be neglected, see our Arts 1017^ aid 234 
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He shews that if $ be given by 

l^e=(l+u^)(l-^Vy) (l+w^)-v^Wy(l+u^)-w^u^(l +'yy) 

- (1 + w^) + UyV^w^ + 

then n being any element of volume 


dt 


“ n=n„(i + ^), 


1 e IS the dilatation 

The body stress equations are then shewn to be of the type 




dm 

dd 

dm dB 

dm 

de 

dx 

du^ 

d/y duy 

~d^ 

dug 

dm 

d6 

d'm dB 

d'm 


dx 

do„ 

dy dvy 

dz 

do^ 

d'm 

de 

d'm dB 

d'm 

dO 

dx 

dw^ 

dy dWy 

dz 

dw/g 


/ 

p bemg the primitive density 

If the squares and products of the shift-duxions can be neglected, 
this becomes 


dm 


/dm 


dy 
dm 

\dx "dy 


d'm 

d'm 

+ y- + 

dy 


dx 

/dm 
\ dx 



wheie 6 -Uy>-\-Vy-\-w 

If the fluxions of the sti esses aie thcmsdvcs so sin ill tint thou 
pioducts with the shift fluxions may be luglcckd, wc obtun the usual 
body sti tbs equations ot elasticity 


[1444 ] Note 6 (p[) 5S4— 601), ou sont (l<(hli(s dts nhUionii 

(jenoedeb et iioucelleb enUe I'eneiyio interne c^iiu ( 07 /;s, fhiide on bolide^ 
et stb p't ebbionb ou foiceb ekibtiqneb This Note gives tlu geueial ida 

tions between the stiam energy and the sti esses of i nudiuni In 

a footnote (pp 585-6) Boussinesq refeis to Raiikinc’s iiitioduction of 
the teim potentitd energy and discusses the internal poU ntial ( neiqy oj 
a 'iiiodmni The object of the Note is leeited in the following words 

Li methode employLe an piixgia[)lie 1 no doiiiio ])is seulcinont les 

equations exaetes dcs inouvcments eontinus dts eoips elastiques, isotiopes ou 
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h^t^rotropes, solides ou fluides , elle peimet ^core, lorsque la t^peratee de 
oes corps est suppos^e assez voisine du z6ro absolu pour qu^on ptwsse, le 
calciil des actions mutuelles de leurs molecules, feire abstracteon des hkkiv©- 
ments vibratoires d’amplitude insensible, on cidonjSques, et aassi, 
autre cas tr^s g^ndral dont nous alloi^ parler, d^expnmer compl^tement leors 
forces 41astiques en fonction des d^nvfe parfeieUes des d^placements 
par rapport aux coordonn^es primitives y, ^ de celks de lenr ^oocgie 
interne par rapport k six variables dont cette 4nra:gie d4>6n(i En supposant 
tr^s-petites les d^nv^es partielles de % w en y, s, les r&nltats an^ 
obtenus sont d’accord avec ceux que foumit une mJtbode bas^ snr le calcul 
des vanations, et que M de Saint venant a employee (p 584) 

See our Arts 127 and 237 

The other very general case refened to above is that m which Ihe 
elements of volume into which the medium may be divided, have 
primitively any temperatures whatever, are rendered afterwards imper- 
meable to heat, and have their temperature a function at each instant 
only of the actual form and dimensions of the element at that instant. 


[1445 ] Boussinesq represents the mtemal potential energy, ne. 
strain energy, by ^ and obtams nine relations typihed by the following 
three 

^ dO ^ dO ^ dB 

du^ dVfa dWgo a%’ 

^ dO ^ dO ^ dO d^ 

XX -= h xy -x h xz -z — = -y— , 

dUy dVy dWy dUy 

^ dO ^ dO ^ dd d^ 

XX , + 7 xz , = - 1 — 

du^ dv^ dw^ du^ 

Solving these equations for Ty, we have 

^ 1 r , . d^ d^ 

1 + (9 r ^ du^ ^ ’ 


\ -v 6 du^ ^ dn,, du | ’ 


Boubsmesq now lemaiks that ^ does not in icilit} depend upon the 
i7ie shift flux loiib but on the three sti etches and three slide c{}i???ies 
ee our Art 1621* 

These are given by the tyjies 

4 =- 1 + ^(1 +«,)” +®c + *» ) 

Uyll + (1 + ly) 0^ + (1 + i«j) IC„ 



210 


BOUbSINESQ 


[1446 




Boussmesq now introduces a new set of variables counected with 
the stretches and slides by relations of the type (see our Art 1622*) 


^aj ~ ^ 1 + 2 €j 


'Qw 

J{\ + 2€j,)(1 + 2€^) 


He then finds sti esses of the types 

/ifi/ifi = ■ " I —r “ 


„ „ c^4> ,, . . .“I 

1 rd^ d^ ,, , <f4> . 




d<b 


{(1 + V„) (1 + W,) + V^V}y\ + + «» (1 + M’^)} 


wheie 


+ ^ {«»% + (1 + «’») , 

1 1 / \ 

= 1^7, d^ ^ ’ 

__ 1 

^y) ^^y<i 


On the substitution of these latter lesults in the foirner we have 
expiessions for the stresses in terms ol the differentials of <J> with 
regaid to the six stiains 


[1446 ] Suppose the shift-flu xions aie so suiill that their pioducts 
may be neglected, then the slide cosines c become the slides o- and the 
equations reduce to 


ix = (l-Sy- O “ 0 -^) + {2ii^, cr „) 


' dor 


d(r 


d<P 


^ . d<P d^ d<P 


d^P 

d(T I 


Boussiiiesq next issunus 4> to be of tin lullowin^ tonii 


- const + -djs + -4 s^, H- d,s 1 y>Vry/ I <r I „ l <I’i 

wlicu <1>, IS a liouiog( noons function of tin sicond d(gi(( lu tlu sti ini 
coinpontnts, and 4j, A , tIj, 7/^, 7/, 7), a!( tlu prmntivi dilh n nti ils 
of ^ with K s}H ct to 6^ , 5 ,ic its difh i( nti ils wli( n tlu K js/iio 

sti am Wc find 

^ = Ai{l-Vii-wJ)+B„{u^-wJ)- 7ij {v^ - u„) H , 

71 y>, (1 - - v„- to ) + A w„-{- A V -f B V -I- B tb i 

d(j„ 
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These results agree with those obtained by Saint- Venant, if it be 
noted that he takes 

$ = const + A^{s^ + K ")+ ^2 K + W) + ^3 (Sz + K*) + (1 

which gives 

"^A^y +A2S^ ) (^y "t" ^«) + S^iTggj (s^g-h 

and leads to his formulae see our Arts 237-9 

In § 6 (pp 594-7) Boussinesq gives a geometrical mterjMretaiaon of 
the derivatives of <J>, which he considers renders his mode of dealing 
with the problem more satisfactoiy than those of Samt-Venant and 
Cauchy (p 599) 

A somewhat different mode of mvestigating the same problem is 
given on ])p 599-604 Boussinesq assumes that the stresses are linear 
functions of the nine strain fluxions, and then investigates what form 
they can possibly take so that the motion of the body as a whole 
not produce stress across any plane withm it 

[1447 ] Recherches sur les pnncipes de la M6ocm%que, sur la 
constitution moUoulaire des corps et sur une nouveUe thdone des 
gaz parfaits Journal de matMmatiques, T xviii, pp 305-60 
Pans, 1873 This memoir was presented to the AcadAmie des 
Sciences et des Leitres de Montpellier on July 8, 1872, and published 
in the M^moires for the same year, T viii, pp 109-56 See 
Notice I pp 62-3^ 

There is much in this memoir which is suggestive with regard 
to the molecular and atomic constitutions of bodies and the 
relations of these to thermal and cohesive properties The 
paiticulai molecular hypothesis adopted by Boussinesq embodies 
the assumption of modified action (p 307 see our Arts 276, 305), 
but it supposes that the accelerations of the various material points 
of an isolated system are solely functions of their actual mutual 
distances Boussinesq s irguiiiLUis in favour of this do not seem 
to rne at all conclusive (p 313) It does not appear how far he 
intends to take the ether into account in ins isolated system of 
material points, but I have indicated elsewhere that at le ist 
one moleculai hypothesis leads to mtermoleculai action being a 
function of the velocity of the molecuks lelative to the ether, and 

^ In the Anahjbc siiccincte baint Aenaut wiites of this memoii 

Cest une synthese (lue M Boussintsci a entiepiise oomme out fxit tl auties 
esprits t^leveb II eu tiie unt toule d explications de ] iidicieusetj difetinctioiib, tt une 
throne des f,az parfaits Maib la nccessite ou li ebt de lane qudiiues h\pothesefc. 
nous ddteiinme noub abbtemi d ajouter ce vafateebsai a seb nombieux titles ip 18 ) 
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thas the accelerations of the material points being functions c 
the velocities or indirectly of relative distances (see Lond Mat) 
Soc Proceedings, Vol xx, p 297, 1888) Further Boussines 
supposes (p 327) that the action between two atoms of the sam 
molecule does not depend in an appreciable degree on the distance 
between atoms belonging to other molecules, but this again seem 
to me doubtful in the case of ^kin ’ atoms in different molecule 
the equality of the free periods of which renders it very probabl 
that they largely influence each other’s action (see America 
Journal of Mathematics, Vol xiii, p 361, 1890) 

With suppositions such as the above, Boussmesq, starting fror 
the prmciple of energy, deduces various principles of thermo 
dynamics, elasticity, fluidity and melting Thus laws attribute* 
to Gay-Lussac, Manotte, Joule, Eegnault, Delaroche and Bdrar 
are deduced without appeal to the kinetic theory of gases a 
propounded by D Bernoulli and developed by Clausius 

J’esp^re que la throne nouvelle paraitra 6tay^e sur des suppositiou 
en momdre nombre et plus vraisemblables (p 310) 

It does not appear that Boussinesq’s theory would admit c 
that interchange of atoms between the molecules of a soli* 
which has been supposed by Maxwell and other physicists to b 
continually taking place 

Je supposerai I’etat chimique du corps assez stable poui que le 
positions lelatives moyennes des atonies qui composent line mem 
molecule restent a peu pi^s les memes durant tons Its phcnomcne 
etudi^s (p 327) 

Thus in this theory the cncigy of atomic inovcnicnt is inde 
pendent of intermoleculai distances, while the eueigy of inoleeula 
movement depends solely upon intcimolecul n (list uic( s (pp 32S 9 

[144-h] llie pait of the incinuii most closely eoiiiKeUd with on 
subject IS ^ VIII (pp 350-5) entitled AcUou umIu (ilam dans nn iuip 
isot'iope, solidite ct fiuidite This m ittt i is ilso (listuss(d in i p ipt 
entitled Note sai I actioyi ^ecipioqae de denx ninhcahs ample 
)endiis, 1 Lxv, pp 44-6 Pans, lb67 

Boussmesq stilts with the axioms that intt i moh eul ii font nius 
depend (i) on the initial distance Ixtwetn twt) inohiules iiid it 
diiection, (u) on the inauiui m which iiliti\( moh eul ii displ u < incut 
vary thioughout a small icgion enclosing tin two inohculcs The 1 itte 
condition is that which wc liavc calhd the hypatJn sib of \nodiJud (utiOi 
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(see our Arts 276 and 305) and leads to bieonstant formtike m 
case of elastic isotropy Boussmesq obtains a type of mtennoleeular 
force fiom his axioms which would lead to bieonstant formulae and to 
constant initial tractions “qui repr^sente chez les flmdes la preesimi 
dans r^tat pumitif ” ((7 ^ p 46) He does not discuss their meaning 
in the case of an ordinary elastic body 

The type of intermolecular action found for two molecules whose 
distance r has been inci eased by a small distance Sr is of the form 

p r 

where, p being the density, -Sp/p is the dilatation, £ and O are 
functions of r This he considers can be thrown into the form 

€l>^F{T + Br, p + 8p) + i^i(r)~, 

where F and F-^^ are certain functions Of this result he writes 

Amsi, dans un milieu isotrope pen 4cart^ de son ^tat pnmitif d’^quilibre, 
Taction mol^culaire se compose de deux forces Tune, que j’appelleGrai de 
premiere espfece, ne vane qu’avec la distance actuelle des deux mol^uks 
consid^r^es et la density actuelle du milieu , la seconds, que j’appellerai de 
deuxi^me esp^ce, depend de la distance pnmitive des deux mol^ules et du 
petit ^cartement qu’elles ont subi k T^poque actuelle (p 352) 

The ‘actions of the first kind^ Boussmesq considers build up the 
elasticity of fluids The ‘actions of the second kind * aie what constitute 
solidity Boussmesq appeals to expenence (p 353) to shew that the 
actions of the second kind vanish for latios of S? to r exceeding certain 
very small positive values The disappear ance of the second term con 
stitutes the transition fiom the solid to the fluid state Boussmesq 
attiibutes the fact that NaMei, Lame and Clapeyion armed in 
their early investigations at umconstant isotiopy to their neglect of 
the fiist term in the above value for He seems to indicate that the 
addition of the fluid teim will lead to bieonstant formulae 

On trouvei iit en effet celleb ci en ajoutant aux expiesbioiib anciennes et 
incompl^tes des actions normal iV U piesbion coii'^tante, fonction de la 
densite acticdle, que dounent le^ lotions de pi emigre esp^ce, et qui mtioduirait, 
outre line pirtie principale, anteneuie ni\ deplxcenients obsents, nn temie 
propoitioniiel \ la ]ietite dilxtxtion 6 (p 3o3) 

This appeals to be the same idea as had uccuiied to Rankine, 
but the tiuth of which we have seen leason to call in question 
see oui Alts 424, 429 and 431 

[1449] Note complementane au Memoi'i e piecedent — Sm les 
puncipes de la throne des ondes hmiuieiises cpii lesnlte des idee^ 
exposees ait § VI fom nal de mathematiques T win , pp 361-90 
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Pans, 1873 This al^o appears in the Annales de clnmie, T xxx , 
pp 539—66 Pans, 1873 It is a general explanation and a reply to 
certain cnticisms of the principles involved in Boussinesq’s elastic 
theory of waves of light The author puts extremely clearly 
the arguments in favour of his hypotheses and shews that his 
theory is really based on physical conceptions, le does more 
than substitute 

k fanalyse m^canique des ph^nom^nes une sorte de symbole analytique 
d’une g^n^ralit^ telle, qu’ils y soient tons compris (p 361) 

I have made use of this I^ote in explaining the hypotheses of the 
memoir of 1868 see our Art 1478 It would carry us too far into the 
subject of light to even briefly analyse its contents here It concludes 
with two supplements to the memoir of 1868 dealing with more 
appioximate formulae than those there given for the aberration of light 
(pp 383-90) Compare the Comptes rendus, T 74, pp 1573-6, 1872, 
and T 76, pp 1293-6, 1873 

450 ] Sur dmx lois simples de la rdsistance mve des sohdes 
Kjiffnptes renduSf T 79, pp 1324-8 and 1407-11 Pans, 1874 This 
memoir contains a general proof of the hypothesis first adopted 
by Homersham Cox in 1849, when dealing with the transverse re- 
silience of bars (see our Art 1435*) and afterwards shewn by 
Saint-Venant to hold for a considerable number of special cases 
(see our Arts 368-9) By means of this hypothesis wo are able to 
determine very approximately the maximum shift (or deflection) 
and the period of the principal vibration for a consideiablc range 
of problems, but, as we have pointed out earlier in this Histoi ?/, 
the expression for the maximum strain obtained in this mannei is, 
as a rule, not sufficiently approximate to bo of practicil value s( c 
our Art 371, (m) Boussinesq attributes the fust stitc incut of 
the hypothesis to Saint-Venant, but this is inconeit (see our Art 
201) although the deduction of the period of the pinuipil 
vibration and the legitim xte use of the liypoUn sis (i ( tin 
demonstration of its applicability in \ consider ihk i ing( of 
special eases) is certainly due to th( Fieiieh scnutist 

Suppose a mass 7^ of elastic inatciul to hiv( <( it tin poitioiis of its 
external surf ice fuc iiid otliers iigidly fix(d, and It t i in tss Q oi vt ly 
small volume, hut possessed of a considiiabh velocity, stiike tin miss 
a definite point and become fixed to it without liowt vei menhfying 
its elasticity, then, we rce|uno some liypothesis by whieh wt e in t isily 
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approximate to tlie motion after tiie impact of the system coaisistog of 
the concentrated mass Q and the extended mass F 

When the mass P is so small as compared 'wxth Q that ^ esiecfe 
its inertia may be n^lected, the problem redoes to a simple statical 
one, but when the masses F and Q are comparable the prbblto beeomee 
more complex, for the total motion of the systmn must then be 
consideied as the lesultant of an infinity senes of simple harmonic 
motions and it is necessary to calculate the amplitudes and periods of 
these motions Samt-Y enant had been led to the following approximata 
laws (which are practically an extension of Cox's hypoSiesis) by the 
exact calculation of a number of special cases 

If m any problem the expressions for the shifts are reduced to 
principal term (or term of longest penod), and if the ratio of P to § does not 
exceed a certam limit (which can be ^ great as 2, 3 or sometimes eTcn 4) 
then the square of the reciprocal of the penod of vibration and that of the 
amplitude of the oscillations of the concentrated mass Q are both inversely 
proportional to the sum of this mass Q and of the products obtained by 
multiplying each element dF of the extended mass by the square of ihe 
ratio of its statical shift to the analogous shift of the concentrated mass. 

These aie the simple approximate laws which Boussinesq proposes 
to demonstrate in the present memoir 


[1451 ] Let w, «?, w be the shifts of any point of the elastic body 
P after impact, then with the usual assumptions the stresses will be 
liuear functions of the first space-fluxions of the shifts Hence, if the 
shifts be represented by the expressions 

sin nt + B cos , | 


u = S<^i 

V = ( 


Sin id + B cos nt 




V 


sin nt + B cos 7it ] 


(0, 


where ire functions of x, z the space coordinites only then 

the stresses will be gi\ en hy equations of the type 


- S'- 


sm nt + B cos nt 
sin nt + B cos 7\t 


)) 


(n) 


where aie functions of x, a only Hence, if we suppose 

no body toices to act on P, the body shift equations become of tin tvpe 


diX liy 

<h 


+ 


d I Uo 

~d7, 


-h 



+ ^71 01 ~ 0 


foi each jiaiticnlai value of 7i 


( 111 ) 
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Equations (iii) shew that any individual set of the functions 
</>!> <^25 shifts that would be produced by applying to the 

mass P body forces n^(t>i, parallel to the three axes of x, y, z 

respectively For each such set we must have at points of the external 
surface which are ngidly fixed 

<#>1 = = <^8 = ] 

and at pomts which are free I (iv), 

2^0 cos a + So cos jS + So cos y = 0,1 

with two similar equations, where a, y are the direction angles of the 
normal to the suirtface-element at the free point These results are 
suj 0 &cient to give the 0 ’s and it remains to be indicated how the ^’s 
and -B’s would be determined from the initial conditions of the system 


[1452 ] Let 0 /, 02 , 08^ and n' be a second system of values of 
</» 2 » <#>8 an^ satisfying equations like (ui) Multiply the three 
equations of type (ni) by 0 /, 02 ^, 0 s' respectively, add and integrate 
ovei the volume U of the whole system, P and Q , we find integiating 
by parts and using the surface conditions (iv) 






+ 0292 


=/f 


‘ / r'" 


cZ<^i 

h & + 




dy)' 


} 


dU 


(V) 


Now we have seen that 0ij 02 » 0j are the stresses 

and shifts due to a ceitain elastic system in equilibiium, hence these 
stresses will be lineai functions of the space fluxions of the shifts 
involving the usual 21 coefiicients, i e they will be differentials of a 
quadratic function of the space fluxions of the shifts It follows then 
that the expiession on the right-hand side of (v) undei the sign of 
integration is si/mmeti ical with legard to 0 j, 0 , 0 j ind 0 /, 0 ', 0 {, oi, 
we must have 


JHiMi + pdfd - n'^f f +<t><l>' a 

whence, if n be not equal to 71 

+ <t> 4 i')pdU 0 (vi) 

Equation (vi) enables us to dettrmim the valiu s ot A and from 
the initial conditions at time ^ = 0 Thus if «/„, he the initiil 

shifts, and be tin initial spteds, we hive from (1) ind (vi) 

I fjj Mi + M +»’«d>>) p<>f^ \ 

^ ^ <!>+<!.,) pel (/ ’( 

r>_ IJl + «o<#> ^ P(^f^ [ 

fl [(</>, -</> +<f,,)pdri ) 



1453—1454] 


BOUSSINESQ 


21f 


tlie integrals being extended througbout tbe whole system Z7 Retoming 
to equation (v), let n and therefore = ^ wo have 

+ <^ 3 ®) pdir=. %Jff WdU (vm), 

where W is the quadratic function of the space fluxions of the 
which would be the strain energy for the shifts ^ 

So far Boussinesq’s investigation is practically identical with that of 
Clebsch given in oui Arts 1329-30, but the form of his results reikdecs 
them immediately applicable to the problem of resilience. 


[1453 ] In the problem of resilience at the instant of the blow 
^oj ^^so are the speeds except at the 

elementary volume immediately surrounding the point ar, z at 
which the impact of Q takes place Kow the values of are 

clearly such that they leave undetermmed an arbitrary constant factor, 
and we can so choose that factor that -h <l> 2 + at the point 

£C, y, z But <^i, will then represent the direction-cosines of the 

shift of the point x, y z for a simple component vibration. Thus 
the numerator in the value of A is the momentum of the impmging 
body Q resolved in the direction in which Q makes the oscillation of 
period 2Tr jn If this momentum be represented by Q F we have 

QV 

Further, if / be the amplitude of the vibrations corresponding to n, 
we ha\e f-Ajn, or by (viii) 

f- M 


[1454 ] When Q is very great as compared with P, we can suppose 
p = 0, except at the point a?, -?/, s of the total system In this case equations 
of the type (in) shew us that only one mode of \ibrition is possible 
which is that coi responding to a statical system <f>ij m which 

there is no suppositious body foice p7i <^i®, p7i <i> p7i eji^' on am element 
dU of the system except on the concentrated mass Q &t t, 7 , z, wheie 
there is a force Qn , the dnectioii of which is gnen by (^ 1 ^, (f> ^ 4 > " 

Cox and SainbVenant's hypothesio would thus be exacth tiue, if 
we might neglect the meitia of P ‘Supposing we cannot neglect this 
inertia tlieie will then be several systems of \ allies ior 4> , <f> But 
we shall now sliew that the expressions for 24, v, w m\} still bt ietluce<l 
with a certain clegiee of approximation to then pnnci])al terms, tliat 
IS, to those winch coiicspoiid to values of close to <j>i\ </> ', <t> 

Let 


rp pp TT 
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and Ipt ns calculate the value of fJfWdU We find, since IT is a 
quadratic function of d> 2 , <f>a 


fflWdU= fffWodU'+fffW^dU' 


■///[ 




+ ^^0 


}- (»). 


wheie Wo and TTa are the same functions of and AfjSg®, 

A<^ 3 ® lespectively as TTis of <^, < 3 f> 2 , <^8 * 

Now wo have three equations of the type | 

c?So® dTzp^ ^ ^ 

c?£c c?y ^ cfe j 

Tf these he multiplied respectively by A<^q”, added and 

integrated by parts over the volume 27, we find that the last integral of j 
equation (xi) is zero, because over the surface of the system either (a) the ^ 
surface stresses are zero, or (h) at fixed points and vanish, or ^ 

(c) at the element round the point x y, A<^ 2 ®> are zero 

smce the direction of the statical displacement is taken to agree with 
that of the dynamical and these have <^3 and respec- 

tively for direction-cosines Hence (xi) reduces to 


ff/WdrZ-f/fWod^-h r/rW^Adll (xii) 


Now A<j(> 3 ® are clearly of the oidei P/(? as compared with 

</)% for thev vanish with F and the sti esses must be hneai in teims of 
the applied load Thus it follows, since is of the order (A<^‘*) , that it 
IS ot the Older (P/QY as compared %vith Hence if {PjQ) is negli 

gihle we may neglect the second term in f f I IVdf/, and we accordingly 
find 

_ __2fffJF,dU- 

<?+Tfm>r+(<i>r+(<f>'v<^^ 

<?Fn 

^"2fjrW,dU 

Since 



r/f{( 0 ,«) +(4,") 1 (4.^)\pdu^ Q+ fiii( 4 >n I (</>") I I 

reineinbenug the viliie of (</>/’) w (<^ '') + (c/)/') d (/, // Th< s( are 

the inalytical exjiressions of tin 1 iws stitfd ah<)V( 


[1455] Boussinesq shews in the pdmlliinatc jiai igiaph of 
bis memoir how the above results arc ( isily ( xt( ndod lo tlx case 
when the blow of the impinging body is not content i i 1 ( d on a veiy 
small region, but theie aie sever d conccnti ittd misses piodiiciiig 
impacts it the same instxnt (pp 1410-1) 

He conclndtb the meinoii witli the following woids 
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Reniarquons enfin que, dans les problknes les plus usuels, ie mouve- 
nent vibratoire 4tudi6 est de inline sens pour tons les points du 
yst^me alors les merties des diverses parties dP de la naasse dis- 
^minle agissent a cbaque instant de mani^re k aocrottre leurs d5- 
dacements dus aux inertia des masses beurtantes ou eoiicentr6es, ei la 
aleur J + <i)^ de T^cart proportionnel de cbaenne de ees pcarfees 
st plus grande qu^elle ne serait sans cela, c’est a dire pour F=0 
^insi le d^nominateur de Fexpression (xiii) de 92 ? est approdi^ par 
I4faut Mais, vu la formule (xii), Tmtlgrale / f fWdUjBBt aussi 
>ar d4faut dans le numerateur Ces erreurs se compensent par suite 
in partie, et Ton conqoit que la formule (xm) de soit encore asses 
pproch^, comme Ta reconnu M de Samt-V enant, in§me pour des 
'’aleurs assez grandes du rapport de P ^ $ (p 1411) See our Arts. 
;66-69 

[1456] 8ur la c<mstrv^%(m gdom^rbqiie des pressions que 
upportent les divers diments plans se croisant en un mSme poml 
Vun corps, et sur cells des diformaiiOTis qu% se prodmssfnt autour 
Vun tel point Journal de mathdmatiques, T in, pp 147-152 
=>ans, 1877 

This paper contains an elegant and simple method of proving 
he fundamental theorems m stress and strain without using any 
)f the properties of surfaces of the second degree It might 
idvantageously be followed bv elementary text-books on Elasticity 
tnd Geology 

Let Pi, T , be the principal tractions and s^, $ , s, the principal 
stretches, each set in descending order of magnitude Instead of 
onsidering these two systems as they stand, Bou^sinesq first subtracts 
rom the members of eitbei half the sum of the greatest and least 
Factions, or of the greatest and least stretches respecti\ely He thus 
ibtains, if P = J (Pj - Pj) and J - s^), the systems 

JR, T, - R and S, s, - S, 

vheie P and s are what the mean pimcipal tiaction and stietch become , 
Icarly P and have values lying lespectively between R - R and 
9,-5 These second systems evidently only diffei from the fiist b} 
he supei position of eithei a uiiifoim piessuie 01 a unifoim stretch 
espectivelv in all directions, and consequently the mixinunn ind 
mriimum values of stiess and stiam obtained from the^e two 1 educed 
systems will have the same diiection as those of the two piimiti^e 
systems 

[1457 ] Let the diiection cosines of any plane o\er winch the 
atiess IS F be cos a, cos cosy, then for the 1 educed system 

F=- ^OS^a + COS y) + 7’“«ir^= Jr -{K - T) tos (? 
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and F will have direction angles a , y such that 

, i^cosa , jRcosv 

COSqL'=— COS^=— COSy= ^ 

From these results Boussinesq easily deduces the following co 
struotion 


A partir de Tongine et dans le plan des deux plus grandes forces prin 
pales iz, on menera, d’un m^me c6t^ de la force principale moyenne 

deux droites inchn^es, sur cette force moyenne, Tune de Tangle donnd ^ q 
fait aveo elle la normale h. V6Ument superficiel propose, Tautre de Tangle 
dont le cosinus vaut {TjF) cos j3, en donnant k ceUe ci la longueur 

puis on impnmera k ces deux droites deux rotations ^gales et contrai 
autour de la force principale moyenne T k Tinstant oh la premikre drc 
viendra colnoider avec la normale k T^l^ment plan, la seconde repr^sentera 
pression qui lui est appliqude (pp 148-9) 


[1458 ] Clearly the maximum value of F is leached in the ph 
of ojjs (or that of F, —F), and it then has the value F The angh 
between F and the normal to the plane across which it acts is given 1 

F (cos® a — cos® y) + ^ cos** B 
coBx^— 

and therefore when ft = 7r/2, cos x = cos 2a Thus tho traction < 
shear components of F for the plane xz are lespectnely 

F cos 2a and sin 2a 

We see then that (for the primitive as well as the reduced syst( 
the maximum shear is across a plane the noimal to whicli bisects 
angle between the greatest and least ti actions lud its niigmt 
= F = ^ (Ti - T) This IS Hopkins’ Theoiem s( e oui Ait 1 1G8* 

Thus the gicatest and least total stresses, the gieit(st ind h 
tiactive stresses and the gieatest shear all Ik in oik plain , i ( th it of 
greatest and least pimcipal ti actions (p 150) 

[1459 ] If the stretches are small, — so that then sqiians, i 
usually the case, may he nogheted, — tlnn pudsdy snnil u us 
follow for the distribution of strain Tn tin udu(((l system the s 
of one toiminal of i line of unit length ulitive to tin other tciin 
gives, if it be measured per pendicul ii to tin bin itsdf, tlie chi 
in diiection of the given line Tins changi of ingh is nunKrit 
groxtest foi the bis(ctois of the diuctions of gu itist nid h ist sti 
and IS then oqu il to B xnd - S uspcctively Ilcncc tlie ching 
angle between those two bisectois will be the in ixiniuni slide anel 
for its value 2/S^ V|— Sj, oi the diflfeie nc( between tin gu it( st xnd] 

sti etches 
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[1460] Sur les pioblemes des temperatures stationnaires, de 
la torsion et de Pecoulement bien contmu^ dam les cphndres m les 
tuyauoG dont la section normale est wn rectamgle d c6t^ courbes 
ou est comprise entre deux lignes fermees Journal de mathJ- 
matiquesy T vi, pp 177-186 Pans^ 1880 This memoir 3 s really 
a discussion of the solution of the equation 

d\ (Pu __ 

by conjugate functions It refers to Thomson and Tait’s solution 
of the torsion problem in terms of such functions and to the hydro- 
dynamic analogies of those authors and of Boussmesq himself 
see our Art 1430 and Chapter xiv 

[1461] Oalcul des dilatations lineaires dprouvees par les 
Elements mat^riels rectilignes appurtenant d une portion infimment 
petite June membrane dlastique courbe, que Von ddforme, et ddmon- 
stration trls simple du theorime de Gauss sur la deformation des 
sui faces inextensibles Becueil de la Somite des sciences de LiUe 
T VIII , pp 381—90 Lille, 1880 See also the Oomptes rendus, 
T Lxxxvi , pp 816-8 Pans, 1878 This is a geometrical investi- 
gation of the stretch of an element at the origin on the surface 

= rx^ + 2sxy + ty\ 
when this surface is strained into 

2z = rV + 2s' xy + t'y'^ 

Boussmesq obtains a general expression for the stietch, which 
ho then supposes to be zero, — oi applies to the case of an inex- 
tensible membrane In this case Gauss’s theorem as to cui\ature 
follows at once, and expressions for the shifts of any point in the 
neighbourhood of the origin are obtained 

The analysis is easy md the results are not veiy complex m foim 

[1462 ] Foi mules de la disbumuation du mauu ninit tianmnbal 
dans u)te plaque plane ludefnie Compteb lend^ib, T CMii , pp 639-45 
Pans, 1889 Fouiiei m his Thtome aucdytiqup de la ehalem 411-2) 
gives an iiitcgi il of the equation foi the tuns verse vibiations of in 
inhnite elastic plat ^ sec also oiii Ait 207* Suppose the mid pi me 
of this plate to coincide with the plane of xy^ then the equation to be 
solved IS of the foiin 


d w { d d \ ^ 

d {ht) ^ ^ " 


( 1 ), 
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where 5 is a constant for the plate and may be taken as a factor of t 
see our Art 385 

Fourier’s solution of 1818 applied only to initial shifts Boussmesq 
proposes in the first place to generahse it by considering also initial 
velocities He does not seem to have noticed that this more general 
case had also been dealt with by Fourier in his TUoru ancdytiqm 
of 1822 Thus he gives a solution of (i) subject to the conditions 
for ^ = 0 , that 

=/i (^5 'n) 

at the pomt 17 of the plane a?, y Here / and /i are two functions of 
7 j which vary gradually from point tp point of the plane and vamsh 
at an infinite distance 

Boussmesq further discusses what he holds to be the delicate and 
rather obscure pomt as to the real value taken by Fouriei’s solution 
when ^ = 0 

The solution obtamed by Boussmesq is given by 

+ y^2pJht)^\TLp dad/B 

+ i j^dt y + 2pjbt)sinp dadji, 

where p + and the limits for the integrations with legard to a 
and ^ are determined by 

^ = x + 2a Jbtj r] = y-\-2fiJbt) 

f and 7 } being taken over the whole area of the initial distuiliance 

This should be compared with Poisson’s solution given m our 
Art 425 

[1463] Legons syntMtiqiies de Mecantque gene) ale seivaiit 
d\ntroduct%on an conis de Mdcamque physique de La Facidte des 
Sciences de Paris Pans, 1889 

This work oi 132 pages discu^scb the genei il niechamcal 
principles which may be supposed to govern the systems ot 
molecules by aid ol which the physicist eonecpUialises the letion 
ot physical bodies As 111 the note ot 1891 (see oui Ait 1404) 
Boussmesq diaws the important distmetion betv\een the actual 
velocities and accelerations of individual molecules and the mean 
local velocity ind local accelci ition, whieli 11 c those of i piiticle 
conceived to consist of an inhnitely gu it numbei ol individual 
molecules (pp 72-7) The seventh lecture deals with geneial 
notions as to stiess and leads up to the topics ot the eighth which 
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contains some judicious remarks on the physiological and psy- 
chological aspects of force Boiissmesq holds that the only in- 
telligible conception of force is the ma^ product of acceleration 

Et gardons nous de confondre cette quantite precise, oonstitnant le 
seul sens positif ou demontr€ des forces mgcamqnes, avec la significafeon 
relativement vague effort mu8cula%re mais surtout avec cdle, encore 
moms definie, de cause physique^ que le mot force rappelle ^alement , 
notions qu’il faut laisser h, d’autres champs d'etnde, ou notre esprit ne 
pent malheureusement pretendre qu’^ un degre de clarte mediocre 
(P S9) 

Boussinesq divides the total internal energy of a body into two 
parts, namely, an elastic and a thermal energy (pp 106-6) He 
demonstrates that the former or strain energy {Venergie de ressort^ 
Vdnergie potentielle d'ilasticiU etc ) depends only on the initial and 
final configurations of the system, provided the system be in space 
of uniform temperature, and the changes of configuration be made 
so slowly that the equilibrium of temperature is infinitely little 
destroyed at each instant see our Chapter xiv 

[1464 ] In a note in the Goinptes ^ endus (T cxii , pp 1054-6, Pans, 
1891) entitled Theorie ilast%que de la plast%c%te et de la fray%lite des 
coips sohdes, M Bnllouin starts fiom the hypothesis, — that to any 
definite homogeneous strain of a body corresponds always an absolutely 
unique system of elastic stresses, but to a definite system of elastic 
sti esses there does not necessaiily correspond a definite strain. This 
leads him up to some lemarks on the Poisson Navier hypothesis 
of mtermolecular foice He holds that this hypothesis is not funda 
mentally enoneoiis, but lequires modification owing to the fact 
that individual molecules are in motion This motion may be 
oscillatoiy and of small amplitude in the case of a true solid, but it 
may still bo sufficient to modify intermoleculai action Great pressures 
convert the movement of oscillation into one of tianslation, and this 
foims the explanation of set, lupture, flow, etc 

Ihis note of Bnllouin led to the publication by Boussinesq of 
anothei entitled V explicatioyi pliybique de la jiuiditt (Co}npies 

yendus, T c\ii , pp 1099-1102, Pans, 1891) lefeiiing to similu 
opinions expressed by himself m his Lemons synthetiques (see oui Vit 
1403) and in still unpublished lectin es deliveied it the boi bonne in 
1887-9 Boussim sq cites from the manusciipt of his lectuies i geneial 
desciiption of how he Ins ipplied ideis similn to those of Biilloinn to 
tliiovv light on the flisticity, viscosity ind inteinil tiiction of Hinds 
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Section II 

Memo%rs on Wave Motion and the Elastic Theory of the Ether 

[1466] Essai sur la tMorie de la lumihre Comptes rendus, 
Tome LXI , pp 19-21 Pans, 1865 This is an abstract of a memoir 
by the author It commences with the following words 

Le Meinoire que j’ai Thonneur de soumettre k TAcad^mie des Sciences 
est relatif k la theorie de T^lasticite (p 19) 

It does not appear, however, to have been ever published in its 
entirety, although doubtless portions of it were incorporated in 
the memoirs of 1867 and 1868 see our Arts 1467 and 1478 

The first part of the memoir appears to have contained the deduction 
of the equations ot elasticity for an isotiopic medium when terms of the 
second cider in the shift fluxions are letamed The second 2 )ait of the 
memoir applied the theory developed in the hist to the vibiations 
which constitute light The theories of double letr action of Fiesiiel, 
MacCullagh and Neumann were deduced as special cases, but the 
author appears to have met with the difliculty th it the explanation of 
the dispersive power m this mannei involves a j^ouvoir tonsidCrahle 
d extinction Boussinesq meiely suggests that in tianb 2 )iient bodies 
there may be 

line action speeiilo, destniec i eoiitie bil uieci ee poiivon d’evtiiietion, ct 
par suite h dimiiuiei Topieite (i) 21) 

[1466] fquat LOUS des petits inoKUcincats dts intUeitf tsutiopes 
conipiiines Comptes joidu'^, T ixv, pj) 167-70 l*uis, 1867 
This IS an abstiact of a mcinoii dtiiwiicls published d length 
111 Lion ville s sec oiii Aits 1467 71 4 lu e(jndi()ns ue 

hcie obtained by a pioecss slightly (lilteu nt bom thd of the 
nieinou in the Joiu nal 

[14b7 ] Memuiie sm les oudes dans Us nnlinn isotiopes 
difomiKs Journal de vuitheinattqucs/r \iii,pp 200 41 Puis, 
lcS68 

13oussmes(( studies in this meiiion the vibi doi^ motion of 
in isotropic medium which has been subjected to inilid stiess” 
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(see our Arts 616"^, 1210* and 129) This initial stress may be 
of two kinds (i) a traction uniform in all directions which does 
not change the isotropy of the medittm to aeolotropy and whicli 
may be represented by AT, and (ii) a system of imtial principal 
tractions A, B, (7, pioducing aeolotropy symmetneai witfi resp^ 
to three planes at right angles m an element of the ekstie mM 
Of these latter tractions Boussinesq wntes 

Nous admettrons que, dans la portion consider^© da corps, hs 
elements plans normalement presses on tires par les actions deformateces 
gardent la m^me direction k tons les instants cons6cntifs, et qne oes 
forces A, B,G vanent avec le temps de maniere a conserver entre elks 
les m^mes rapports BjA, GjA Si nous d^signons par <i, b, c troas 
nombres constants, proportionnels k A, B, G, et dii m^e ordre de 
petitesse que les dilatations lineaires eprouvees par le corps pendant sa 
deformation, les rapports Aja, B/b, G/c seront egaux entre eux, et k nne 
m^me fonction F du temps t La fonction F {£) pent d^ailleurs §tfe 
quelconque elle se r^duit k nne constante, si les actions d4fonnatnces 
restent les m^mes tonjonrs, elle seia nnlle on constante k partir d’nne 
ceitaine valeur de t, si A, B, Q deviennent elles memes nnlles on 
constantes an bout d’uii certain temps Quoi qu’il en soit, cette fonction 
etant supposee coniine, la constitution du corps, a chaque instant, ne 
dependra plus que de a, h, c (pp 211-2) 

This quotation indicates Boussinesq’s assumptions 

[1468 ] Eeferring back to our Art 231, we see that the €, c, e" 
ot that article might have been taken equal to the a, 6, c of Boussinesq 
He assumes the sti esses to be linear functions of the shift-fluxions and 
the coefhcients of these functions to be linear functions of a, 6, c 
Ihen by considei ations (i) of symmetry with regaid to the planes of 
the initial pnnciiial tractions, (ii) of the initial isotropy which must 
continue to exist iii whole oi pait accoiding as a- 6 -c, or two of them 
are equal, and (in) of the invai lability ot the stresses when the body 
IS lotated is i whole, expressions aie deduced toi the stresses as 
lunctions of tt, < , A ind eiyht constants ^ ^ and a 

(pp 212-b) llie method idopted mvohes no appeal tithei to tlit 
lari constant moleculai theoi} oi to the piinciple of woik If the lattei 
be adopted an additional relation is found between the constants ot 
the form 

r - u-p (i) 

Heie p is the i itio Aia-Bjb^-Ojc Thus independently of a, h, c 
there will ])e A and teveyi othei const nits 

[1469] We can easily deduce Boussmesq’s lesults fiom those 
of the memoir of Saint- Venaiit discussed m oiii Aits 23U-2 Tins 
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[1470 


memoir immediately follows Boussinesq’s in the same volume of 
the Journal But the functions of the initial stresses which occur 
m the expressions for the elastic stresses are, it must be remem- 
bered, quoted by Saint-Venant from a memoir which proceeds on 
rari-constant lines (see our Art 232) Boussinesq reaches less 
general expressions, but they are not open to a criticism of the 
same kind His method is however too long for reproduction here 

rrmg to Art 232 let us take 

= T -jr yVo = T •¥ zzq T + P 

PZQ = Oj XXq = 0, XPq = 0 

These agree in form with Boussinesq’s values for the initial stresses 
We then have the following types of traction and sheai 

^ = (2^+Pe) (I +s^-Sy- s^) + {a + + 7n (c + c")} bj,' 

& {8' + pe" + S' (c' + f)} + {S' -hpe + q (€+ c")} 6^, 

" \ 

9 = T(Ty^ + P (f" ^ + «' + {S + re + S (e + e')}<Ty^ 

J 

wheie, as is shewn m Art 231 

a = 28 + 8', m - 2r ^ = 4^ -f 2q (iii) 

Here there aie fourteen constants m the expressions foi the sti esses, 
but the three lelations (iiij reduce them to eleven^ which exactly agi(es 
with Boussmesq’s number {tioelve) when the icl ition (i), due to the 
principle of work (and tacitly assumed by Saint- Vciianb in the foim of 
equations (ii) of oui Ait 231) is adopted The cquitions (ii) aie 
exactly Boussmesq’s in form, although he uses dilicicni const intb^ 


[1470] Substituting m the body sticss ( (pixtioiis w( hiid is x type 
of the body shift equ itions 

+ ^ +0^ + ’)(« + « +« )'('/' 

+ {6 + 7' + / (e H c + e' )-(/-- n) e} V n 


f d a 

d u 

([ a' 


C 7 ‘ 

' d . 


' (Ilf 

(Id 

‘ da, ' ‘ 

I ^ 


ll„ 

</ 


(IV) 


' riiL lollowinb S^ve the change in iiotition lioin oui k suits (ii) to Houssuksi] h 
on his p 21H, OUI constants being on tlu Iclt ot tin / A / p, 

e = a, e - 1) t - < a I { 2m h 8 ~ in A o / I A / / 1 2 (// 1 ni ui ) 

)}i~l + n ^2{m -j III ) p — I <ji =:-! \ I \ p ) m \ in s in Luiilui among the 

constants ot oui equation (v) eompaied witli bou^snies(i s iqiuition (h) p 221 p o, 
Xj — \5, \ = \ 5y = po p ^ p8 (Tj — o-S X vd 
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Put 8 + 3' + (;p + r) (€+ e' + €") = Xj, ^ + = 

8 + T + r (€ + €+ €") =/Aj, -{r-8)=iii, 

P-r + s = <ri, 


then we have for the type of shift-equation 

P ^ = (^1 + V) ^ + (/^i + ^*) + <r, ^ + 

, dw' 


/ W W 

€ ’r-s + € 


4^ 


d / du ,dv dw\ 
^dx\ dx^ ^ dy^^ 


(y) 


Boussinesq’s equations (p 221) agree with this, excepting ihat A, is 
not necessarily equal to A^, unless appeal be made to the pnneiple of 
work 

The constants \i, (A^), /ti, fx^ cr^ are independent^ but if ^le inilatal 

tractions A, B, G as defined in our Art 1467 are zero, then P=0, and 
we have cti = /Xg 


[1471 ] Boussinesq now supposes the quantities A, By C (or, Pc, 
Pc', Pc") to become after a given epoch constant, and investigates the 
motion of a plane wave in the medium whose vibrational shifts satasfy 
equations of the type (v), the quantities c, c', c' being very small 
He shews (pp 222-3) that there will be waves of vibrations (a) almost 
in and (b) almost normal to the wave front {quasi transverse and quctsv- 
longitudinal waves), the divergence depending on terms of the same 
order as c, c', c" There will be exactly transverse waves if Aj = 0, 
and exactly longitudinal if 

(/X., + Ao) € = (/Xo + Ag) c' = (/Xg + Ao) € ', 

or, in general if /Xg + A =0 Thus if the principle of work hold the 
conditions i educe to the single one /X 2 + A = 0, which will be found by 
(ill) to 1 educe to l^m In the case of i an constant isotropy we ought 
to have in equations (ii) of oui Ait 231, d=dy e = e,y=y, or ^ = 7, 
q~s j whence it follows that l-m involves p = q and r = 5, or a perfectly 
isotropic medium Hence no trans\ erse waves can be propa 

gated in a ran constant isotiopic medium, howevei initially strained, 
unless the medium lemain isotropic 


[1472 ] Boussinesq next proceeds to discuss the quasi tians'vcii&e 
ind quasi longitudinal waves, but to do nioie than indicate Ins lesults 
would lead us too far into the theoiy of light On pp 223-37 he di ils 
with the directions of vibration, plane of polaiisation, wa\e surface, etc 
of quasi tiansveisc wives 

In the cist of o-j - 0 Boussinesq obtains exictl} Iresntls wi\e 
siuface, when o-j is not zeio he shews (p 229) how m this case to 
deduce the wive surface from IiesneFs In the formei case the pi me 
of polaiisation is, as m FiesneFs theoiy, perpeiidiculai to the diiection 



BO0SaBIK3SS(^ 


[ 1473— 1475 


f Tibc*iiQ9Dw li h o«ify poBOible for o-j to be 25 ^ without at the same 
me 1 % bwtf; if P be joot zero, or since double refraction then 
mmm on w ioilenees of P, it is only possible in an isotropic medium 
I wUdi the iosHal strains are different m different senses, i.e B, C 
Ml Ml list tUb ease be sera If Oj but differs fiom zero, which 
iM «Im P»0, or mitial stresses r^uoe to a uniform traction T 
% iB tim the wave^eurfroe is exactly that of Fresnel, but 

im ol nbration lies m the plane of polarisation, or Boussmesq's 

iM«y ’^tb tlwtt of Neumann and MacCuUagh Thus the multi- 
Mlaikt oqiMttmns ol an laotrc^ic medium subjected to initial tractions 
UPt be made to cover tlte theories of both Fresnel and Neumann as 
Mialcaaes. 

[1473.] In the discussion of the qium-kni^iidtnal vibrations (pp 
I7*«8) BoMBtnesq shews that if the medium be such that it can 
exaet^ transverse and exactly longitudinal vibrations, then 
le vebotfy of longitudinal waves will be the same whenever be the%r 
SrMaoia He considers it very improliable that this manner of propa- 
iluig longitudinal waves can be characteristic of any but an exactly 
Mdium Such isotropy, however, he holds to be inconsistent 
ilh the physical properties of a doubly refracting medium, or he con- 
mies that mioh a medium ought not to have the power of propagating 
avoe of eaoacily transverse or exactly longitudinal vibrations in all 
sections, llus aigument Boussinesq suggests may be taken in con- 
nctKm with the others raised by Samt-Venant against Green’s theory . 
e our Arts. 147, 229 and 265 

1474 ] The memoir concludes with a Gen^td%sat%on (pp 238-41), 
which Boussinesq supposes the tractions A, B, 0 to lemam for a 
rtam time proportional to one set c, e, of deformations, and aftei 
e lapse of this time to become proportional to another set He shews 
at the general results of the memoir still hold, and 111 particulai that 
e distribution of elasticity is still eU%psoidal see oui Aits 139 and 


[1475] J^tude 611! les iihntUonb rectilignes et siu la di]j-i action 
ins kb milieu L isutiopet et dans lethei des ciistaiu Journal de 
athematiques, I \iii , pp 340-71 Pans, 18b8 Comjjtes 
ndus, T LW , pp b/2-3 lbb7 This niemoii starts 111 the hist 
acc fioiii the equations foi the vibrations of au isotiopic elastic 
tdiuiii ut the tjpt 

d (f dd 

= (1), 

fl biippo'.ts tht Mbratioiis t.. l.e in) itctilineai and {h) of very 
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short period. It supposes the amphtude aaad direction of the 
vibra,tioiis to vary from point to pomt of the aad tbeo 

investigates their laws;. 


If X and <t> be functions of as, y, at, and 4 « be the dsreoten-oofiimB 

of the rectihnear vibration of period t, Boussmesq aeeiDB solutioiis <rf the 
system of equation (i) of the typ^ 


2x \ 

44 ■= ^x cos — 

T 

v = mxoo6^{t-<j>), y 


w = nxoos 





where, <o being the velocity of the wave, the terms m (t»)* are supposed 
negligible in the final equations as a result of (6) 

Obviously «^ = a constant is the equation to tiie waTO-fronfe. 


In the case of the above isotropic medium, it is found that the 
rectilinear vibrations are either accurately longitudinal or ac- 
curately transversal, i e are either perpendicular or parallel to the 
wave-front (pp 342-5) Boussinesq finds that for longitudinal 
vibrations only three surface^ are possible wave-fronts namely 
parallel planes, coaxial circular cylmders and concentric spheres 
(pp 348-9) and the same is true for transverse waves, if the 
vibrations be supposed limited in direction to the lines of curvature 
(pp 351-3) In the case of longitudinal vibrations however the 
amplitude has the same value for all points of the same wave-front 
(pp S48-9), while for transverse waves the amplitude vanes from 
one point to another of the same cinie of inhiation in the inverse 
ratio of the distance of this curve from the neighbouring curve 
of vibration Boussinesq terms a cinie of iihatwn the curve 
the tangent to which is the direction of vibration uf the particle 
at the pomt of contact Thus in tiansverse vibrations the curves 
of vibiation are a family of cunes hing m the fiont of the wave 
(pp S50-3) 

Pour etahlii toutes ces lois nous avons suppose qut v v w \ niutnt 
dune maiutie coutinm crun ])Oiiit au\ points \oisins cf qu i 

cette condition que Ion pent posei Its equations (i), tt ntghgti dins 
(3) [equations olitained from oiii (i) bv substituting (n; in tlnni nid 

equating to /eio the coeflicients of the eosnu uid snu nt — 
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i linMi m fV Or oeile (xmditioti n^eeb p«s Batisfaite h une trop 
iliki <il8toogr ^ oeulre 4e I’^bnmJenieiitv d&ns les ondes sph^nques. 

ke loii oHMinee ne sost vr&ies qu'^ partir d’une onde spk^nque 
mimh, d©»i nj^ilemns plxis loin 1 r^yon, qtii est tr^petit et 


(1476 3 Kiomoir in tlie next place (pp 353-65) discusses 
vibrations m a medium of whi(^ the elastic equations 

Wb dt tile form 


^=(J +a) |(X+/t} 


J=(1+6){(X + ^)| + ^V^}. ► 
^ = (1+c){(X + ;.)2 + mV«>} ^ 


(ui). 


^ asQbd c bmnr small as compared with unity 
Tlieee are <5 same type as i^ose Boussmesq deduces from his 
ieetio tiieoiy of light (see our Art. 1480) for a doubly refracting 
ledhum. They are also practically identical with those of Sarrau and 
^ers. Bomtsmeeq considers only the quasi transverse vibrations corre- 
peaMEng to waves propagated from the ongin of coordinates and his 
oMcIvtfiKms are indicated m the following words 


Ges ondes sent celles de Fresnel, et Im vibrations sont dingoes sensible 
WBt, m chscun de leurs points, suivant la projection, siir le plan tangent k 
oode en ce point, du rayon qui y aboutit Les hgnes de vibration sont 
8 ellipses sph^nques, ayant leurs foyers sur les axes opti 
toires orthogonales sont des courbes sph^nques de mdme 
Ajampumde est soumise k trois lois, elle \arie 1® suivant un 
..Jtie rayon, en raison in\ erse de la distance k Torigine , et de plus, sur une 
itoe onde 2® sun ant une m6me ligne de vibration, en raison in\erse 
e la distance de cette ligne k la ligne de vibration voisine , 3® suivant une 
"ajectoire ortbogonale aux hgnes de \ibration, en raison inverse de la distance 
e cette trajectoire k la trajectoire voisine En appelant r le rayon men4 de 
ongine k un point quelconque, U, U' les angles qu’il fait avec les deux axes 
ptiques, oes trois lois reviennent k dire que le carr^ de Tamplitude est ^<yal 
une constante divis^ imr le produit CTsin I C'est la formiile qu'ob 
lent M Lanu?, dans ses Lemons sur Velasiutt^, ^ 126, pai une tout autre \oie 
fc |>onr des milieux bir^frmgents d’une autre e&i>bce (p 341) 

[1477 ] The above results hold generally for elastic media of the 
Vl>e 6ii) On ]>p 365-71 Boussmesq applies the laws he has deduced 
3 the special optical })ioblems of diffraction and of the definition (ht 
thmiiatwn) of i-ays of light To discuss his lesults would, however 
=»ad ns l)e\oiid our pioper held ’ 


[14/8] Tlttoue nomelJe des ondes hnamenses Joinnal de 
i(ithemaft,ii,e« T \iii pp 11 Pan« lcS68 This memoir 
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t$l 

was presented to the Academe oa August 5, 1867, and a 
of the theory appeared in the Gompies rendm, T txv^ 285 -^* 
1867 Various additions to the memoir contaming expansiai^ of 
the theory will be referred to in ttie sequel 

[1479 ] Bonssin^q’s theory is an elasbcal one tlioiolico 
must be referred to in this History, but the details of its 
tion to the phenomena of light he outside our field mi we 
refer the reader to the ongmal memoirs f<ur them Booseineeq 
makes the following assumptions 

(a) The free ether may be regarded as an isotropic dastic sohd 

(&) Its density and elasticity inside and outside transparent bodies 
IS sensibly the same 

(c) The velocity of wave mt^ion m the elher of space is ao difiarent 
from the velocity of sound m solid bodies^ lhat it is reeustmable 4o snppoee 
that it IS the ether in transparent bodies and not the matenal medimn 
of those bodies which transmits lighi 

(d) The vibrations of the eiher produce vibrations of the same 
period in the molecules of the transparent body, but the amphtodee of 
these are so small that they do not produce any sensible d^%c action 
between the particles of the body 

(e) The displacements of the molecules of the body are functions 
of the shifts of the ether in the immediate neighbourhood of 
those molecules and in certain cases of the shift speeds. Boussinesq 
expresses this analytically by saying that to a first approximation we 
may assume the shifts of a particle of the body to be linear functions 
of the shifts and shift fluxions with regaid to space (and in some cases 
also with regard to time) of the ether If w, be the shifts of the 
point X, y, % of the ether, he writes {Note of 1872, pp 364-5 see our 
Alt 1449) 

Les d^placements d’line molecule ixuidtr-ible de\ lennent done 

des fonctions de ?/, ?r et ile leurs deiiMes piitielle^ de‘^ dueis onire',, 
foiictions qu’on pent supposei lint iires (^ u la |>etite^.se excessu e tie^ \ in ihles’i 
et sms teimes constants, coinme <m le fait touiouis en ca.s pared jxir 1 emploi 
de la sene de Ta\loi, qiimd on ttudie mie function m\ einirtnis d un point 
poui lequel elle s’annule, et qu’on n’apei^oit lunine i uson de siqqM^ver ses 
d6n\ees piemicies milles ou discontinue^ en ce point les dtj)! ueinents 
mojens iq, siiumt les i\es de h imtihe jxjndei lUe Lontenuc i 

rmtciieiir d’uii petit \olume quelconque s’obtiendiont en multqili int 1 1 in ism? 
de chacuiie des molecules qui en font piitie pu son depheenunt pti tlkh 
\ I’axe consideid et en dnisint U soinme des pnKiuits piieiK pn li ni 
totale des niokcules ces dcphcementb mo^ens seiont dc»nt lus^i ifnt \^n 
piH des fonctions lintmes, sms teimes const mts, des dtplutments ?/ / 

de l’<^tliei en un point pi is \ 1 Intel leui du \olnmt <.niisnkii <ut ut p " ft 
de leuis deiutes pii ia])])()i*t \ -i // 
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if) Tfce of tiie density (p) of the ether into the com 

of its shift porftEel to any axis is of the same order as the 
prodoot of tlie (pj) of the body into the component of its shift 

m Vb» Btem ilwpction. Bonssmesq m reality bases this upon (d ) , he 
OOnsidsKS tfee vibrations in ^e ether only to produce discordant actions 
bolmea pcmderable molecules, actions incapable of continumg in 
waM ne. giving nse to no elastic forces in the material 

In this osee 

liB craantitdis de mouvmimt pnses, suiv6uit trois axes rectangulaires 
dft mmiomkimt par la matibre pcm^rable, ne peuvent grandir d’un instant 
b Itetre qu^ant^t qne oelles de rather grandissent elles-mtoes Thypoth^ 
la pte natnrdie qu’on puasse faire, sor les rapports qu’ont entre elles les 
pmaskpm et ka secondee de ces quantitds de mouvemenl^ consiste k admettre 
oo«it da mtee mdre de grandeur (Note of 1873, p 383 see our Art 


ISO,] mie resultant per unit volume of the elastic forces parallel 
aiGs of m due to the ether is of the form 


oris of ^ <mler, 


dNi 

(velocity of light)® x p - 


Similarly the elastic forces parallel to the axis of or due to the elasticity 
of ^6 material body will be of the order 

(velocity of sound)^ x pi 

ax 


Hence it follows from (/) that the ratio of these forces is of the same 
order as the ratio of the square of the velocity of light to that of the 
velocity of sound, and accordingly the lattei force may be neglected as 
compared with the former in dealing ^Mth the motion 

If the transparent body has no velocity of tianslation as a whole 
comparable with the velocity of light vibmtions, the mean acceleiations 
of its ponderable particles will be 


cTij d 

dt ’ dt ’ ~dr' 


and consequently its components of ineitia pei unit volume due to the 
vihiatoiy motion will be the products of the^e qunitities and pj, oi, 
what IS tilt viiiie thing the total leactions, ])ei unit volume of the 
etht 1, ext ited on tin ethei b) tla pondei ible pirticles of the body will he 
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becaxise the sole force aeteg on t<be pondeFal>le paztideB m dm to Ite 
impulse of the ether upon 

Hence the equations for the motitm tibe ether m a 
body are of the type 


* TTt. 


0. 


(p. S18 of the Mmmt of 1898)^ 


[1481 ] Boussinesq now mates Ui a function oi % % w 
their fluxions and retains only the first powers of these quantities 
see (e) of our Art 1479 The nature- of this function will d6psis4 
on the aeolotropic or isotropic character of the medium (pp. 
319-21) From the equation which results by substituting % m 
(i) Boussinesq deduces the laws of dispersion and of rotatoiy 
polarisation (pp 321-7), of double refr^ion (pp^ 328-31), and 
of ‘elliptic’ double refraction with applicaticm to case of quarts 
(pp 331-88) He makes on pp 338-9 a few TemsAs on the 
conditions at the interface of two media He pomts out that if the 
shifts m the two media along the interface be made equal and the 
stresses across the interface, then the elasticity of the ether m both 
media being the same, all the first space-fluxions of the shifts will 
be equal at the interface The latter condition of continuity, which 
does not hold in the case of unequal elasticities, seems needful 
in order to obtain expressions for the intensities of the reflected 
and refracted waves, which will agree with experiment 

C’est pouiquoi nous avons cru devoir admettre la Constance d’4las 
de I’ether dans deux milieux adjaceats Quant a la Constance de 
sa densite, elle n’est pas necessaire a notre theoiie, miis elle noub pai*ait 
line condition natuielle de la Constance d’elasticite et nous la regaidons 
comme viaisemblable (p 339) 


[1482] Addition an memoue intitule fheoiie notnelle des 
Glides I ininneuses loin nal de matheniatiqHes,T Mil pp 425 - 41 S 
Pans 1868 This papei extends Bousbinesti’s thec>r\ to tin 
explanation ot the la^\b of the following phenomena I tlu 
lefractive and rotatoiy powers ot a mixtiiie ot \aiious tiaiiNpaient 
substances, — the theoiy easily leads to the usual appioximatcK 
collect laws, — ^ II, the magnetic lotation of the plme ut polaiistd 
light, and § III the aberiation of light when the transmitting binh 
lb m motion, — Fresnel s foimuk for the \eiocit> ut tlu w i\e ot liidit 

lb 
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UQ terms of the velocity of the medium and its refractive index 
being deduced. A more complete consideration of the problem 
of sbenation will be found in the Fote OomplSmentaire of 1873 
see our Art. 1449 


[148S] Sur les lots qui rigissent, d une prermere approan- 
igg ondss iumxneuses propagies dans un miheu homoghne 
0t fyvmtparmt cltine oonteidure guelcongm Journal de mathS- 
maisqvM, T ivn, pp 167-76 Pans, 1872 

fUcing the equations of his memoir of 1868 (see our Art 
1480) of the type 


dSi , Cf*t4i 

dt* 


= (X+/i.)^ + /iVaM, 


Soilfimaeq ueglects tbe rotatory and dispersive powers of the 
nQddiom and supposes t4i, Wi, and to be linear functions of 
% He shews that by a proper choice of axes, they can be 

given by 

u, = aw — fy + euj, 

= yw; — €26 + hv, 

where a, ) 9 , 7, S, e, ^ are constants depending on the nature of the 
medium All known transparent bodies are but slightly aeolo- 
tropic from the optical standpoint and hence cl - yS — 7, 7 — a, 
S, €, f a-re very small quantities Boussmesq on this assumption 
iii\i -ngaiL-^ the motion of plane- waves in such a medium If 
8, 6, 5* be zero, he deduces formulae agreeing with those of Fresnel 
for double refraction If they be not zero, there are two waves 
whose vibrations are very nearly but not accurately transverse Bous- 
smesq studies the laws of these quasi- transverse waves, and shew s 
that they may be enunciated, like those foi the accuiately transveise 
waves of Fresnel by the use of the optic ellipsoid of elasticity ’ with 
the aid of a certain right line of given length or ‘ optical axis 
of asymmeti} which passes in a given direction through the 
centre of the ellipsoid Foi crystals which have one of their 
» iin I (gill axes perpendicular to the plane of the others, 
Bous&inesq’s results agree with those of Fresnel For crystals, 
where this perpendicularity does not hold, this agreement is not a 
necessit} ot Buuksiirm|s in il^sis, and special experiments, Bous- 
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sinesq considers, would have to be made to determine whetiier 
these crystals also may be considered as having three reotaiigiilar 
planes of optical symmetry (IVesneFs hypothesis) or whether they 
obey the more general laws possible according to the present 
memoir 

[1484 ] There can be httle doubt, having r^;aid both to the 
comprehensiveness of its results and to the clearness of its hypo- 
theses, that Boiissinesq’s elastic theory of light is m most respects 
supenor to the elastic theories proposed by MacCullagh, Neumann, 
Green, Lam^ and others Should elastic theories be destined, as 
seems probable, to be replaced by an electro-magnetic theory, these 
are yet, probably, many points of Boussinesq’s mvestagations whmh 
might be usefully transferred from the one theory to the other' 


Section III 

The Apphi^ation of Potentials to the Theory of Elastiody 

[1485] Les diplacements quentiainent de petites dilatations 
on condensations qiielconques pi oduites, dans tout milieu homoghie 
et isotrope indefim, sont calculables d la manieie dune atti action 
neiutonienne Comptes lenduSjl xcia , pp 1648-50 Pans, 1882 

The body-shift equations for small vibrations may be vntten 
in the form 

where 6® = yL6/p and a‘' = (X. + 2/i)p see our Ait H04 

We have at once 

d 6'dt^ = a ^6 (ii) 

Let 6 at the point y^, be ^utn b} 01^^, t) and let 

us considei mattei distiibutcil tliKuighout space of which tht 
density at turn f equils 6 thus this <!♦ will \ ir\ with 

1 That the mvLbtigation^. ot the tin tu theoi> of light art not lendeied lUttrh 
Uoeless b> tht adoption of othei coustitution'> foi the ethei ha^ been ] uinted lu 
by bii \\ilhani Thomson in apapti piibli'shcd toi the hist time in ^ 1 iii f In 
Mathauatual and Phifsual Pupa pp I)"! Cambriil^e isio 


It)— 2 
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ibetoe. 


ItB p<^eafaal at a point x, y, z distant r from 




(I'l), 


wbero (fv 18 {m element of volume at y,, z^ 

Tlt«a V*<1> = -0(x, y, z, t) 

!jy "Bmaas^z Hearem 
Boossacaeeq now puts 




1 [ff(£dd^ 
4fz‘a jJj cJt* r 


1 ^ 
a* df ’ 


(IV), 


n^NTOig to eqoahons (i) and (u) His first equality seems to me 
legitzmate only if we suppose 0 and dOjdic, dSjdy, ddjdz to 
nmsik at an infinite distance For, I presume, it is obtained 


by puttii^ S (r) “ ~ ^ integrating by parts Whence 

if <!(r be mi element of an infinite bounding surface we must have 

Jj r JJ t d (a!j, yj, z^) 


zero 


Tbus W6 find that 6 and <E> are to be found from the equations 
d^^/df = and V®<D = - 


while (i) gives us for the corresponding parts of the shifts 
(ic, v,w) = - d^/d {x, y, z) 

Thus the shifts are equal to the Newtonian attractions due to 
a distribution of matter of density varying with the time and 
proportional to the con espon ding dilatation 

In addition to the above there may be parts of v, w foi 
which 0 = 0, they are evidently given from (i) by sohmg the 
equations 

d^ 

v, w) = b^V’'{n, V, w) 


If we integrate both sides of equation (ii) over the volume 
of a surface so large that dejdx, dOldy, dOjdz vanish at its 
Ixmndar}, we ha\e 

or /fj^drar IS const-uit tliiough the motion Thus the total mass 
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of which <I> IS the potential is constant Bxid finite if 0 
does not differ from zero except in limited r^iona Ficm tliis 
result Boussmesq (p 1650) ea^dy deduces that the potential 
$ due to 6 tends to zero as ilm time 

[14S6 ] Ajp^iccckon des poiei^ik^ d PiSktde de FSgimlihr^ et Ja 
mouvement des soltdes ^Icbs^ques, pnncftpalemmd m odM de$ 
d6format%ons et des pressions que prodtmeni, dam oes sdtdas^ des 
efforts quelconques eceerds smr %me pekte parise de feur mffwe m 
de lefwr irdineur , M4movre su%m de mtes Aerydues sur dmrs pomds 
de physique maih^maMque et damlyse. Pans, 1885 This wodk 
of 722 pages is the most considerable oontnbution of Boosaaiieeq 
to the theory of Elasticity 

This volume also forms T xni of the Becudl de laSoedihdes Bemmes 
deZtlle Lille, 1 885 Porkous of its oontaitB appeared In sepaamte meiiiioars 
contributed to the Gomptes rmdm for the years 1878-83 see T 
pp 1260-3, T LxxxviL, pp 402-5, 519-22, 687-9, 978-9, 1077^, 
T Lxxxvin, pp 277-9, 331-3, 375-8, 701-4, 741-4, T xcm., pp. 
703-6, 783-5 , T xcv , pp 1052-4 , 1149-52 , T xcvi , pp 245-8 In 
addition certam results of the theory were published by Samt-Venant 
on pp 374—407 a and pp 881-8 of the French edition of Clebsch see 
our Art 338 

The object of the work is summed up on pp 15-19 of the 
Introduction But et resume de ce ti avail It is to discuss the 
solution of the following three problems 

(a) A small portion of the surface of a large mass of elastic 
material is subjected to local stress, it is required to find the strain 
at other points 

(b) A small portion of the surface of a laige mass of elastic 
matenal is subjected to a gi\en deformation, to find the stresses 
due to this defoimation 

(c) A small portion of the interior of a large mass ut elastic 
material is subjected to a given bod\ foice (eg magnetic action) 
to find the sti iins pioduced b} thib bod\ fuite 

In sohing these pioblems Buussiiu st^ cuii^ukrs the shifts of 
the matenal to be zuo at an inhmte distance fruin the sin ill 
portion subjected to locd loid, but he leniiik'' that thi'^ eoiielitiuii 
is only intiodiicul to h\ oiii ideas 
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Im produits dans cette region resteraient, 

It peu prl>8 les ni^mes, si le corps 6tait enla^rement libre 
Fefipaoe ^ car ses parties ^loign4es, vn la grandeur relative de leur 
#eKidiie ^ par suite, de leur masse totaJe, seraient mamtenues sen- 
slldment iiamobiles par leur inerfee, dnrant bien plus de temps qu’il 
Di'eii 4cai Mimr il la petite partie, de masse insignifiante, qui est con- 
k in r^K«a d’lq^plication des forces exerc^ pour suivre les 
mpakioos qu’on lui impime et se mettre dans un 6tat quasi-permanent 
da d^fopaation at de tenaon, c^est4rdire k fort peu prfes, dans ?4tat 
d^fdHbre o(^m|Kmdaat k la fixation de Pensemble du corps et k 
aatv^lla ^adave des actions ext6rieures qu'il supporte k 
Poit ccmsidiire (p 19) 

The work will thus be seen to deal with the influence of local 
<ar stram in producing stress or strain at other parts of an 
deeliie solid 

[1487] We need not stay long over pp 15-49 of the work, 
which give a bnef r&wmd of the conclusions reached m the 
reznaiBder of the volume We may, howevei, just refer to one or 
two points m these pages 

S) and Olapeyron’s solution of the pioblem of an infinite 

0 solid bounded by a plane subjected to an arbitrary distribution 

» active load (see our Art 1018*) is noticed on pp 19-23 Boussi- 
neeq remarks on the extreme difficulty of obtaining physical results 
from a solution in quadruple integrals 

Further with regard to Lam6, Boussmesq points out that if 
U -fdmjr be the ordinary potential of a mass m, then just as 

- 47rp, 

p being the density, so if V = jidm be the ‘diiect potential,’ then 
V*V V-^Sirp and is not zeio as Lame supposes see our Ait 1062* 
Lamp’s solution thus applies only to elastic cases \\heie thcio is no 
internal action (repiesented by p), but the ‘direct potential’ has most 
\alue m exactly the leverse case, wheie tlieie is mteiiial action or p 
cannot be put zero (pp 31~3) 

(b) Pp 23-36 give an iccouiit of the action of local sti esses which 
deserves very careful study by those who asseit that the mithema 
ticians have failed to peiceive the influence of suiface loading in pro 
ducnig local strnn The seveiil points of tins lesurnS aie discusbed at 
greater length in oui tieatmeiit of the body of the book itself 

(c) On pp 35-6 Bousbinesq points out that a “local peituibation”, 
or local strnn pioduced by the local application of a load system in 
statu il equilibrium, decreises less lapidly with the distance in the case 
of i body with its tlnce dimensions compaiable among themselves, than 
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when one or two of its dimensions are as oompttred wxtii m tted. 
For example the inEuence of torsional oonples applied rowd. tibe norml 
to the contour of a plate has been shewn bj Hmmson and Tait (see o«r 
Art. 1523) to be practioallj insensible 2 ^ twioe the ihifttrrigifMf of 
plate from the edge, but the strain produced by a lemility loeal 
cation of forces in equihbnam to the surface of an mSmte 
only decreases as we depart from the o^ire o£ 
as the cube of the distance see our Art. 1521 

(d) § 8 of the Int/rodv/Avm (pp 36—41) ocmtams aotne Talnable 
remarks on the difference between solutioDs by ‘potentiab’ 

Fourier’s senes, the former tending in many cases to exhibit and tbs 
latter to obscure the physical laws of the phenomena mYestigated. To 
obtain the physical characteristics of a phenomenon we want to asoertaiii 
how a small action at one pomt influences the coioidition a&nn at a 
second, and we shall rarely be able to ascertain this fsrom a Fomw's 
senes when we increase indeflnitely the dimensions of a medium m two 
or more directions. The Founer’s senes will then m genefal be replaoed 
by a multiple integral, and the evaluation of t hi s integral with respect 
to certain auxiliary variables leads to a simpler solati<m, which it will 
generally be needful to further mt^rate over ^le r^ion to whieb the 
action has been applied This simpfer solutKm is what is more directly 
obtained by the method of potentials. 

(e) Finally we may note that pp 42-9 give a rtswnie of some 
interesting general properties of the potential One of these is of 
considerable mteiest and simplicity, and accoiding to Boussinesq it had 
not yet been noticed It consists in the following statement The 
Laplacian V of any function at a point is equal to one third of the 
mean value of the second deiivative of the function taken for all 
possible diiections lound the pomt (p 44) 

[1488] Boussinesq next discusses and defines the \arious 
types of potential with which he is about to deal 

Let dm be the element of a mass m situated at the point 
aiid let the integration be o\er the whole ot the mass m 
Then, if ? = V(j - nc,) + (y - yi) + baie the lollowing 

types oi potential at the point y, z 

the oidinaiy or inve'i potential U = j ^ (111) 

the direct potential V= ( nhn, (u) 

(^sec <»ui Alt 10 (j2^) 

the lorjai LthiiLLc potential luith tJuee latiahle^ 

= I log ( - — + / ) dm ( ^ ' 
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Will be ealled the first logarithmic potential , Bous- 
momi mkodtioes the words ‘with three variables’ to distmguish 
it feom the oifhndnocd potential or logarUhmic potential with two 
by /logrdm, where r = — + — 

WimSiy we have 

l&e eeo&f^ logariArnAC potenticd todh three vanahles, 

^ = /[- r -f (if - ^) log (if - ifi + r)] dm (vi) 

If =a 0, or the matter be spread over the plane xy we have 
f*»/log(s^r)dm, which is the form in which we shall generally 
hme to with it 


We easily find ^ 

^ = J log (if - 4 r) dm = 


(Vll) 


Eeaioe rf V*27 = 0, we have at once V-i|r = 0 and V2^ = 0 
Farther, as m our Art 1062^ V^V^V = 2V^?7= 0 These relations 
aie deduced on the supposition that none of the matter m lies in 
the space within which we are considenng the values of these 
potentials (pp 57-61) 


[1489 ] The most general types of solution by aid of potential 
functions are given by Boussinesq in a memoir of 1888 entitled 
ijqmhhre d'ilasticite dun solide sans pesanteur, homoghie et 
isotrope, dent les parties profondes sont maintenues fixes pendant 
que sa surface iprouve des pressions ou des deplacements connits, 
s'anniUant hors dune region restreinte oii ils sont arhitraires 
Gomptes rendus, T cvi pp 1043-8 and 1119-23 Pans, 1888 
I propose to indicate Boussinesq’s solutions at this stage and 
rctuni for the discussion of special cases to the Application des 
potentiels 

Boussinesq’s problem is described in the following woids 

Comme k coips dont il sagit ii’est a consideier que dans le voisinage 
de sa region superticielle, sensiblement plant, assiijettie aux piessions 
ou au\ dejdacemeiits de \aleurs auties que zeio, Ton pent, en adoptant 
poui plan des cy le pi in tangent en un point cential de cette legion et 
poui i\e dt « la noun lie conespondinte diiigee vers 1 inter leur, le 
regaidei comme liinitc dun cote pii ce pi in et indefim dans tous les 
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autres sens, ou oomme remplissaat la ssoitii de I’espoea lee onloaijate 
^nt posikves (p 1043) 

Boussinesq supp<^es biconstaat isoiaropy He wntee at the 
surface z = 0 

= P. — (0, 

u = tc? = t0't (nX 

where 'px, Py, Pz, are functions of « and y only Further 

he considers w, v, w and w^, to vanish at mfimty He tlim 
proposes to solve the body-shift equations of type' 

^+W‘m = 0 (mX 

(where i = 1 — 2^^, ^ being the stretch-squeeze ratao)^ «ibj6<^ to one 
of the following conditions 

(a) Uq, Vo and Wo are known functions of x and y , 

(b) px, Py and p^ are known functions of x and y , 

(c) iio, ^0 a.nd p^ are known functions of x and y , 

(d) px, Py and Wo are known functions of x and y 

The sub-case of (h) where ji^is arbitrary, but p^ = p,, = 0, had 
been solved in 1828 by Lame and Clapeyron by aid of quadruple 
integrals see our Art 1019* A simplified form of this case had 
been given by Boussinesq in 1878, and the complete solutions of 
(a) and (&) before the end of 1882 In (a) and (6) howe\er he had 
been preceded by V Cerruti {Rxceiche into) no alV equihbno de 
CO) pi elastici isoUopi Reale Accadeima dei Lincei, Sone 3^, 
Memoiie della Classe di scieiize fibiche T \iii pp 81-122 
Roma, 1882) In the memoir ot 1888 Boussinesq sohob for the 
tiibt time (c) and the most general form of {d) 

[1490] Let U, V, IF, <^, </>!, be functioiib of /, //, s which ha\e 
then Laplacian V zero, and then deinatnes in a, //, z tinite \ik1 

1 He states this pioblem in a slightly diffeient form on pp jO— S uf hib 
Ap2)licatiu)i chs poUntieh and showb on pp 14-6 that the bolutiuii i unniut 
foi the case (/;) lefeiied to below His method is similar to that uf Kiichbuff 
and Clebsch see our Aits 1278 and 1331 
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Ibar 0, titea if 2^ + 1, we Jiave the following two 
solutions for (m) 

dz M dx \doii ^ dy ^ dz 
dV z d fdU dV dJF\ 

Jl/ dv [<&e dy dz J ’ f 


dz kf dy \dx dy dz J ^ j 
_dW__z£(M ^ dfF \ 
dz k* dz \fl2a? ^ dy ^ dz ) > 

dx k! dx dy ^ 

d<f} z d^ ^dd>i 

^~dy ifdy'^^dx’ ' 

d6 z ^ 
ty = - r? ^ 

dz h dz / 

llhese results may be easily verified by substitution in (in) 
The solution (v) leads at once by (i), for » = 0, to 


dx\dst^k' J^dydz’ 


d (d<t> k \ 

■'" ~ dy\dz k'^J dxdz’\ M 

By aid of (iv)— (vi) we can now indicate the method of solving the 
several cases (a), (6), (c) and {d) 


[1491] Case (a) Take V, F, JF the potentials dne to distii 
butiOM of matter of densities - uJ2-n-, -vjl-n-, -w„j2-n- respectively 
over the plane xy, then «t, v, w will satisfy the body shift equations, 
vanish at an infinite distance from the ongm of distuibance and be 
equal to iZy at the plane xy Thus we ha\e 
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where r is the distance between the point of the plane at wlueli 
the shift IS t&o) ^0 point of the mass at vkidh ilte dbiH 

IS w, V, to 


[1492 ] Case (b). We may dxvid& this into two anlHaasaa^ wfaeli 
combined will give us the general solukon for the case any seilaew 
loading 

Si^ycase (i) — Pa = ^y arbitrary fonctioii of « and p 

This is Lame and Clapeyron’s case 

In equations (vi) put ^ = 0 and k'd<j^jdz-h&^ = 0f and we liav® 
Pie-Pjf = 0, <r<jildi!^ = hpff, when z = 0 


Assume 


whence 


// log (*+»•) 


{rmy 


Let Pq be the true normal pressure = then by aid of (v) and 
(viu) we find the following general expressions for the shifts, etc. 


w = — 


— IK)' 

jr--^ J 


&= 

27 rLc clz 




where do is an element of the plane asp 


[1493 1 Boussmesq in his Application des poteidicU (pp 65-6) 
obtains, for 2 : = 0, the values of fj(zpda)>r^) and jj(z^pdo r®), where fx/<D is 
an element at ai, Pi of a mass distributed ovei the suiface 0, and 
? lb the distance of a;, y, .. fiom this element He writes 

£bi X. ^ -i- i? cos X, X» 

and therefoie >-- 2 : +f?‘ 

Whence, il we put R - dR = zdq {z consUnt), v e ha\ e, li p ( ' 1 j yi) 
be the value of p at aj, 



feiiuilirly 1*1" "■ *3 ^ ^ 





BOUSSIKESQ. 


[1494 


Him V6 fiad lor the value of ^ in (ix) when z = 0, 6 = —po/i^ + p) 
WmOxxe we have {da^dk)^ = - !?«/(>• + p) Thus both the dilatation 
^e> m ease negative, or a rarefaction) and the sijueeze at the 
ate ^oportionat to the normal pressure The former of these 
Mff tfai had bean jwevioualy obtained by Lam€ and Olapeyron see our 
Art. 1019* 

It will be noted that in this subcase 


^-?=0, and (XI) 

dy <M " dy ckc ^ ^ 

Tbe first d, these squaticms expresses that the twist about the axis 
of IS sere. 


Id d(^ 


[1404] Subcase (u) Let us take ^ = 
baire besito 

1 d^<l> d^<lyi 

1 + dxdz ^ dydz 

« 1 d^<f> 

i + ^ dydz dxdz ) 

wheaioe, remembenng and are both zero, we have foi z = 0 


m (vi), then we 


(xu). 


ds^ 




Boussmesq now takes for and <f>i second logarithmic potentials 
(see our Art 1488), for which we have the second differential in z 
equal to the ordinary potential 

Let Si and be the shearing loads applied to the sui face z = 0 
parallel to the axes of x and y , then Si = S ' = 2/i.p^, and 

d^ fjL ^ dy ) ^ 2fx\dy dx J ^ 

whenct we can satisfy all the conditions by taking 

^ ~ 2 ^ {(4 //<“ (“ + ’)- »•} log (= + »•) - »■} ^ ‘^<"1 ’ 

= ^°S(~ + r)-r}Sd<o-£ lf{^log(z + t)-r}^,do>j, ^ 

* = {£ ff + £ P^S (^ + ’ ) <S' f^o.} 

(xiv) 

Equations (viii) ^\ele fust obtained b} Boussmesq, and aie given on 
}» 60 of Ills \ iqjhcatioii dts puttntielb Then solution (xiv) is due to 
Cerniti the al>ov( unthod of reaching tint solution is, however, 
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Bonssmesq’s We have only to snbsfettnt© (xiv) m (v) to 

solve this Subcase. Thus we havB obtamod sc^utsosis of l yU 

(h) m terms of generalised pot^tuds. Similar mveatigtttjras mmm 

pp 62-80 of Boussmesq’s Trmitie, On pp. 182-6 

however, Boussinesq puts into a sl3^% ixH>re oompaci form the iuboHb 

of Case (h) XiOt us re- write our conclusions m the i&sUowing 

S^ibcase (i) 


'dx kdxdz" 

z ^ ^ 

^ (fycZis ’ 2/1 k df^d^ ’ 

■kd<l> z ^ ^ i 

rd^'^k^’ \ 

= //(« log {z-tt) — r)p^d»y we have I 
k I 


Here, if 


Subcase (ii) 
d<i> z 


_d<l> Z cPifi 

dy^ k dydz ’ 

l-^-kddx z d^<j> 
T~d^^kl^ 


4fi7r dz 


_d<l> ^ « d^<i> 2 

^ dx 1 - 1 -^ dxdz dy ’ 

« - ^4. _A_ , o ^ 

c?2/ 1 + A; ci?3^c?2: ’ 


i+/fc 1 +/fcc;«=’ 


2/1 1 + ^ d«?c2a; 1 -f ^ cforcCs dydz ’ 

^ js 1 d^<b d^<l>i 

2/1 1-^kdz^dy 1+kdydz dxdz^ 

^ _ i2? 

2/1 1 + ^ 


Here, if 


i+k/d<y 


4ir/i \c7a; 


^ = fl{z log (z-i-r)- r} Si du) 
fl{z \og{z + r)--r}S do>, 
. 1 

4:rix\di difJ 


Hence we tind foi (w) ind (\m) combined tlie stiesses acio&s an^ 
plane parallel to the boundary 

Id . . - d: d^„ d^ \ 


(4^ , 4^,, 4^)- 


2r d{i tj^ ~) th 


Foi a single element of suiface stress ^^dw s dw^ we easil\ 

deduce lemembeiiug the relations (mi) of Ait 14b’^ 

3=Joj /c r y ^ ~ \ ^ 


ozdix) f L ^ V c \ ( 
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How l&e kst fifeofcor m mtk case is the direction-cosine of the ray 
the ekioieiitary area parallel to the surface at a point P with 
Ibe pomt 0 at which the load is applied , further, the factor 

is the co®ttponent of the load parallel to OF , hence Bonssinesq (p 187) 
the following law 

Toute actm ext4:ieure eaero6e en un point de la surface d’un sohde se 
tKaiMai»»et h Fmt&imir, sur les couches mat^nelles parall^les h, la surface, sous 
la lomae de preeexons dingte exactement k Toppos^ de ce point, et qui ^alent, 
pour Pumt4 d^ure, le produit du coefficient 3/^ par la composante, suivant 
lew ppopre ssos, de la f^roe ext^neure donnde, par Tinverse du carr4 de la 
dieted r au ncfcie point d^apphcation et par le rapport de la profondeur z 
da k ooiaolie h oette distance r 


^95 ] C<m (c) «?o and given over - 0 

We can (5ombme (iv) and (v) of Art 1490 in the following manner 
IhJce ^=0, ^ = 4i = 0 We have at the surface^ js = 0 


dU dV 
^~dz' 

These lead us at once to 


- ^ 4 . + 

k' \ dx dy) ~dz 


'‘-iff 


'U^d<i) 


r= 




Ji f fPzdo) 


27 r(l+i’)JJ r 


-J. rr 

2x Ij r ’ 
k fd ffu^db) 

2)r(l IJ i 


+ 


[fVodw\ r 
di/lj 9 Jj 


(xix) 


we find finally 


V) = ^ i dV_ \ 

dz \ -^k d{x^y)\dx dy 

dy I ) I -i- 1 dz\d t ^ dy ) 


[1496 ] Case (d) u, and ;> , gnen ovei ~ = 0 In this case 


^ e easily deduce the last of these equations from 


uht Id )( 


1 

/ 


[di 



and d 


L -1 

f 


(i I , 
dy 


) 


Id^ 
A d 
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eomkmng (xv) and (▼) we take Zr= F= 0 aad d^fdz + #*= 0, wbrnee «t 
the surfaice % ^ 0 we have 


_dW ^ 

de ’ V dads tfydg W dada ’ 

k' dia;d« dgda 

From the last two eqeatums we find over s s 0 


c&* &+ 1 VcSiB dy 






da^ ^ j 


/dpx ^w\ 

\ dy dxj 


Whence ^ = -r^ J^-eTTr 


dP, dPJ 
-^+ 


^ k+1 2w(k+l)\<fc " % 

^~ 27 t\dy dxJ’ 

Po = //(* log (» + »•)- r) 

Py = //(* log (* + »•)- r)^>,^a> 


Fitrther, ^=- 2 I.J ’ 


Substituting these values of <f>, and IF m (iv) and (\ ), we hnd 
aftei some reductions 

-1 ^ ^ 
TT Jj r 2-7r (1 + A,) cfo;’ 

„ = 1 _ 1 

TT j/ ? 27r (1 + A) 

1 cA ^j'tc^td(o 1 

II 27r(l + A)(75’ I 

wheie X = ~l^ ) |//j r/w + |J?;)^c/<d -r (1 - A) I j ^ j j 


This completes the set of solutions pioposed 1)\ Boussinesq is tht 
subject of hib inemoii We will now letuin to his ip}htatn u ihs 
potetitieh, leteriing wheie necessai) to the ibo\e equation^ (i| — (win) 
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[14»5r 


[149? I In the Ap^vxskon des potentiels Boussinesq discusses 
Oa9e (b) above by constnicting it from three simpler types of 
mtagxais 62-80). For each of these three simpler types he 
tfieu iwoaljses the nature of the shifts, strains and stresses due to a 
single element of the potential expressions (pp 81-98, and 107-8X 
Tlieee mvestagacions, interesting as they undoubtedly are, have still 
mt the same practical importance as that which corresponds to 
our Case (b\ Subcase (i), for a simple pressure upon a small 
of Ihe sur&oe This occupies pp 99-107, and we must 
4evote some further space to it 


Bel^rring to our equations (ix) let us consider only the element 
of normal pressure on the surface Let U represent the shift 
pamllei to the surface at fgiy pomt distant r from the loaded element in 
a 4 irecfe<m mahmg an angle a with the direction of the pressure, and 
let be the shift perpendicular to the surface, then we easily find foi 
pomts ontaade 




4:'^ixr { 


cosa- 


1-2o7 


1 + cos 


-}sma.] 




(xxiv) 


U is obviously zero for a = 0, and again ^ foi a = cos — 817 — 1) 
Between these values U is positive, while between the lattei value and 
90’ it IS negative For a = 90’, we have 


or we see that each circle on the surface is depiessed moie than its 
radius is dinimished 

Although the formulae (xxiv) do not hold when ? is vanislimgly 
small, they still do not give infinite values foi U and w, for do} will be 
of the order and theiefoie doy/'t vanishes for an infinitely small 
element \\e are obliged in fact for the shifts near 7 = 0 to retuin to 
the more complete foimula (ix) On the othei hand, if and dw lx 
V>oth finite, (\xiv) will hold foi all points of the body sufficiently distant 
from this region (jj 104) 

Turning to tlie sti esses, Boussinesq detei mines what is the total 
stresh across an element ii\ plane perpendicular to the axis of in othei 
voids we have to detei iiiine and Hi, wheie R—J 7 —z is the 


fiA ^0 ^ foi M = 0)to|(ie foi \ = fx) this angle decieases from 

% to bS about 



mxmmmi 


imj 


m 


Irom tlie axis of s; to tlio pomt al m mm 
til© Bj the aid of ^ as givea m (ix) wm mmAy find* 


ZX ” Ad "f* 


dm? 

itr 


006% 


zlSL 


( dU , €iK?\ oo^a ^ 

ik*dBr--Eir-?‘~^‘ 


(xi4 


Thus the stress across aay elementary plane paralld to tile 

bounding surface = and is directed frffloa the pc^t at 

which the elementary pressure is a^phed^ Vmai the malt 
Bouasmesq draws the following ccmehision (p. 105) 

Thrmghmt the whole swrfoux of a sphere iouekmg the emfcm of 
the gmen plcme cd tike pomt of appkocd^on of the normal fores 
the dress, wh%dh am elemevdary plane paraUd to the smfaoe of tihe 
body %s si^eded to, is oonsimL It mrm ditemtly ae the Jbroe 
pfUo %s directed along the chord from ike pomt of applmcdsm md 
for different spheres vanes inversely as tkeir surfaces 

This result is independent of the elastic constants of the 
matenal, thus we see that the distribution of str^ over any 
plane parallel to the surface is the same for all isotropic bodies 
(p 106) see our Art 1494, Subcase (i) 


[1498] Boussinesq next proceeds to discuss the depressions 
upon the plane surface of an indefinitely great elastic solid due 
to various distributions of normal pressure (pp 109-201) 

The \alue of ^v^^, or the surface depression, is given mt} easily b} 
(ix), it IS 

1 ” i iPvd<^ , V 

“’■=2.^- II r 

Now suppose taken as a smface deusit\, and let U's choose as 
origin of cooidmitcs the centioid and as ixes ot l ind y tlu piiucipil 
ixes of this distiibution of matter If P be tla total plt^^ur^ ind 
Aj, A the swing laclii of lound the ixes ot l nid y Kspectnth, 
fuithei if 

x = R cos Xj 2 / = ^ X> 

1 Boussinesq has applied this result to an interesting pecial ca'ie bcaiiiv on 
the influence ot siiiface loading in the pioblem of beam> 1 hilt ophu il Ma tin 
Vol 62 pp lbS-4 London ISfll 
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W ft ■wftlWkiiowB ilmreia in potentials due to Poisson (see 
Mmdan’s Tmitx «« SMust, Vol ii , p 307, 1889) we have approxi 


aafti^j 


* 0 ,= 


^ ? ■?! (l + 

hrti B \ 




4^ 




cos 


2x} 


(xxvu) 


Hus may bo wntten 




%rfi M 



K^ + K^ 
4^ 



Ki+K^^ 


cos 



K^ — K^ 

^ maxnntim value possible for the term — 1— ^^cos^x is 

^2 -r-^i 

greater unity and Zj® + X,® must be less than the square of the 
greatest radnis-yecfeor of the axea to which the pressure is applied, hence 


3^ imtog 




Izlio 

2wfL R 


(xxviii), 


, . , /maximum radius vectorXs 

« at most neglecting only ( distance from centroid ' J 
Hius xn the case of pressure applied to an area the depression at a 
distance ten times the maximum radms>vector would be given with 
lees than 1 p c. error by (xxviii) It is often much less than this, thus 
for uniform pressure over a circular area, the depression at 4 times the 
radius is given by (xxviii) with less than 8 p c error 

We may note another point with regard to the above result 
Suppose the total force Rq to be zero, then it does not follow that 
{K^ + will he zero, but we see that a system of pi essures in 
statical eqnilibnum, if applied to a small region on the surface of the 
body will not produce a sensible depression at a small distance from 
that region, i e the depression diminishes as the in\ erse cube of the 
distance (pp 118-9) 


[1499 ] Returning to (xxvi) we can, either by direct expansion oi 
by an easy application of Legendre’s coefficients (see Ferrers’ Sphemcal 
Harmomcs, Chapter III), find foi a distribution of piessure 
symmetrical round a point of the surface We should have p^=f{p)^ 
if p be the radius vector, and if be the limiting radius of the area to 
which we apply pressure, R the distance from its centie of the point on 
the surface at which the depression is Wq we obtain 
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Boasfiiaeaq a aamber ol ^sietesfeg €ftae a oC IfaaL 3?br examfilc^ 
at a great distance &om tlie loaded aa:e% oaly eadlj lersas af tbe 
second integral are required, and wm JbaTe 

whidi agrees with (xxva). 

Fnri^er ibe d^iessaon «(7^at lbs c^tre of tfae loaded 
tbe first term of first mt^ral and eqnak 

(xX3LZ)5ii. 

Je 

Tins shews ns that all snr&ce animli of the eaaaae small bmd^ 
whatever be their radii, will when subjected to ^e same stress niwt 
area produce the same central depreB8K>n. 

Boussinesq finds the value of the central depiieaBicm for jd^ oc 
<3c and oc - p*)'"* (jpp, Tlie first two cases 

correspond to distnbniaons of presmire vanishntg at the centre and at 
the edge of the loaded area re^)eckv^ F-mr ^ same total pre&mire 
the d^ressicm m the secomi case is douhfo that m the first , iim sieaii 
depression m the second case is, however, only ^ that m tim first 
(pp 125-6) On pp 121-6 Bonssmesq gives expressions for the de- 
pression at the edge of the loaded area and for the mean depreamon 
over that area 

[1500 ] On pp 126-139 an interesting proposition is proved, and 
its relation to a corresponding proposition in the case of a circular 
plate IS discussed at some length Consider two pressures and 
applied to the plane face of an infinite elastic solid uniformly round t^^ o 
circumferences of radu pi and p^' so that the total loads 2wpi</pipg 
2Trf>i'dpi2^Q are equal, then by (xxvi) the depieasion due to the first load 
at a point on the second circumference is gi\ eu by 

w = Lz:^ P' - Pnft%4Pi_ 

" Jo 7p,® + p,' -2pjp, cosx’ 

and tins is exactly equal to 

f-’" P Pi^K ^Pi 

2irp lo ^/pj +Pj -2p, Pi cosx ’ 

or to the depiession at the first circiimfei ence due to the load on tlif 
second, since the total loads are equal Now suppose the load on one 
cucu inference not to be uniformly distiibuted, then it ^\lll pioduce tlie 
same ??iea7i depiession lound the second ciicuinftuncc wheicvti it lu 
placed Hence the mean depression lound the second ciiLiimferenct 
must be the same foi the same load on the first ciicumfeience, \\liaU\er 
the law of distribution be Hence we conclude T//ai two eqmil Ion 1 
ihstmhuted 7ound the pmineteis of tito concent/ ir cncles jnodf/c^ fh 
<iamp mea^i dppiPs<nonb at each otheid ci^cuinjeienc^^ \ pitLis<l\ 
nlentinl ]\\\ holds foi two loided ciicumfen ncos coiurntiic with i 
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[1501 


iAmim |Me ^ whxcii is eiiiber built-in or supported see 

mt JMsl 3®# mi 13SS 


[1501 ] Baussmesq pext deals (pp 1 S9-42) with the case in 
wh^ the pressure is uniformly distributed over the loaded area. 
We must first notioe a method by which the equation (xxvi) may 
he easdj transformed mto an integrable form, when the pressure 
venes only with the distance f5rom the centre of the area 

Safe© the point P at which the depression is to be found outside the 
leeM let it be the origin of polar coordinates r and <f> being 

memsuPdi hem the Ime P fixim the pomt P to the centre 0 of the disc 
Then by (xxvi) 

1-7J ff p^rdrd<l> 

^ ^TTfJt. JJ T ’ 

How trandPorming the variables to p and the angle marked ij/ in 
Hie %ur6 



we easily find 

Popdpdij/ 

) VP^-p^sm^i/r 

This may be expressed in the form 

^ 1-77 dll/ = ^ / 

lo ^ smV, > Pi (xxx) 

Now let the point P he inside the loaded aiea, the notation remain 


l-rj fPi 






mg the same^ tiien ^ ^ « 0 to JS^ the iz^t^rrsl m^j he eicp i rewi ed in I1 m 9 
form (xzx), but lor p ^ to a e!^s^ m medfaL 

As before, hoA takmg mm %b m ssm Am M% 




«Sft JmJ6 

or since it mvolves only we haive 

^1-v r. — 5?=- 


- /# /p=s-B 


Whence we have lor a point mside tlie kaded area 




I #1 

/# xJptsiM ^ 


(xxxi) 


See Boussinesq’s pp 113—7 


[1502 ] For the case of p^ constant we can Uirow Uie above mto 
the simple forms 




V (xxxii) 

2(1— «) firll . 

and = Pq I ^ Pi - sin® R<pi 

ITfL Jo 

Hence, if Wc be the central depression, Wg that at the edge of the 
loaded area and 2^0 = ^oli'^Pi) 


firfi 

I vpi - A® sin® lift/jZf, R<(>i 
Jo 


(xxxii) 


I - V 


1 - rj P„ 2 


Thus {Wc - Wg)’iOc = 363 about 

Values of foi othei points may be obtained diiectlv fiom (vwii) 
01 fiom the senes expression in (xxi\) llie mean \alue ot 1 / o\er tlu 
loaded iiea or ^o„^, is easily found fiom the second result in (xwii) 
by the consider ation that 

10, „= 1“ u R<IP 

Trpi k 

1 - 7', b b 

=. - ' - - - ?e - ^ 

TTp pi OTT OTT 

bee Boiibsme& 4 \ pp 125 ind 140 
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iiw uMb of tike loaded area ^ equally depressed Since for a 

g 

Iimforolj ikB mean depression = (Art 1502), we see 

fc^ speie total bad the equally depressed area has a slightly 
Im d^wwKm iJban ^ mean of the equally loaded area, the ratio of 
tike two depressions being 3^ S2 

On pp. 159-42 BmsK^imesq extends the case of equal depression to 
api^ied over an eliipkc loaded area with principal axes 2a, 2b 
Sbtdhews that if the pressure be applied according to the law 






2a) V a- 




then the elliptic area will be equally depressed^ 


p&(^.3 Pp. 167-81 of the work are occupied, partly, with a 
dieerissbn $£ sbnae proWems on the potential due to Beltrami, and 
partly with tibe application of the pnnciple of inversion as in 
eleotocity to obtam the depression due to other distributions of 
pieesiim One special case of mversion is worked out on pp 177-8 
and on pp 180-1 Boussinesq points out how a distribution of 
pressures may be obtamed giving no depression at all outside a 
given contour, although the pressures themselves extend to regions 
beyond this contour 


[1506 ] Pp 182-9 relate to Oerruti^s solution for the case of 
any surface stress whatever over the plane boundary of an other- 
wise infinite solid. The results are, however, easily obtained by 
Boussinesq in terms of the second logarithmic potential see our 
Art 1488 Boussinesq on pp 188-9 discusses an interesting 
special case which may be just referred to here 

Suppose a smgle shearing force Si applied to the suiface element d(o 
at the origin TheQ referring to our Equations (xv)-(xvii) we have 

= 0, % = {z log (z + r) - r] Sidta 

Hence we find for the depiession at the surface 

0) A/ 

w = — — 

477 (A. + ju,) aP •¥ y 

The contoui and the maximum slope lines of this surface aie obviously 
gi\en by &} stems of circles lying in the plane s = 0, passing thioiigh 

^ On pp 162-0 Boussinesq m\estitates the value of the depiession ouUuh the 
uniformly depressed area i e m the last case of the above table He bnds 

II = " (ft<-R) 
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the or^;m aad their eeBtres the exes of m uid jr reepeeilfwljr 

In fixint and behind the pcdnt of i^^ieatum of the abaar *h«— » vifl be 
oongment mound and hollow 


[1507 ] On pp 1&0-201 Bonssisi^ d^sis i9i& Siraia 

of the potential solution which epihtaced in those wb hatn 
already diseased m our Aits. 1490-6 He poinln mi Ibal as a 
rule the depression produced m plane mxbm of m 
sohd IS not proportional to the pressure. La does not at each 
point vary as ^ , and he indicates ihat f(xt jneseareB applied 

over limit^ porkons of the surface this proporlicnitM^ cannot heML 


It IS easy, however, to Snd diskibukom cl nonaal pr ee ga re wlddb 
will give a depres^n pro|K»rkonal to that premize at eaoli p<miL 
Looking back at equation (xv) we ind i>r a = ^ propcHrtKMial to 

(P<f>lds^, and to d<f>ldz, H^me if we were to take # = 
we should have achieved our ot^eet provided = 0^ or 


A solution of this is 


^ <i>X 
da?^ dy^ 


+ a*x = 0 


X-Gcos {inx + jS) cos (m'y + jS'), 
provided m* + m * = a® 

'—V S 

Thus, ~ ^ (oLS + 1) e”®^ C cos (t/w: + jS) cos (?ny + jS'), 

JijjL fC 

and we notice that the mean pressure over the plane xy is zero, and 
that the elfect of this pressure, owing to the factor gets very 

small at distances from the surface which are only a few times the 
dimensions of the lectangles within which the surface pressure is 
alternately positive and negati\e A pressuie of this kind seems to 
be, however, of purely theoretical mterest 


[1508] Boussiuesq ne\t turns to the extremely important 
problem of determining the stresses i\hen a rigid bud} ut known 
shape IS pressed with a gi\en force upon an elas.tie medium 
bounded by an luhnite plane The diseiissiou under its general or 
special aspects occupies pp 2U2-5a and 713-9 ul the \oluine 
Boussinesq deals on pp 202-10 and 713-15 with the general 
statement ol the problem He supposes that the bodies iii comic t 
ire smooth, le and T =0 at the suilaee ol eontaet No\t the 
total pressure between the bodies is given, and hiiallv it o, be 
the central depression is given over the suifiee ut eontaet 





[1509—1510 


are dkefly coaoemt^ with the case in which the 
mitkm el is a smell area only in the plane xg, and it is easy to 

eae m this case, that were the elastic body to have even a slight 
oarfatee expree^ by s = ^ {x, y), and the rigid body a form given by 
y), we should have 

W^-W^ = <l> (x, y)-f(x, y) (xxxiii), 

IhoeameoomJitKm as if we had supposed the elastic body plane and 
body given by 

s = ^(aj, y)-<^(a^y) 

Hiirther smc© the snrfeoe of contact is small the part of any convex 
In oolSttacife with the elastic medium may be taken as an elliptic 
pmbcdoi^ If Ml and be its principal radii o£ curvature, and the 
ol X and y be taken in these directions, we shall have 

and in the special case of a plane elastic surface 



It IS obviously necessary for the equilibrium of the system that 
£06 resultant pressure should be in the normal to the rigid body at the 
origin, or that, if the pressure be due to the weight of that body, its 
centroid should he on the normal Boussmesq considers on pp 204-6 
the more general case in which the exact orientation of the rigid body in 
the position of equilibrium is one of the unknown quantities of the 
problem. He t>omts out how the problem breaks up into simpler 
problems of which the solution may be obtamed, but he does not solve 
these problems for any special case 

[1509] Besides the conditions we have considered in the 
previous article, there are certain others to be fulfilled at the 
contour of the surface of contact This contour will itself have to 
be determined by the total amount of pressure, and along this at 
first undetermined contour we must have ^ = 0, or zero pressure 
This condition is discussed at some length by Boussmesq on 
pp 208-10, and the reader is referred to cm Art 1503, as an 
indication to the sort of considerations which aiise 

[1510] Turning to various special cases we may note the 
following 

O 

Cci6e (a) Th lujid body ib a solid oj t evolution,^ the end oj the axis 
oj which Xb in contact with the plane boundai y oJ an infinite ekibtit bolid 
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The solution of this case is mdiealed hj Botsasumq in a Iboiaoie en 
pp 206-7, and it may be obtained liy aid el ismnlae 4ae to Bdlamd^ 
and discussed at some leng^ by Bonssmasq on pn. lST-74 
fonnuke are the foHovnig Let m elzeoiar aim 1^ ocpy cred niffc a 
surface density A(p), whw^h is a edk el ^ diiifeiiim ^ 

the centre, then if F (p) be the potoikal ol w lem luad ^ iIb 
we have for the density, p < 

and for the potential at a pomt in the plane the area, p' >pi 


K/a'\ = ^ fP F( Y)Yegy \ 

’rjo Wp'*-fif‘d^h Jpf—f) 


(xzxv^ 


Now bj owe oqwtiafm {zxti) «e^ is tbe potoBiul <dn» to a di afa t b w to tta 
of density (1 -r})pj(2rii) meie the ]^«8Bed aiea. Beam we iMee tihe 
following valnes for tlie pressore pr^ttoed by a depresBioa «i^(p) mode 
Idle circle and for the digression ^(p) onhsuie eaitde 


J3dj3 d (fi 


l-riTrpdpJf Kj^irpdPJt j;S»_y*/ 

Kjp'Crp^dfih 


(aoexvu) 


It must be remembeied (see our Art. 1508) that — w,(p) is the 
quantity which is a given function — «^(p) of p, and that Wg will then 

have to be determined so that | ^Trpp^p equals the total load iV This 

Jo 

gives us alter some changes 


“ i-’7y« Vpi -r ! 


(xxxvui) 


The last integiul can bt evaluated if i/r(p) \je known, tiid thus tv^ 
may be loiiiicl , and u\^{p ) can then be asccitaintd by (vxxvu) 
These integrilb hive been e\aluated by Ceiruti for the case of a 
paraboloid of revolution, oi when is of the foim Cp see pp 43—4 
of the memoii cited m oui Art 1469 

Ga^e (b) Genet al Co e A lujid aohd of any la j>us el 

agauut tlie pUme binjact oj an tnJiniG tlubtu bolid B\ out equation 

^ These foimulae were first ^nen Beltrami in 18^1 see hia nit-muir Snllti 
theoria delle Jtuuioni pottn uili bimmetruh Mtitwru dell ittud dtlU S un t 
ill Boloyna Sei i\ T ii pp 4i)2-5 Bologna Issl 
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(xxn% ^ potential due to a surface 

j i Mf^8aif fhfiia<m Ll!l2 p. Heuce we may state the most general problem m 

iite fc^wmg joBtanner Hie potential V at all points of an area in the 
M glTen = what is the distribution of density over this 
amt which would produce this potential? We have Nihe following 
to solve 

V® F = 0, lor ail points m space lying outside the given area , 
dV 

j- = 0, outside the given area for ; 2 ? = 0 ^ 


and rs=tt?a within the givmi area 


shews (p 223) that the solution for V is unique, and 
thit required pressure is that given by 

’ !^f^\ 

l->/W»/*=o 

See his pp 221-4 

Ca$e (c) Case of a flat ngid disc pressed on tJie plane surface of 
an elastic solid In this case Wq must be constant over the 

area of the disc, if we supj^se the load to be so applied that the face 
of the disc remains parallel to the initially unstrained surface of the 
elastic solid F is therefore constant (= over the area covered by 
the disc Hence the law of distiibution of load over the area is 
precisely the same as that of the electric chaige upon the same disc 
supposed to be a conductor insulated and charged with electiicity 
(p 225) For the case of a loaded elliptic disc we have seen that 

Fq ar 

(see our Alt 1504) 

Boussinesq now shews that the depression is given by 

w — ^ ~ ^ F f \ 

^0” ~Tr . (xxxix) 

J p v(rt + V ) (6 + ir) 

where foi points lusidu the aiea coveied by the disc, the lower hunt of 
mtegi ition i/ equals zero, while foi the points (a,, ^) outside thit aiea v 
IS dettimiiiLd hy 

+ (See pp 226-9 ) 


[1511 ] The case of rigid dibcs pressing upon elastic surfaces 
leads Boussinesq on pp 213-21 to some discussion of the diffi- 
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culties arising from tiisoontmni^ the oomtour df tibese 
and then to some general rema]^ on the nature of sndb <&90oii- 
tinuity in a vanety of probleniB in ma^bemalmal {^jsioeL 

The values we have ojbtail^ the ptesmm at the of 
circular and elliptic discs diew that, if they lemained ahedbtetj 
rigid, the pressure at their edges would beoosne infinita Wmm 
either the elastic solid would be mpt&red at the or the asAgta 
itself would be broken away Oeneraliy of oomBa the viK yi n g 
pressure over the &ee of the disc will caiise the disc iia^ to hen^ 
These remarks seem to throw ccmsiderahle %iit upon the 
mena of punchmg In particular if we can a|^lj sndi leenUa 
for ""infimtely thick plates’* to tihe plates dealt with by Ttmm% 
we find it intelligible why the portion of an ebeto suri^ under 
a punch curves itself to avoid an infinite curvature at the edge of 
the punch, and why if the punch be forcibly presaed upon the 
surface, it sets mto a concavity under ^e punch. A network of 
lines across the area covered by the pundi remains nindiaiiged 
after set has been produced , this is explamed naturally encmgh 
by the concave form taken by the surfece beneath the punch 

II est bon toutefois de remarquer qu’il ne sufSrait pas complttement, 
par lui mdme, la faire admettre , car, la r^on ]^nph€nque €tant 
incontestablement d’apr^ la loi de repartition obtenue, beauoonp plus 
press6e que le centre, iien ne dit qu’un ^rasement doive se prodnire, 
k an cun moment, dans la region central e suppos^e meme ^tre rest^ 
plane, ni, par suite, que les caract^res de structure qu’elle prfeente 
doivent disparaitre, alors que le contour eprouve au contiaire, des 
alterations profondes (p 215) 

In discussing the general occurrence of discontinuity m mathe- 
matical physics Boussmesq lefers to discontiniiou'^ 'solutions 
obtained by Thomson and Tait and h^, St Tenant in the case of 
re-entering angles of primis under torsion (ste our Art 2^0) b> 
himself in \arious h} drod> namical probltm^^ b\ Rankinc and 
himself in the case of pulverulent ma^^ses (sol uiir Arts 161 VI 5) 
and byTresca in the case of the flow of plastu. sohds (pp 217-21) 

[1512 ] CftbP (rl) Cnsp of any ngid stnfacfi at a jioait of 

<^y'iiclabtic cm latuic upon the plane siiiftae of an ui finite clast u at id 

If, IS 111 our Alt loOt', A^j and It In tht principal i idii « f miii 


1 JRtriiPiIde '^aiaiit ttiamjti 


T \\ p 7U Pin 
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mi P tile total presrare m iihe direction af the normal, we have 
% to determine from 


«.o = «c-i(|+£) 


bei^ the potential dne to some distribution of density (1 - 17 ) p^l{2v^) 
mm ^e aarsea of contact, which we shall assume, pending justification, 
% he an dliipise of senuhaxes a and h At the contour of this ellipse 
•m to avoid discontinuity Boussinesq proceeds as 

IsjIIows (p. 231 )u He divides the ellipse into a number of concentric, 
AftHiar and snmlarly sitnated ellipses of semi-axes fa, fft, where f vanes 
0 to 1 Over each of these ellipses he distnbutes as a density the 
Mil imm according to the law of electncal distnbution on an 

iMMid dSiplM^ conducting disa After some slight algebraic changes 
M results m our Art 1510 Case (c), that the 

at as, due to one of these discs, will be 

^PM 


^ab f 

V ^ a* 6“ 


lat^^ng from |;= to 1 , we lia^e for the actual density 

the entire system of discs 


= ^ fT 

° 27rah\J ^ 




Hence we find for the potential of the system 




ar 

T^~ FT? 


n/K + v”) (£” + >) 


where the limit of integration is zero for points inside the ellipse of 
contact, and is determined by 


- — + =1 
T V* 6 ^ + V* 


(xlii) h%s 


for points outside tlie ellipse of contact 

Comparing (xlii) with (xl) we see that the latter will be -atisfied, if 


3(1-1?) 


L= ^ p r _dv 

2 ir/i "jo (« +v)i)’ 

1 r dv 

Ji liTii. ^Jo (b +1 )£) 


wheie D_ ^(,i‘ + v)(b +v-) 


(xliii), 
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Boussmesq sl^ws 234-5) tlia^ are always uniqpa real 
values of a and & to be found from two of tlieee if i2| 

and Mt are positive He easily tliat 

whence we find 


w. 


y-y. $(!-,) 

~ 2B, iirp. * 


/.'(. 




Off 


the integral vanishing for pconts inside, and its hunt v being given 
(xlu) Im for pomts outside the ellipse. 

He further shews that this solution gives oontanuilj m the dtofid of 
the tangent plane to the elas^c surfaoe along boiiAdairy of Ibe mtm 

of contact, i e along the curve which profeets mto the elhpee ^ ^ 


This might have been expected from the &et ^ « 0 hy (xh) akeig 
that curve Thus all the neoessary oondilaKiiis are sainted by the 
solution (xh)-(xliv), and as ^le solution must be umque (aee our Art. 
1 489, j^n ) this is the solution sought. Thus we see that ibe suilaoe 
of contact is really limited by an ellipse, the principal axes of which 
are tangents to the pnncipal normal sections of the rigid body The 
pressure at any point is proportional to the ordinate through that 
pomt of any ellij)soid having this ellijise for its section by a pnncipal 
plane Further the mean value of withm the elliptic area 
[= ff^o^,dxd^//( 7 ^ab)] is found to be or | of the constant depression 
(see our Equation xxxix) which would be produced by a flat punch 
bounded by the ellipse of contact and subjected to the same normal 
pressure (p 240) 

By adding any arbitrary additional pressure distributed o\er the 
ellipse according to the law discussed in Case (c), and therefore giving 
only a uniform additional depression o%er the surface of contact, we 
have a solution of the impoitant case of a cylindiical punch with any 
elliptic Cl OSS section and a face cur\ed to an elliptic pir iljoloid, the 
punch being subjected to any aibitrirj pressuie ilong its axib jarj^tn 
dicular to the suiface 


[1513] It onl} remains to indicate ho^\ n and b mav l>e detei 


mined Let 


a / 0 (a + V ) /> ’ J3 I (I (b - i 


)i> 


ind e - 1 - 


then /^la = Ii md if E ind F hi the tumphU elliptn mte^rils 
of the hrst and sfcond oidois, v»e ha\e to hud e fiom 


(l~e){\-EI') 

. -(1-F /) 



sov^smq [ 2 * 51:4 

TihaMMMMain «t)C{Mu»<ls tiio nght-band side in powers of e and ^ews 
itmi if « be the nsnally small qaanfeiiy, ^ + higher powers of e, ihm. 

For v^ms of approximately e = 0 

Fof Tallies uomenoal tables could easily be prepared from 

tegiendr^e Tables by aid of (xlv) For e = 0 to 1, € passes from 0 to 1, 
or him varsbee from tbe | to tbe i power of JR 2 /E 1 To find a and ft, 

1 2^/4 

wo kavo <mly to remark that - , or 3^2 ^ known quantity, 

but wo liaTO which accordingly determines a and 

tlbmfere b, amoe e and with it F and E are known Bonssmesq 
fi&owo tfafct very approximately 

wbm € IS of the form + 

Approximately therefore when Ri and R 2 not too widely different 
we may determine a and h from 

^(t)* <-■) 

See pp 241-8 

On pp 249-55 Boussmesq proves certain properties of the potential 
havmg relation to the distribution of electricity on elliptic discs and 
ellipsoids, but with no special reference to elastic pioblems 

[1514] On pp 715-9 of his volume Boussmesq makes an 
extension of the above results to the case oi two smooth elasHc 
bodies pressed normally against each other at any point He 
remarks that, when a rigid body of synclastic curvature presses 
against an elastic bod} also of s}nclastic curvature the pioblem to 
be solved is the same as when a rigid paraboloid of reduced foim 
(see our Art 150b) presses upon a plane elastic suiface This 
auxiliary paraboloid produces m the plane an indent of definite 
elliptic contoui and with a definite piessure at each point given by 
(xli) If, thertfoic, w hen tw 0 elastic surfaces of synclastic curvature 
press against each other, we choose two auxiliary rigid paraboloids 
which under the same total pressures produce in planes surfaces of 



mis— 1516] 


mmsmmQ. 


Ihe same materials respeeliTdly m tiie two slasiac bodm mdaeits 
of the same elliptic oontoors^ thea^ wiU be the Bame oarxoal 
pressures at corresponding pomts m Hie two caoee^ and tbeee 
normal pressures will be the eetmal ptesom fer Hie muedooed 
^rfeces. Accordingly to sd^ the {Hrobiem we haws oelf to 
choose two auxiliary ngid paraboloids ^vieg the same el%be 
contours of contact with phmes, ai^, before rediieiaoa^ the (MM 
surface of syuclastic curvature as Hie sar&ee oontaet the two 
elastic bodiea Taking the common noimd to these bodies as mm 
of sf, we should satisfy all conditions by taking the sorfree of 
contact of the form 


The constants a,, ^ mMt then be deiermiaed horn the 
three conditions involved in ihe elliptic areas of contact hawing 
the same position ark! dimemnom of principal axes hit botik 
bodies. For in this case, smce the pressures as given by (xb) will 
be the same for the two solids, and siaoe the shearing stresses 
are zero at the surface of contact, ail the conditions of the proWem 
will be fulfilled 

[1515] Boussinesq remarks, p 719, that this important 
property of the form of the elementary surface of contact of two 
elastic bodies pressed normally against each other was first recog 
nised by Hertz in his memoir Ueber dw Beruhrung fester 
eldstischer Korper, Journal fur Mathematxl, Bd xcii & 156-71 
Berlin, 1882 Hertz recognised that the laws of this contact are 
appioximately true for the impact of smooth elastic and 

applied it especially to the case of the impact of two solid spheres 
Bousbinesq discusses Hertz’s problem at length, and wc ‘^hall 
consider it here, as it belongs easentialh to the thcor\ td the 
application of the potential to clastic problems 

[151G] Let r, and / be the ladn of tin two «;plitns md / tin 
ladms of then spheiical surface of contict consitUud p<'>ni\e wlitn 
it IS of tilt s\me sign cs ? and opposite to /j Tluii it 7* 1* th« 
ladius of cunatuie at the \trkx ot the iu\iliir\ luid ]m »!« 1< id 
which under the same pressuie would iiiikt tlif sum t* nti il ih|i»s 
Sion and same art i of contact in a pi me bound ii\ is tint m id» in tli« 
fust split rt = 1 Tij - 1// 

I's 


T L PT II 
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WWfcjBff «=* m (xini) and (xUv) we easily find 

HlzAii, and w, = a^lB^ 
8 fta 


sphere, if corresixiiid to i?i, and yf and fj! 
i>, and = 


-'>7 

j 

P- 


and = 


1 -07' 


l/r, = l/iJ, + l/r', 

1 I /Cl 4\ 

r' fi+4\n »'i/’ 

2 \ro rj 

for the special case -when the spheres are of the same elastic material 
The total approach f of the centres of the two spheres and the 
radius of the circle of contact are given by 




(xhx) 


5 

It follows fioni these equations that F^cc | , or the piessure vanes 
as the square loot of the cube of the approach of the centres 

The strains will be the greatest at the centre of the aiea of contact, 

3F 

vheie we find for the normal squeezes the values .— 7 ^^ \ md 

^ 4 (X + a) TTrt 

3P 

4 (X + ~ ^ ^ ^hile the lateial squeezes aie just half 

these \ lines see Lame and ChpeyioiPs result in oui Ait 1493 and 
equition (\h) of 0111 Art 1512 


[1517] To justify the application of these foimuKe to the 
collision of two spheres, Boussiiies(^ makes (p 717) the following 
rem ii ks 
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m 


Qciand le rapp3?c>ch€Qiea^ des dwc s|iii^9r6B aei i mi < 3 ^ 0 ^ lee 
settles (^fomatLons peroepUbleB <mt hm prb de }a sarSiM de eoi^iicili 
tisma dee parties doat !a imem tamale dL aant mwgniluiiileey 

en €gard k leiirs teneiQaaa Ansi^i mtdmmt r%i p^r las 

fonatilee (m Art 1516) j mm $metMek»edt k toad laaliat it dboa 
Le spttee ^lastique de deux on nlas gktikrAmmt da dmx 

oorpe ecmlsgos i ^oarmm mMOsimeB at amcidw, a^ done de aevtx oi If 
/ores atae se trauYe pmaqxw mia^mmmt da la /mm A rmm0% da 

mani^ k n*m trcnhler qae ptm k9 Id®, at la irMbton mnlealia JP j 
est, mdme k VSt&t de monYoment, smiple fcmctim dn rsfiiiiodhaaMit f 
des parties m presence nm enec^ dtlomtes seaEiaabfemiaat, (Teat btm 
oe qua suppose la tlidone 6i4meutaire du dioo direct dee ootrpa ^astiq«Q% 
coii6rm4e par Fexp^neace dans cemsde corps mamtJb, 

It mast be remarked that Hm mmmptsm eaj^poeeis llie rdalift 
velocity of rebound equal to tbe relative cf iin{iaet» or 

Newtons ooefficaent dT reetatotitm e = 1 This cestainly dk>ea not 
h<^d in tbe case ol large maBBes of meta^ whOre 0 m snore neatly 
zero The assomf^aon supposes no energy to be ket m the fisnos 
elastic vibrations and of ccmiee none m the form of pennanent 
changes of shape see our Arts. 209-10 and 217 


Following Hertz and Boussmesq, we have if and he the 
masses of the spheres 


if 

whence 



(& + O ^ ’ 



/di\ _ 32 m, H- M ^ _ t-v 

\iftj 15 w),'» (^1 + ^)^ 


where is the maximnni appioich 

If ^ be the velocity of impact we hive to dtttrmine ^ 

32 nil + iii P ^ 

^ "n 


Hence tht mixinmm value of tlm i idius ol the uea of cunt let, a 

IS givt u 1>\ 




( 1 ) 


/I ) nl^nl ^ 

\\2iii,^ /f 


IS — 2 
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Ga »( h ) 


:/(f- 






X + fL ^fx ^ 
2(X*f2/A)(^\ ^ dx 

f . ,1 ,1 


rfi dl d\ 


This solf ton IS reaJly due to Sir W Thomson see our Chapter XIV 
Boctsmoeeq ibscmsses various modes of reaching it on pp 284-91 of his 
Trmim , 

0^0$ {e} Consider a single force applied to a small volume dm 
wlbdi may be taken at the ongin We hnd that, if U denote the shift 
pespeodi<^ar to the force at a point distant ^ from its point of 
aj^licataon, r making an angle a with the positive direction of the 

rr ^ Z^dm ^ \ 

U = -r^r JZ r Sin 2a, 

32 ir/jt (1 — r 

Zidm cos a 

47r (X + 2/i) 7^ j 

From these shifts the stresses can easily be found and the solution 
analysed after the method of our Ait 1497 see Boussmesq’s pp 81-92 
and 291-5 

Gobe (d) Take A’'=r=-^ = 0, A^B-0, and C a function for 
which W^(7= 0, then we ha\e as a solution, if 

a 

X + 2^ 


d (j> 


dz X + ju. 


X +ja 


(V^'c^), and V V <^ = 0 


(Ivi) bl6 


Fiuthtr 


I /X + 2l 


(/a \ X -f /X. 


^ di/\k + fx 




^ /3\ + 4/a , 


. d (■ 
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Smm satisfies an eqiiata<M ol ihe order BonaBiiMq 

iha^ it miglit be poesible to £tod a value o£ ^ £or wlucii m 3 = or 

X 4* 2jLt 

>’**“*“ 

and = a given fiuMtaon ol asaxd f -irlieii Hlwwi we limMi 

solve the problem of an inimte plaie 0 ^ anj tfeunfeneOB eefafeoM io 
any given system of purely normal loading on its faooa TIm» pfobleMi 
had been solved by Lam6 and dapeyron % atd of ^oadraple tnteipaJ^ 
but their solution does not reaHj ecshibit any laws of tlie flieKimMia 
shewn by such a plate (pp. 278-^1) see our Arts, 1020*-81^^ 

[1520] We now pass to the last section of the text <rf 
Boussinesq’s Treatise, Thm is ^titled 8mr tes pmriiHrbosikmg 
locales dans la thSone da ^ sir la ptmr k 

g^omitre, de remplaoer des forces donndes, e^emrfmU eur um$ pMe 
partie dHun solide, par d^aulres forc^ stais^piemeid S^pssmlmiee, 
apphqudes d la mime r^gtm irk psMe m tom ams. It oociipies 
pp. 296-318 and deals with the important pnncipfe of the 
elastic equivalence of statically equipollent systems of loading at 
small distances from the loaded element of surface. We have 
frequently had occasion to refer to this pnnciple, remarking how it 
is practically assumed in all the usual solutions for torsion, flexure 
and even extension, and appealmg to Samt-Venant’s expenmental 
arguments in favour of it see our Arta 8, 9, 21, etc 

The principle to be demonstrated is stated bj Boussinesq in 
the follo^Mng words (p 298) 

Des foices exteneuies qui se font equilibre sur un solide elabtique 
et dont les points d application se tiou\ent tons a iinUneur dune 
sphere donnee, ne produisent pis de dtfoimations scnsibles a des 
distances de cette sphere qui sont d’une ctitame gi*andeiii par mpport a 
son lay on 

There aie two clissts oi external torei-b to be considered 
iiameh bod}- and sui face -foices 

[1321] JJoihf Fo) Cf^'> C«''^ ( 1 ) Let tlni» be two jkiiilkl iiid 
op})Osite foicts Z^d-uj and iiid let t Ik tht dist hill WtwtLii 

tliLii points of H)plieition, supposed smill Let the bt sii}tpOM.d 

to let at tliL oiigin, and let the pol 11 luOuIiii itt 5> / a dtttiiniiu tli« 
position ot ail} point with legiid to it, but kt the second ut it lh» 
poi it n, 0, c on the i\is of lud kt / , u he the Lonulin ttt>' (»f i p int 
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witb jragud to 0, 0, e* Then for points not in the immediate aeagh- 
bonrliood of the ongin we have, if w be any integer 


+ ^ooaa^, oo8a' = oosa-^sm»a, sin a' = sin a + ^ sin 2a 
by aid of <ln) wo easdy find, ZJ and «o being the radial and 

£!,odiB 1-3 00^ a „ Zjodw 1-3 cos“ “ ' 

l-3oo8^a-2 (1 ~2^) 


(Ivu) 


■ cos a 


Hxe stresses ate easily obtamed from these values of the shifts and 
obviOiLEily vary inversely as r®, or the stresses decrease %ruoersely as 
^ centre of the region of perturbation 

our Art 1487, (c), 

does (n) Let there be t'v^o parallel forces Zidra and - acting 
ft% llie pmnt^ 0, 0, 0 and c, 0, 0 or a couple of moment G = eZft^ 
We have then to consider the influence of a couple of small arm applied 
to an infinitely great elastic solid Let ^ be the angle U makes with 
the plane of the couple, and let F be the shift tending to increase ^ and 
perpendicular to both U and w , then we find from (Ivi) by a method 
similar to that of Case (i), 


27= 


cos a cos ^ 


M7 = — 


167r/A(l — ly) r® 

C sin a cos p 
IbTTju, (1 — ■)/) r® 


(l-3sm®a), F=- 


0 cos a sin j8 


167r/>i(l — Ti) r® 


(3 — 497+3 cos** a), 


0 = 


C 3 sin 2a cos 
Stt (X + 2fj r* 


(Ivii) bu 


We see that the stresses produced by such a coiqile again deciease 
inversely as the cube of the distance from the spheie of perturbation 
(pl> 303-4) 

The results ot these two cases compared with those ot oui Ait 1441 
blitw us that tlie iiifiiitnce of such body forces in an infinite clastic 
medium does not pioducc stresses which decrease with the distince 
inything like so lapidly as m the case of bodies having one oi two 
dimensions small and subjected to suifice loading with a zcio statical 
resultant lo such bodies Boussmesq now tin ns 


^ The tvso forces are clearlj piu>hing and not pulling with the sign we have 
chosen for Zj 
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[1522.] Swfm^Forces. Bommmq pmata mi liiii m Om 
case of surtace-fozoes we mskj a action 

nentiais with negative milioeB 93&i to ^ fSftMem imcm^ 
m our Art 1507 as suggesting Hie earii^ ncrfuiim for a 
system of forces in eqmlilmum m the e%e of a plate is doe to 
Thomson and Tait^ and somev^ii hter a mom msfieto aebdscMi 
has been given by Maunoe Jj&rj* see our Aria. 3^ and 14iL 
Boussinesq discusses the work of Iheae anliiorB on pfv 906-18^ 
and we will mdicate the general lines of his mveetigalioii here. 

Consider a plane plate whose fooes are given by 5=^0 and 
and let it be bounded laterally by any cylinder whose generalots mm 
parallel to the axis of z. We shall mppoee the ladms of corvatoie 
of this cylmder at any generator to be very laige as oompaied 
with the thickness of the ph^ a, so that the tangent pbne to the 
cylmder at any generator )tmf be taken to conucKle with toe 
boundary of the jdate for a distar^ considerably greater than «k 
This tangent plane will be taken as the plane of jf«r, toe generator 
of the cylmder being taken as axis of and y bemg the tangent 
to the contour of the lower fiice of the plate. To the &oes of toe 
plate we shall suppose no load applied, or 

(« , Cr, J^) = 0, for 0 = 0 and z = a. 

On the lateral boundary of the plate, we have the stresses xr, 
^ and It, which it is proposed to analyse, subject to the condition 
that their mean values from z = 0 to z = a shall be zero or that 
the surface load has a zero statical resultant 


A faolution of the body shift equations suitable to thib ca^e is 
given by 

dip d\p ^ 

and theiefore 6=0, where i/r is a function s^itisfMug the cquUiuii 

V ij/ = 0 

buppost we take wnth Lc\> 

il/ = u) tos 

whtic )i IS in iiitcgii, then the coiiditmns it the tneb ot the plUt 


1 1 uatisi on JSdtural Philo'^ojihy -sn 724- > Dxfi rd 7 
Journal di VMthfi mat iqne^ T in pp 2ly-S0ij Ian 1^7 < 
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«« oleailj *ad fdrtfeer tlie meaii values of the stresses over 

the bjtenl boaaclaty -will also be zero We must have 

cP^ wV, . 


m m. eqaalicm to d^mome 

For tibe sfepesses owr rc =0, w iiave 



How i^ese equations will liable us to give any value we please 
% g^erator from a = 0 to z = a, that is to say they allow us to 
sdbot dJb oar will the shearing stresses on the edge of the plate which 
iroduoe a torsional couple M round the normal to the plate They 
farthier allow of couple or system of shearing forces varying from 
geraeiator to generator, since <1}^ is also an undetermined function of y 


[1523 ] If we take independent of y, we have ^ and zx both 
zero and we have Thomson and Tait^s solution foi a distribution of 
shearing stress along the edge of a plate parallel to the contour of the 
face and the same along each generator 
In this case (IviiiJ gives us 

nvx 


and therefore tor the given distiubution of sheanng stiess over aj = 0 


^ ^ j nV mrz 

XV - ^ cos 

Of Of 


If ^J = x(-) given distribution, we find at once by Fouiiei’s 


beries 


71 TT^ 2 7nrz J _ 

'r = « Jq X («) cos —dz= say 

The only tiiiite birtsbcs will then be 

ilTTX 

^, = fiMne cos— , 


IITTZ 

= /iS^„e « sin — 


Thomson and Tait have shewn (Tieatibe on Nairn al Philobophy, 
^ 729) Uiat for x~2a, or at a distance equal to twice the thickmss 
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& 01 B tiie edge of libe plaice, the values of tlieae straaeee aie onij idmit 
*002 of their values at the odge» or we see that the hml poctcudiMimi 
has scaall influence at sbght distaxHses item ^ sapfKisio^ the 

dist^bntion of shearing stzess to be ^ sai&e aloiig every generalor of 
the bounding cylinder See our Ar^ 1440^-1 


[1524 ] Betuming to Levy’s more general aDlutlG% we nolaee «g 
before indicated ^at 

medz =? 0, 0 

Further we have for the nwmm^ of ftexwro M* round the tau^^aui to 
the contour of the face « = 0, and for the mommi M aJb^ Ute 

normal to that contour 

>■ I 

The total shearing action F on the edge parallel to a g^erator 
per unit length of nm is given by 

F=jydz=,.% (^”Lo<i ■ 

But by (Iviu) we may write 

.¥=-^2 (</>. - ^ -««”-) 

Hence, if s be an element of the contour of the edge ot the plate, 
we have, since db = dy 


■ 2/x2 f-— ^ (1 - cos nr) ( 1 x 1 ) 

\H7r dy 


Now in this second appioximation will de}»end ii[K3n y, but ?y t^ie 
variation oj the edyp atrebneb with y bt sloiiy it is clear thit ilthough 
we do not as in Thomson ind Taits tirst approximation takt d(f>,^ dy 

ztio, still will be small as comp iicd w ith ' , and f' as compaud 
df ay an 

with <^, Henct wc set fioiii (1\) thit 1/ the nionieut of dexiirt 
IS ntgligiblt IS comp 11 td with 1/ the inomtnt of toraion ind fiuni 
(Ixi) tint \tiy ip})ro\im\ttl\ 

db 
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i Bmm <sa^ Eaugmttide of the shifts and stresses m 

^ mik^M W4he plate wi!! decrease as we pass from the edge at 
m tapidly as in the first approximation (Art 1523), we 
ooneinde with Boussm^ that If the edge of thvn ptoe he 
to Aeartnq foroee F perpendicular to the faces, and to 
torswriai oQu^l^ M romd normals to the edge, the relqtion (Ixii) 
kddmg het/mem them, then these actions neutralise each other at a 
emeil dkdomoe from the contour In other words torsional couples 
M md shearing forces dMjds perpendicular to the faces produce 
^ mme effects at a very smaM distance from the edge of the plate 

'Kbs IS Ihomson and Tait’s reconcihation of the Kirchhoff and 
Poi$9(m bonadary-oonditions for thin plates It was first given by 
thm m 1867 and independently by Boussinesq in 1871 see our 
A3?ie. 488*, 394, 1438 and 1440 The above investigation shews 
mtj dearly the nature of the local action at the edge of the 
l^afee and measures the area over which that action is sensibly 
^jread. 

Boussinesq concludes his discussion by remarking that it does 
not seem probable that the local perturbations which present 
themselves in other cases, in which the principle of the elastic 
equivalence of statically equipollent loads is applied, will allow of 
being investigated with the same ease as m this particular case 
of the boundary conditions at the edge of a thin plate (pp 317-8) 

[1525] The remainder of Boussinesq’s volume is occupied 
with Notes compUmentaires, several of which are concerned with 
results of great value for the theory of elasticity We will briefly 
refer to those of importance for the history of our subject 

[1526 ] Note I (pp 318-56) deals with a potential of foin variables, 
or what Boussinesq teiins a bjheiiccd potential It contains some 
interesting results toi tli( theory of potentials, but its only value for 
elasticity is the integiatiou of the equations for the vibiation of an 
ibotiopie elastic inediiim (pp 351-6) The solution takes the form 
prtMOUbly guen by btokes see our Aits 1268-75 The substance of 
thib 2sute appeared m the Compter lendiin, T xen pp 1465-8 md 
1048-50, 1 \c\ pp 479-82 Puis, 1882 

[1527 ] ^\ote II (pp 3 j 7-604) detls with a new method of 
mtegiating an iinpuituit cliss of paitial diffeiential pquitions, and with 
applications of the method to elastic and othei problems Portions of this 
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Note were publidb^d m tibe Oompies T 3 ccr? S8-4, ?l-4, 

127-30, 514-7, 1044-7, 1505-8, T xo? yp, 123-5, T T€mh pot 
154-7, pp 843-4, 897-900, 1131-2. P^fe, 1882 and 1883 

[1528.] § I (pp 357-40% #52-5) is sooapsd wxHk * sf 

int^ratmg tbe diSermtia] 6qiiia:bDi]L 

^ ^ 5 ^ **™“)“^* ® 

by nieaos <ieiiiit6 mtegr&is of a^rbitnuey fimetoia Hie mfmdiam 
IS obviously an extremely general one and solution aduntc of liaiaig 
modified so as to smt vanous iypes of “ initial oonditaona* 2lie iMilte 
can be applied to a great variety ol pbyaaical pit^lems, of wludb for oour 
present purposes it mi£&oes to note transverse vUmtioais of bsiE «nd 
plates. Space does not admit of our refsroducing m general ouilme 
Boussmes^s suggestive analysis and soma of Itk reoite 

ml! be in^cated m our dismaion of Ins appLcatioii ol tbasa to Urn 
special elastic problems witb vrhidi we are more oloeely oonemodl 
§ II (pp 404-34) applies ^le metliod to Hie tlieory of beat and to 
the friction of fluids , § 3IL (pp. 435-577, 665-#4) deals witb ^astm 
problems, while § lY (pp 578-651) discusses applicatioiis of tbe 
solutions obtained to the theory of liquid waves. It is § III , therefore, 
with which we shall be oocupi^ m the following articles. 

[1529 ] The first problem dealt with by Boussmesq is that of 
a uniform lod or thin prism, the central line of which (coinciding 
with the axis of a?) is infinitely extended from the origin m the 
positive direction Any forces are supposed to act on the extremitj 
x = 0, provided they cause only transv erse \ ibrations in a principal 
plane of inertia of the prism Initially the rod is siippo^^ed at 
itst throughout its entne length 

The equations foi the motion of such a lod irt guen a shghtU 
diifeient notition in oiii Arts 343-5, and aie the follo\Mii.j 
Equatioit foi tiaiisiPibP shift u 

d^w (Til _ ^ 
djb* ^ d (at) 

Avliere a^ = EK Ip in the notition ot our ^^olk 

Fuithei, If 0 foi / = — r , and tr =0 foi t - x ih\ i.\ s 
The conditions it / - 0 mi\ be of the folio\\iii.r tN jn ^ 

{(t) Gfoniftfiud coast) ft lilt KDfjiny v ith th*^ tim i • 

w=^F(ai) diidi-F^(at) foi / 


0 


m 
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^IM^--K^F,{a4)foTx^0, 

K = l/(j^<d) laid Ki = 1 l(^E(i>t^) 

BoviS^lBeeq takes mtead of these forms the more general ones 

= R {F{<iit) - to}, dhojda^ = Ki {dw/ dx-F^ {at)}, 

nihsA he oonswiers im^t be realised when the definite movements F{at) 
m4 Fi (at) are communicated to the end of the bar by means of springs 
(far rmMmSduxav d^un resaort d^im emaatrement p 437) 

(^) long hm (mrymg a load M at %t8 centre, a; = 0 

<|»e/^=(0, and |if~ =-^W*^ + for a=0, 

W^me W{a6) m the force ezerted at tune t on M (pp 481-491) On pp 
4®&~9 Boai^mesq demonstrates the imiqneness of the solution for cases 
(«) and (b)^ 


[1530] The solution of the above equations is obtained m the 
following manner (pp 360-8, etc) 

Consider the quantity 




(i) 

we have 

d<j) r” 

W'JlF 


if d = sja 


(u)> 

Similarly 


M. 


where d' - sjd 

We may evidently drop the dashes m a and a ' in (ii) and (iii), and 
the law of the successive differentials is then obvious 

The above investigation depends foi its exactness on the limits being 
no functions of s, otherwise we should have to intioduce special terms 
depending on the differentiation of the limits We can get ovei this 
difficulty, howe\ei, by taking the limits 1/e and es for a instead of co 
and 0, where e is a vanishingly small quantity The limits for a will 
then be €S and 1/e, foi a , 1/eand esand so on Diffeientiating with legaid 
to << the specul teim introduced by the limit diffei entiation will be 


[ "(I) “ -I * (t)]... 
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Ibr t&6 5rsl Mmce we mmt hture 






Similarly, for the seooiid i 






(H 

and for the third. 




and so on, the law followed hy these prodnelB being clear 
above results we can eamly deduce a aolntion of the 
equation 

#K7 

<48* ■*■ 5 ^“ 

From Ube 
diilferaitel 

Assume 




then as in ( 111 ) 



while 



Hence, if we take ^ ^ j = cos or sin , 

of the equation 

OL* 3? 

Noting the interchangeable nature of jr and ^ 

we have a solution 

we see that 

IS also a solution 

w = jj(at + ^)^j,Qda 



Thus fiiully we ha\e 



V 


^ i/a 

(') 

or, 

= ("°"1 ^“‘1 

j (/a 

('!) 




(p 430) 


Boussinosq points out tint foi tlie special cise of a rod intiiiitf in 
one dirf ction onl\ , \\e must take the uppf r sign, and h i\t / (- -r ) - (J m 
Older to sitisl} tin conditions tint i/ U foi i- — JL with tii\ v iliit 
oi / ^nd foi i X with in\ \ \lue of ^ (pp 44U-1) Fuitlui {i\)will 
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litoMy ^ 38 A wiMel <M 0 €®M% if ^ (c^) ftild its difPer^tii^ 

supposed finite for all values of ^ 


[1531 3 We can now easily satisfy the special terminal conditions 
of our Art. 15S9 We may write ^ m l^e form 


2 a® 




where we mi;^ remember that 


(vii). 


feo Q* 1^ 0* 

j oos*^Ai = sm — £2a = J^7r (viu) 


(/ms (a). When w = P{a£) and dw/dx^^Fy (at) for a5 = 0, we take 
oiiiy and/ 4 , P^t 

C€m (5) When (Ptvfdix^ = KF (cU), (Fwlda^ = - F^Fi (at) for aj = 0, 
we take only/ and / or put 

-vJ. [^'"‘(“‘-1’) (»‘-£) 5> w 

(p 444) 

rfp) ^ Jp) 

Hence (at) = j F (at) = ^ ^ = the total sheaimg 

impulsive force applied to the end aj = 0 of the bai up to time t 

Similarly (at) = total flexural impulsn e couple applied up to 
the time t (p 447 ) 

Case (c) see our Art 1539 


[1532] Two additional cases (d) and (e) aie consideied by 
Boussinesq on pp 445-6 They are the following 

Case (d) When ^ = 0, let w ^ F (at) and (at), then 

+ ^at- ^cos ~-sin^^J<^a (xi) 
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€im {«). When ®=0, let ^wldaf^SF{ta) and db/Ai- Jf',(4rf), 




ooe^+< 


*■ (»«>• 


[1533 1 Bottssinesq myw deds with speoid snbcasee of thm i«b«Hb 
( pp 448-^) 

Subcem (f) Sttppooe the bar to be ocmiuii&cms m both 
bat all shifts symmetnod with regard to a; 0, then we muai have 
dwjdx = 0 at a; = 0 for dl vdiiee of i 

sx? n* 

Take fltii =a«~ or oti- as ^iectse may be. We have frcmi {iac)» 
if 30 = ^ (ai) for a; = 0 


J zw 

► i— oo — 




From (xii), if €^to/(M = KF (of) for a; = 0 



aj® 

+ 8in— 1 

J-» 

4a (f “ t 



(«v) 

(<-0^ 


Similarly Boussinesq treats {Svhccisp (g)) the problem when the 
flexural couple vanishes at 'c = 0, i.e d^wlda^ = 0, while either vj or 
d^wjchP for £c=^Trre arbitrary functions of the time, and (^ubcas^ (h)} 
when the end t = 0 is pivoted, i e w = 0 while either dtijdx or d^wldr- 
for a ~ 0 are arbitrary functions of the time The reader will find it 
easy to write down the integral solutions m these cases as we have 
done for Subcase {/) 

Subcase (i) The particuhr problem of a bir infinite h long in 
one diiection to which during a \ery shoit inteival (/- - t to f^r) a 
definite inclination ^ to its unstiained central line is gi'<'n it a pivotfd 
terminal, is discussed at considerable length on pp 449-’^C Boiissim 
finds the following solution 


a = 2tx ^ 


h^nat 

/ Trt \T I 4:((t J 


If th be V erv laige as compaitd with — ^ if a cuiiMd* i ibh 

iiiteivil of turn has ( hpsed sintt the inclinitum wasgiv«ii tnd if tin 
points consult i(d ht not at in iinnunstlv gn it distinct fnnii i •» 

it 

!<♦ 
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!Bb)0 ofetoaed m tins as m other <^ses of th^ transverse 

fUraiaoiis of a rod differs very oonsiderablj from the usual type of 
mvo-molwm 

U h$im ne feransmet le mouvement transversal qu’en le dis- 

ot le rendant insensible, oontrairement k oe qui arrive pour le 
oomme on sait, par T^uation de d'Alembert (ou 
dbs vibrantes), laquelle expnme tine tiansmission int^grale, sans 

nlbyKtiion, <^eet-li-dir6 sans cxmdmsation m dispersion (p 456) 

[1534 1 B<^i«ne0q next deals (pp 456-63) with the case in which 
UlO tbi&l and speeds are given at each point of an infinitely long 
He Ibdfe a adiutJKm oorre^nding in form to those obtained by 
imilar cases (see our Arts 207-1 1 and 425), 


F(x+ 2aJcU) (sm a® + cos a®) 

+ Fi(x-¥ 2a Jot) (sin a"" — cos a®)] da. 


- F(x)jdwl<U = aFi'' (x) when ^ = 0 Fourier in his Theorte 
de la chalmr, § 411-12, Boussinesq states, had obtained this 
he transverse vibrations of a bar for the case of F^ (a?) = 0 , 
k Fonner had really obtained a more genei*al solution see 
uo. 207-11 and 1462 

jifor Ihe special case of Fi(x) = 0, and F(x)=^0 except for a small 
length dxi of the bar about x^ we easily find by changing the variable of 
mt^ration to Xi and writing F {x^) dx^ = dq 


w - 


dq 

2j2irat 



^at 


+ cos 


iat )’ 


which gives the displacement at time t due to a small displacement 
at Xi 


[1535 ] The exact limits within which solutions of the above type 
are legitimate are discussed by Boussinesq at some length, not only foi 
the case of the rod, but for the infinitely extended elastic plate In 
the latter case the discubsion occupies pp 464-80 The evaluation of 
the integrals in\olved is treated by a somewhat complex method An 
error on p 465 in the detei mination of the quantity S is collected in 
the mernou refened to in oiu Ait 1462 see p 643 of the memoii 
The most important results of Boussmesq’s piesent discussion can, 
hove\ei, be deduced fiom the conclusion of that aiticle 

Lit Ub consider the case wheie a definite movement is given at the 
oiigin to tilt intiiiite plate, e\erything being symmetiical round the 
origin huitliti It t the initiil ^elocltles be zeio, oi of Ait 1462 be 
zeiu \\ t eisih tiiid that when i definite shift w = f i& gi^en at time 
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i IS 0 to a small area <r at tko ongm, tim the siufi to at distanoe r fxmm 
the ongm at time t 

A 

Hence transferring the epoch to wnting f (ii) m/a-HBh) and t a hii>g 
the effects of all shifts trim Ij «— <3P to ^ we have 

Now change the variable from to ^ where 
then we find (p 470) 

This maj be shewn directij to sMasfy the ahii^neqiiafeoo lor the 
transverse vibrations of a plate, %.e 

+ 5^V*VSo= 0 (xto), 

where m this case 

^ 1 d 

See pp 472-6 

'V^en r = 05 we have from (xvi) We have thus found 

a solution giving an arbitrary displacement at the origin at each 
instant of time We see further that if we take ^ so that (- oo ) = 0, 
we have m — O for i = — oo whatever be r, and also for r = ao whatever 
be i (p 470) It remains to shew that dwjdr—O for r = 0, in order 
that there may not be an abrupt change ot curvature at the origin 
This IS investigated by Boussinesq on pp 471-2 The i*esult is not 
directly obvious on differentiation of w, because the subject of Integra 
tioii becomes infinite at one of the limits 

[1536 ] The equation (x\i) also solves the case of given noimal 
impulses applied to the plate (thickness 26 and densit} p) at the origin 
of coordinates 

This piobleni lequires a solution ot the equation (\mi) subject to 
the conditions w~0 foi — and foi r=3C, ^/^c(//-0 foi /-O 
(ill these we have stated aie sati&tied b\ (xm)), ind furthei the total 

shear' louiid i circumteience ot ladiiib /, oi 2epo x _-/ must i^e 

X given function F {t) ot the time foi / 0 

By difierciitixting (wi) ind leaiianging we tind 

^ llu follows tahilv tiom the value of / ^iven in c ui Kit iLUiLUibeiin 
that / =H€ '(6p) 


(will) 
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SO tJiat ^(t) IS fally determined 

ftikd w problem wsoordingly solved 

Sum dwjdi r » 0 is eqnsi to \f/' (t), we find at once 

(d»oldt)r^’=j^F(t), 

or tlia of tbe distnibed centre is always proportional to the 

dkturlKmg Icma It follows that the shift of this centre is at each 
tuataikt proportionai to the total impulse up to that instant On 
pfK 477-80 Boussmeaq draws a number of interesting conclusions with 
regard to the equation (xn) 

[15^ j The next section (pp 480-506) of Boussinesq’s 
Tfmim is of special interest It is entitled ProhUme de la 
SynamiqtMe des barres et des plaques, notamment de leur 
fimimm m choc, irntM par rthSmes proc^dSs eoctenston d'une 
lot da Young au cos du choc transversal 

We shall deal bnefly with several cases discussed by Boussinesq 

Oms (i) Consider a bar of infinite length in one direction the 
general expression for the shift of which, when subjected to any kind of 
action at the end as^O, is given by equation (vu) of our Art 1531 
We eawly deduce the following system of differentials at the origin, 
remevtihering remits (i) to (ui) of our Art 1530 

“»« = i {/j (at) +/< (at)} + [ /i(at-^ a-*) da, 

{dw/Jt\, = I Vir {/, (at) \-fl (a<)} + a (at -ja) da, 

{dwldv)„ = - 1 Vir {/, (at) -/„ (at)} ~ /j' (at - ^ a=) da, 

(irwjdT\,^W-n-{ /, (at) - Jl (at) }- fi (at-\a)da, 

(.f'M Ult ) , = _i {/i (aO +/; (at)\ + f (at - W) da 

>0 

Now if (ifn - 0 foi all ^alues of f, we must ha\e 
A =/ , and /; = 0, 

w lance wf find at once 

(dw, (It) ~ ~ a (d 

^nnil 11 1\ w( (If (Ilk ( if [(Vwjih^) -0 foi all \ allies of t 
{du dt)^ - a {d infdi ), 

Now {itd ‘df) is tla \<locit\ J tiktn 1)\ the liir at tht oiigin, and 
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if A be the distance of the * extreme 5bre ’ from tlie nentiml and a 
the corresponding stanetdi^ we have a= + A(<^/dSa^ at the engi% or 
remembering the value of a 

F=£ixaxj 

where O is the velocity of longitudlBal waves of acmiid ^/IS/p) 

In the case of a circular sectioiQ k/A^|^ oi a rectoguhr ma^bm 
k/A= 1/^3, etc 

At the instant of a blow , — far exam{de, a How at the oeahre of 
a rod infinitely long in both directions (i a w!^ (dwldaci)^^0) — ^ T wffl 
be the velocity of the impinging body, hence il a be the maxmnifc aafe>- 
stretch of the material velocities greater than that given by (xix) 
will damage the material locally 

It IS not however necessary to consider the bar infinitely kmg ^ the 
above results will sMl h<M in the first instant oi an impact and he^om 
there is time for refiectaion of the disturbance fbom fix^ or supported 
ends. We have appealed to ^tis reonit m our Artb 371 It m an 
extension of the oorre^nding result obtained by Toung fin* kngl 
tudmal impact (i e. F^Oxs)* see onr Jjrt 1068 (Boussmesfi 
pp 480-6, 498-9) 


[1538 ] Casp (u) We can deduce a somewhat similar result for 
the case ot a plate from the result (xvi) of our Art. 1535 
We easily hnd 


d w 

5^ 


= A (t), when r = 0 

ttO 


But {(lwldt\ = if/' (i), thus 

wb fd w 1 duA 
2 'i drjj 




Hence, if 2e be the thickness of tin. phtt iiul > the stutclus 

/f ?/ , 1 dti 

coriespoiuhng to the t^vo pniicipdl tun iturts iiid ^ it the 

oiigin, and V the \elotit} of impact 


But 

stt oul \its i'' I mil 


if, (K - J/i) ' 


^ Sinct kjli i*-. le-^ than unitv \\l cc tint the \el <.it\ i th imi at 

which \mII suthcc to dainat^e a bn localh ilwi\a It. in th«. tit if ii iii Nti t 
than in the ot lon^itudmil inipatt (Boiis-siiu 4 j p 
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lu the square of the velocity with which ‘spreads' 

pf 

axe p^w^paga^ed throtigh the plane of the plafce (see our -A.rt 595^ and 
(ni) of Art. 389) Hence we have finally 


V = §^3 ^ ^ ^ (^1 ^ 2 ) 


(xx) 


UnfertiiBately Ihis does not teB us like (xix) the maximum normal 
valmtj <d We see however thafc any velocity equal to the 

product the r^ocutj of spread-propagation into the maximum safe- 

into s— (“ *^069; will on the greatest strain theory damage the 

plate' 

J1S391 Ome (m). Boussm^ now (pp 490-6) returns to the 
<H an infinite rod to which a mass M is attached at some 
of its lengtL If the mass be subjected to the foice F{at) we 
iust by (c) our Art. 1529 satisfy for a; = 0 the conditions 

Vcfo 




eft* 


and 


dwjdx=0 




* Boussmesq's oonclnsions as to the limit to the velocity with which a body of 
any miug^ howev^ small, can impinge upon a bar or plate without damaging its 
^asfacity seem to me of special physical importance They indicate how light 
bodies moving at great speeds may be used to destroy cut or shape harder and 
more massive bodies Thus they are full of suggestion for the science of gunnery 
and the mechanical arts One of the most interesting mechanical processes 
illufitrated by Boussmesq’s theoretical results is that of the sand blast In this 
case the velocity of the blast ranges from 100 to 2000 feet pei second, the blast of 
ajT or steam carrying with it ‘sand’, which term may be used to denote small 
grains or particles of which quartz sand is a type, but which may include globules 
of cast iron or even fine shot Corundum can be cut by the less hard quartz sand 
and quartz rock by fine lead shot, while the hardest steel can be cut by a stream of 
quartz sand Sand blast machines are in use for cuttmg, perforating, obscuring 
or engravmg glass, for sharpening files, for cleaning iron and steel castings foi 
cuttmg letters, etc , m marble and stone, and so forth A further example of the 
same principle is probably to be found m the experiments referred to m Art 836 (h) 
in which steel and quartz were cut by soft iron and m the copper wheel of 3 
diameter which may be seen cuttmg glass at the Crystal Palace 

Some idea of the neeeasary velocity of the sand blast may be approximately 
obtained from equation (xx) Assummg uni constant isotropy of the plate, we 

haveQi= jz=£i and hence V— 9366 0 x - s ), nearly For the case of steel 
vl5 


taking round numbers 0 = 17 000 feet pei second and Sj= 04 as a maximum foi 
untempered steel (Art 1134) Thus we see that a blast of b40 feet per second would 
certainh suffice to cut the steel For tempered and annealed steel Sj 1 educes to 004 
(<Vrt 1134) and hence a blast of b4 feet per econd would suffice That something 
cunmleruhhi h than this miglit suftice would appear to be indicated by the 34 feet 
per second of DaMer and Colladon s experiments see our Ait 836 (h) The 
velocities we have calculated however approach nearer to those used in the sand 
blast machine The whole bubject ib deserving of careful experimental invest! 
nation 
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lie latter oonditaon by Case (i) <rf Art. 1537 is satisfied br /, 

aiid/,=0 The former ooadifeion will be sabred by taking 

•»a' 

where r = | the ratio of the mass of Ihe oenferal load to maas of unit 
length of the rod. Writing {=£rf and l/j8= -^-ji—^.wohsTetosqlvB 


the differential equation 




Eemembenng that F{- oo ) = 0, we find as Uie soiatMni of tbs 


A(0 = Ce^’‘^^f_^F(r){l-^-y^dy . (xn). 

Boussmesq shews ihat the term invoiviBg iiie arbitrary constant 
0 disappears from the value of w (p 492) We thu% so fer as the 
shift IS concerned, can put it zero or any finite value we please. Let 
us take it equal to 

then we have 

A (S) = ^ W fl7+ F (y) (/yj. (xxu), 

where the exponential has always a negative index 

Equation (xxii) combined with the \alue of w from (vii) of Art 
1531, or 


sohes the pioblein completely 



da 


(will) 


^ Instead of tbe last term on the ri^ht of this our stcond condition Bou mesq 
has on p 491 the term 


a fx 


F {t) 


Hib ^t = our V Htiice his F (t) ou^lit to be equivalent to our - Thi it in 

- 

fact IS because he dthne^ F (f) to be halt the foice applied to the V and tiKe" 
the mass of unit length of the rod as unit or uuii> (p 481) It s»eem clearer tu 
take a perfecth general unit of mass 



jBOUSSiKBSQ 


[1640 


Ud OOlj^ WltJl tll6 SpOClsl CES6 131 wllicll tll6 

wiMm id Mn^m to m iiopalsive force of magnitude Q actmg during 
tlio v^euy period 4 » 0 to < = c. Then we have 


j^F{<u)dt=^Q 


Hohm by paUiaig <7 = 0 in (xxi) we have 
/,(«i) = 0, if t<Q, 


' 2/3 


if <>« 


Let «, be the shift for * = 0, then we have by Case (i) Ait 1537, 
after & slight transfonnation, if r %aijt^ 

«b {//' (1 cfa'- J V- (1 - «o} 

^bektutmg the values of y and p and writing 

2 


we easily find 




Boussinebq discusbes at some length the integral xW which may 
be written 


1 r 

JttJo 


so that x(‘r) lb ilways less than I/n/ttt to which value it tends as t 
increases indefmitely Geneially (p 496) 


xW-® V V Hi 3 5 2/1+ ij 


W e can Ctisily fand tor the shift speed at x = 0 


(\^\) 


[1 >40 ] Tliib solution cm at oiict be applied to the c isc in 'which 
i ImmIv ol m isb 1/ iiiipingLS on i bn inhnitcly long in both diicctions 
with \tlocit\ 1, toi wl hii\c Old) to tike Q~ 1/F, ind tlun (x\iv) 
iiid (\\ \ ) ixpuss the solution Ob\iousl) ^o^^ inci eases indehnitcly 'with 
t whih tin sptLil {ilo dt) _ diiiniiishcs ind ultinntcly vinishcs 

in ttkt \i \ niiuh iwvj dnnn mt {df' dt) ^^= Q 1/ i rcjxxiuc t — 0, 
iiioiitiL ([la iMtiii ( intiiiiiiKUt petit uiiciui'^sc 1/ iiiuo i h bine i routine 
(, = 0 dcticiit picsfjiK li tut ihtL lie li (piuititc dc nioiivciiicnt qu’uuo iin[)ul 
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8100 bruaquo y a fiaii xitatta:^ tout oomsM m ooiUe mtm» ImMb 

quaDd oOe a subi Pimpolsioo , ei il doit w auiie, k pm mdilSkmi 

quo le corp beurtant ait regu 8a nteem mime K qmtiid il dtatt mootm lihra 
oa apsr^ rdtre jomt k la baim B b’j a, autre laB dm oaa de dMtenoe, qm 
dsms la mam^ dont la yitaeeer ae ooz0miHii(|iia» dmnt nw^uxt mitial a an 
trongm beurt^ da la bam. amahre pliss oonlofm anx li jpotliNMB ovdiiialnMi 
de la ibdcaie da T^lasticitd qeazid oo mppcm la maaee if 4^ en etmAmek 
avec la bam dte Tinstaot <=0 (p. 497>. 


[1541 ] Octse (iv). BotissiBasq on 498--502, deals wiA tlie 
problem of a bar indeSnitelj long m one directum carrying a weUt 
M at its terminal, and subjected to tbe kmgitadiiidi impact $ dnmg 
the same interval of tune i=sO to I- e Let ^ » if F, tl^ Bcmmuimmi 
finds for the shift ti^of the termizud and for lie i|)eed (du/elt)^^ 
O = •^Ejp being the velocity oi longitudzna! vibratuma 


Mr 




MWO 

fSTST rfv 


{dufdi)^== r« 


(xxn). 


Thus the shift does not tend to inmase indefinitely with i bat to 
approach the limit MVj{p(iiQ) 

Since changes its sign with V but its magnitude remains ua 
changed, we have only to put two bars, mfinitely long in one direction^ 
end to end, eerch bearing a mass \M to obtain the solution for the case 
in which a mass M attached to the middle of an mfanitely long bar 
i-eceives an impulse in the direction of the bar 

Turning to our Ait 222, piittmg therein Vi= F, F ~0, 

J/j-J/, ir 2 = « 2 P^, and then making infinite, we easily find from (2®) 
of that article by mtegiating the sti-etch and putting .c = 0 




y 


{fht dt) = Vf 


(mO, 


foi i = 0 tu X 


ThesL t(iu\tioiib igiet tiitireh with (vxM) ittei tina /-€ oi wt 
stL that wlittliLi J/ be itt itlied to the bai initi ill\ \iid rettiM in 
impulse 01 i mass 1/ with iiiomtntum 1/1 stiikt tlu bir, tlitu 

will be 110 ditieience m the \ dues of n __ iiul (da It) _ itui time t ~ e 


[1312] Ca ^ (\ ) 111 111 idditwn <pp b:)>-b4) I>ou^^lm.b^] ^^t»lk^ 

out tliL extiemtl} iiitertsting and pi xtticalK \ iluibk l isi ot i bn in 
tlu foim ot in iiitiniUlv long tiuiiciud iij^lit likuIii euiu, subjttttd 
it the tiuncitid i lul (supposed it distuice t tiom tlu to tht 

loiigitudmd impietot i bod\ ot mass 1/ moMiij, with \(loeit\ I 1 lu 
lii\ estigitloii ot this else hid bteii sUg,gested b\ sunt \ e units iiitmoii 
ot lM)b see om Vit 22^ 
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Thm of the Bolntim seezos to me, however, to depend 

iqpOik the of very small vertical angle, otherwise we have 

HO to tm IKAiembert’s elementary theory of rods which supposes 
mm sectioiis to remam plana Ihis assumption is not, I think, 
stated by Boussmeeq, but it ought to be kept in mind 
!I1 mi eqfoateum lor the longitudinal vibrations of such a cone on 
l>'Alemb6ri*s theory m easily found to be 

cb^ 

where u ts the shift at distance {m + c) fi*om the vertex and O® = Ejp 
Wot waves m the direction of x poative we have 

(a: + c)tt=/(n«~£c), 

wbeieoe we easily hud 

du \ du u . , 

dx €l <U x-^c ^ ' 


Thus imkally, when it = 0, if a be the stretch, and V the velocity, 
V= — sxOy 

or, if s be the safe elastic stretch (or squeeze), no body can strike 
the truncated end of the oone with greater velocity than 5 x 0 without 
damaging it. Toung’s theorem^ (see our Art 1537) is thus extended 
to such solids of revolution with truncated ends, as may zn the very 
hegznmmg of the motion be looked upon as truncated cones 
At the end a; = 0 of the cone we have the condition 


M 



= E(j> 



(xxvill). 


which enables us to deteimine the form of f{0.t) In addition we have 
the conditions thit /(0) = 0, and dtijdt- V when x-0 and ^ = 0 If 
\ = 1/ (/kd) we ha\e from (xxviii) using (xxvii) 


V hence we dctcimme 


/ (no = 


2vtV - 
kU ^ 


nf 


sin- 


kQt 


01 , binh 


^^2^\ 

tJ 


(xxix) 


Htie A- = 1 c Hid the natiii U or the hvpeibolic sine is to be used 
accoiding is 4» > oi < c, oi accuidmg as the impinging mass is gieatei 
or less tlian three -qu iiteis of the mass of the tiuncated part of the 
cone 


A pcnerali/ed fonn ot It.ungb Theoiem ma\ bo ^ound at once fiom the 
rc'^ult gi\en f( 1 the squLt/i ( - s) ot the impelled bar in 2° of our Art 222 bv 
putting ^* = 0 and / = () hnd 

= (\clocit\ of impact) (\Llocit\ of sound in impelled bai) 
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We easily find by aid of (zzviu) and (xxix) 


_2vV 

at 


' tat ,kat\ 

sm , or. grnti — I , 
2» ’ ’ 2r/’ 




2r 


1 

or, ooeh t sinh 

3v A; 


2r 


y (3acx)i 


W*^~2 0* 


G-‘) 

[or, (i+J) 


. kOt 
sm g^-2ooe^, 

, jfcOt 


or 


These eqQA;taims tell a gmi abocii u&paoi. Wa 

see that if or taaihy aooociijpa^ as 4 p> or <£^ tlieii tl»o 

maximxim ai the ess^ m tmehisd irlm 


2f 


= or, yoo^rX 


and («^)» = ^ Vw «- <>“‘1' “ 

Further we have (ditidx)^^ = 0, or the action of the mass M on the 
truncated cone ceases, when t = t^ = 2ti Thus the duration of the blow 
IS equally divided between the periods when the mass is continually 
inci easing the compression of the bai and when it is continually 
releasing that compiession It is easy to see that the blow ends before 
the cone returns to its oiigmal length b\ substituting 2t^ in the \alue 
of The \ elocity of i*ebound of M is gi\ en bv 

— } yCOth7) 

which coiifiims the lesult referied to in oui Art 21b, nimeh tint 
the \eIocitv of rebound depends on the masses ind dimensions of the 
bodies in collision The terinmition of the blow when t = t^ is of 
mteiest, betiuse in the case of the indehniteh long c\lmdrical rod 
there is no limit to the duiation of the blow see oui Art 1541 


[1 543 ] Boussinesq next consult is what liipptus aftei tlit t» imma 
tion of the blow Instt ul ot (xwiii) the ttuiiiiial condition is now 
{<bi w hence w e hud f / (Q/)-/(<^0 = b or uinembei nu^ tli it 

when t =f the two solutions must coincick, wc hi-se fot t> t 

cut t 


/(Q0==/(«O 
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292 


We find lor tibe aiuH ^)oed i> if 

er, tito med decreaaec witib uwsrease of and hence the greatest value 
i» moiilid lor i « <,, or at the end of the blow, thus the impelled and the 
imp^igxiig bodies never come into contact again. The shift at the now 
tgm end of the oone decreases gradually and ultimately becomes zero 
iMl I » 00 (p. 662) 



[1544.] It remains to find the maximum squeeze and the time at 
whidb It takes place. Boussinesq easily shows by aid of (xxvii) that the 
laaaxiiniim squeeze takes place before the end of the blow and at the 
impeOed end of the cone. In order to obtain the maximum value we 
have only to diiOferentiate the third equation of (xxx) with regard to t 
fkaad equate the result to zero We find 




1 

1 

r , 

jsin 1 


[ sinh 1 

or. 


1 

II 

A 

sm y cos* y 

sinhycosh*y J 


Thus the squeeze - {(kijdx)^^ will decrease as t mcreases from 0 to 
La fnmi the instant after the imfiact up to the end of the blow, 
except in the first case (v > ^c) for 3y > -tt, ot k=. tan y > a/S, or v > c, or 
when the mass of the impmgmg body is greatei than three times the 
mass of the truncated jiortion of the cone Should this hold the squeeze 
becomes a maximum when t = wheie 


f _ 3y ~ TT 

^ €l tany 

and by the third result of (xxx) 

-^. = ~yje-(^y-’r)coty 


(xxxi), 


(xxxn) 


The txponentiil will take its minimum value toi y - 1 3027, about, 
and it tlitn equals blOl which is slightly less than the maximum 
\Hlut, unity, which it takes for y = 7r/3 oi 7r/2 

Thus except foi v>t, -s,„ takes its maximum value, 17^? tlie 
iiisUnt the blow commences If i/>c its maximum value must be 
tounel fioin (\x\ii) ami then the pi eceeling rein irks does not diflei 
widily fioiii rn X Ji c (pj) ()63-4) 

houssiiit s( j euiieludes Ins discussion b\ leiiiaiknig that if the thickei 
uui of tin com be cut oli it the section i aid this section be fixed, 
then wi shill haM (sic oui \it 223) i solution of the foim 

( c - 0 / (11^ - ^) - / (Ot + 0U-21) 

what tliL stcoml tain on the light is dm to the it fleeted wave, tins 
tain will lio\\e\(i hi /ao it thi iinpclltd teuiiiiiil until oi 



1545 — 1546 ] 


BOUSSINSSQ 


we see tltat the aJbove investigatiofi holds for this new €Mm dumni; tte 
whole of the interval 21/0 afti the im|mls6. 


[1545 1 Case (vi). Boussmeeq deals on pp. 502-6 with the eaae of 
a plate of infinite radios stmck nonoaily by a mass JT at the on^ 
of coordinates with a velocily V He replaom this probkna that of 
a mass M attached to the ongin of coc^matee and snl^eoted to the 
normal force F(i) Using the notation of onr Art. 11^, we have 

the expression 2€p5* x 2irr for the total shear rotoui a eylmder of 

radios r about the ongm, and therefore for r *=0 


M 



dVSo\ 




or, by the results df onr AH. 1536 


m being the msm of &e phbte per n^it of arat mA 

Solvix^ this equation in & same manner as that m /{C) ^ 

Art. 1539, we have 

If we considei the special case of the blow produced by the mass M 
moving with velocity V we have 

j F(t) = 0 for f < 0, ind j* F{t) dt - MV 
foi t slightly gi eater than zero Hence 

TT . bbt. 

^(0 = 0(i<0), and ^(«) = ^ 'j(^>0) 


Whence we easily find flora (xvi) foi / > 0 

{du dt) _ = I < 


bh 


’)• 


\bf 


Thus we see that in this cast the shitt tends to the tinite limit 
vJ ’(bh), and tlu ])late icts in this ininnei quit< difteientU fnun the 
bir of our Arts 1 '>39-40 


[154G ] The next section (pp )05-4G) <»t Boussines<js work is 
entitled Comment il font mochtiei ces hns dn choc dongle ca^ de 
bailee dout lit hmqneni e^t fime 

It opens ^\lth some lomaiks on iiupirr crineralh iiotK mg 
tint the lesults obtiintd in tin ]He\ious iituhs hold toi hint* 
bodies ()n]^ it tlie \clocit\ of impact In ibo\t i ctitiin nngiu 
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tude ttkd thi28 dankage be <loBe to the body at the instant of the 
blow For velocities than this limiting velocity no damage 
need be done to the body unless the ratio of the mass of the 
impinging to that of the impelled body exceeds a certain value, 
and for sodh velocities the maximum stram will not be reached at 
tile instant ^ the impact. 

Turning to Saint-Yenant"s results for the transverse impact 
of rods given m the table m our Art. 371, (iv), Boussmesq remarks 

that they may be thrown into the form ^ ^ /y / 13 ^ , where 

^ IS a factor dependmg on the ratio Q to P and the notation 
IS tibai of our Art 37 1 Boussmesq compares this with his oon- 

h V 

ditaon for damage due to immediate impact, i e = - -pr , and 

K tlZ 

notices that when QjP- or >l/iS, this latter condition replaces 
Swnt-Venant’s. He remarks (p 508) that ^ seems to be roughly 
3 see our Art 371, (in), where So^^h/p Hence Boussmesq's 
ooiadition would come into play when Q/P = or > J In Art 371 
(p 254) I have suggested that the critical value of Q/P lies 
between | and | 

[1547 ] The remaining portion of this section deals with the 
longitudinal impact of bars Two cases are considered when the 
impelled bar has the non-impelled end (i) fixed, (ii) free The 
latter case corresponds to that discussed by Saiiit-Venant in 
1868 see our Art 221, the former case presents the analytical 
solution \Nhich Saint-Venant and Flamant discussed graphically 
m their memoir of 1883 see our Ait 401 et seq 

If the impulse occur at the end taken for the origin of x, then, I 
being the length of the bar, we must hd\e for the first case the shift 
14-0 when c = l, and foi the second cise dujdx-^ when If^ 

a ~ the solution must theiefore be of the foim 

u (a^ - ^) +f{at + a? - 2Z) (i), 

the uppei sign lefernng to the fii-st case 

The condition it the impelled end, or for x = 0, is 

d Fit) a dn 
' dt ~ m ^ITl 

^ a IS htrt u&eil foi tilt i> of our \its 1 ,41-(> so that the le^^ults ma^N at once 
be cumpaied witli those ot oiu Aits 4U1-7 





'Wbme w » Q/F the ratio of tlio irosigiitB <si line m|»i^pGiog wmm md ^ 
htat^ m = Fjg and is tlie f<»oe <m Q ak lux^ i mA Ttsttbas 

Substituting (i) m (u) pu^ang m ^ 0, iii^gz«t»ig moA mitoy 

j* F(t) dt = F-\t) we find, if f 

1 '^■*(-) 1 

/(O + ^/(O = «) + 5/«- so. 

or, 

/(£) - />' © tZ-U- 20 ? s/«- »)} « W 

Has bolds for ^ > 0 But / and f vanish for n^gattve arguiMitB. 
Hmce (m) onabloB us to write down first the value ^ /{Q for £*0 to 
21, and then, from this vaiue of f{IC^ subslatiited on the nghi under 
the int^ral, to write down tlie value <a/(0 fitim and no on, 

Thus /(^ 18 mtirdf detemmed m tenn& Henee fa^r (i) fibe 
problem m analjtioal]^ served The a^tim InvelveB a Bom end 
valuable method ct^Me of applmation to a number of proldmns m 
impact. 


[154b ] For the case of an impact by the mass M (= Q/g) with 
velocity V we have F~^(i) = MV Hence we find 

At ) = { (i - ± ®' ^ " -^} 


which agam completely determines f{0 

Properly the time from i — 0 to t = T, the small interval during which 
the blow IS given, oi horn ^-0 to ^ — ar, or c , ought to be excluded from 
the value of /' {^)j foi we cannot differentiate J at the origin (since 
/’(^) = 0 abiuptly, for ^<0) but onh slightly to the positive side of it 
le when ^ has any vanishingly small positive value In lact it will 
be found that f'{C\ mci eases by jumps (ct oui Dngram IV p 27b) 
whenever ^ increases by 2/ (pp 515-b) 

Boussinesq gives (pp 513-15) the geneial >ulutn»n 
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^«2Z4*e 


g-4?, ^(C-4 

vl 


r-4o*\ 

/’ 


w::.=H 
[/<«]:::- [^®] 

h:1'[^®]::i 


-fi t 


BomeiaaBq does not calcukte these functions to larger values of the' 
iwyMe The abave results generally suffice to determine the maxi 
and the end of the impact The end of the impact will be 
reached for the least value of t for which dujdx = 0 for x — 0, or by (i) 
lor Ihe least value of ^ for which/' {t) = +/' {t- 21) 




[1549] Pp 517-22 are occupied with the second case viz 
that in which the non impelled end of the bar is free, or we must 
take the above equations (v) with their lower signs Boussinesq’s 
results are in agreement with Saint- Venant’s (see our Art 221) 
but his method is easier and his conclusions somewhat more 
complete. 

We will briefly resume the results given by Boussmesq 


(a) End of tlip Impact 


21 e' 

This IS reached foi i = — + — 
a a 


where e" is a 


■very small quantity, or immediately aftei the wive of impact has 
tra\ piled to the free end of the bar and back again After this tune 
the bar and the mass M separate further and fuither, or the impact 
is definitel} concluded The \elocity of the impelled end of the bai 
IS at this instant It then increases lapidly to 2V, after which 

it returns to Te^’^^ith t\eiy change of time 21 ja On the other hand 
the mass 1/ continues to mo\e with the less of these velocities, le 
1^“^* (pp ^)KS-9) 


(b) kiuHic EiiPtqy The \elocity of the centioid of the bai iftei 
tlu impact IS o\oi - Ft (1 lud therofoie the kinetic enoigy 

of ti uislation of tlie ])U - ^ MV i (1 ~e~ Remembering tint the 

<iieig\ of the ina«.s M aftei tlie impict is oiei = ^-MF we easily 
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ftoii % £'« tiae ianebe maegj «f fitaMbanB ia tike W da* to ib* 

1^1- 

Hexloe we see tliai if tfeae gsses irf til» iia|fe^gii^ bod^ be •m 

with tlie mam of #ie i«ur ^ As mmgj Imk fe 

IS Yerj smail, wlole if b«r ha?e a koge »mB m mm* 
psared wi A that ^ Ae mapdhug body, aii&ost all the esaerj^ w atooAad 
m vibzateiiis (p^ 0SO). 

Otmcmsiy, j^/jr^^^oolh “1 

obtain the case of a rod zmpelidd sgidjEist a rigid wall, we liase 
oeil^to maker^oo azid tmptemeqmi Teloea^es^ ~ F** on boili rmptaging 
koSf and bar aflar Ae mpaat is mkx^ over (|i. bSI). We see at 
once that the bar reboimdb w^ the velbeaty of nwpae^ aid wstheni 
v3ba!at(ny enezgj see octr ArL 

{o) Maoommry Strom, Tim greateet sqeeeee is eqnd to F/« and 
occurs at points distant not more Aan |/ the ^ree end at time net 
greater than Sc'/a, na close to Ae See end mnnediateiy afl^ the 
begmning of the impact. This masimuin sqneoee is Ae same as that 
given by Young’s llieorem (see onr Art. 1542 ^ba) at Ae mstant 

Y 

the impact begins. The maxunum stretch equals “ (1 ~ 

occurs close to the impelled end immediately after the end of the blow 
{t = 2l/a) In most cases it will be expedient to take this last strain as 
that of safe loadmg, stretch bemg more important in respect of safety 
than squeeze 


[1550] On pp 522-534 we have the first case treated, the 
non-impelled end being now fixed, or the upper sign m (v) being 
taken The solution in this case has been discussed at consider- 
able length in our Arts 401-7 and we refer the reider to these 
articles We note one or two additional points occurniig on pp 
535-46 

(a) On pp 535-4G Boushinesq shews that to i second approxinia 
tion we may neglect the ineitia of the bar concentriting out’ thmf its 
mass at the impelled end The shift at this tnd will then l»t gnen Irv 

_LMV 

“ /« a V iir+ ’m V s' 1/ in - 1 3/ 

1 This of course neglects an> loss of energy dui. to tbcimil action etc 
The use of this mass coefticient of resilience {'^ee our \ ol i \p} « ndi\ Nutt E 
(h) and Vol ii Arts 367-71 14o0 et seq ] is attributed to Siint \«_naiit it is 
however as we have pointed out due to Honiershain Cox and Htd^kiii'^on 
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muHS mpm i m m will gm the shift mth a conaderable d^ee oj 
mmmiaj mm witfeoiat M/m being large, but the assumption does nol 
lead to m iu»arate expreesicm for the maximum squeeze see oui 
Aftw 406, (2) and footnote. This squeeze is investigated by Boussmes <3 
in an apfMroxiinate manner on pp 542-4, and he finds that it is ex 

^ M/m large, by ^ ^ (2) (<*> 

and m (sy 

(J) A somewhat more elaborate senes of values for the maximun: 
aqnam than thoee of our Art 406, ( 2 ) (a) — (o), are given by Boussines^^ 
on ^ 545 For practical purposes, however, those of our Art 406 
woiw be sniloiently accurate 

In a loofenote, 641-S, Boussinesq deals with the interesting 
mm of tfoe mass-ooe^eat of resiiienoe (see Yol i, p 894, ( 6 )) foi 
n iMm drenlar i^ate of radius a, either built in at its edge or simplj 
m^Kirted. Let us apply the formula of our Art. 368 to this case, firsi 
cahpniatmg the value of 


where P is ihe weight of the plate and J the ratio of the statical 
deflection at the element dP to that at the centre, where the impact oj 
the weight Q is supposed to take place For the case of isotropy w€ 
find from the value of to in (xi) of our Art 330 that^ 


- 1 ^ 


p having the value unity for a built-in edge and (3X + 2yw.)/(7X+ 6/x 
for a simply supported edge Whence by (i) y = i (1 - 4 - 2 ^) 

us put O' = Q + yP, then it only remains to find the of our Art 
368 This 18 given b> putting Tq = 0, and y^ = 0 m ( 1 ) and (u) of oui 
Art. 334 We find after some reductions 


/3Q 


wilt re Q^-H/p 


Hence we have 


^ Z ^ /3 / 40,6 /B P\ 

“ 2 O. 2*V P PQ V f w 

This gi\ es us \ er} accurately the depression at the centre of the plate 
(liu to the blow of a body of weight Q at its centre 


^ For bo^ cases since the plate is thin we tal e the 7 of Ait 330 zero and pu) 
-0 then for both dK/dr=0 foi r=0 involves B = 0 while it? = 0 for i=a 
determine^ the cential deflection C mui the edge is simply supported l/p = 0 
but whin the uige is built in 1/p is deteimined easily from lUoldi =0 foi r = a ^ 
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[1551] SeotiOE 2S of Boei 88 ui 80 q’s woik ooenp^^mg ppi 
646-77 IS eatrtlad Sur lea demm jjmUimea d'am okao par aem- 
preaeum foAsant fiSchur la harre hmrtSe^ aapp&aie tai$ Uigfire, at iu 
momement rapede dme ekarpe rmkmis le long dmne tette harm 
honeon^zle, appugSe d aea Imda. Tim sectKm maBj detls 
with two interestiDg ppciAema muoh sii£i|dified» howew, 
n^ectmg the nhratioiis of the elaeftic bodies om&AemA. We 
shall deal with these in the foQowing two artadea 

[1652.] In our Art 407 (2) we have referred to iht fom- 
bilitj of a bar buckling under longitadmal impolse^ and have 
given a not very satisfactory ccmdition against bnd^hng mg- 
gested by Saint-Yenant and Hamant m theur memcnr It is 
this point which Bonssmesq d^i^sees at oonsidbxable l^igth on 
pp 546-60, on the supposition, however, ihat ike nmgki of ike bar 
%$ negl%g%ble aa compared tbot of the mpuagmg maaa. 

Let I be the unstrained length of the bat, I' its strained kngth , let 
f be the central deflectaon on teckling, e the chord, JT the fangitudina} 
compressive force, the flexursd ngidiiy, and Fj{Em^ Then 
if the ongm be taken at the centre of the ^ord and ^ be the deSeotKm 
at distance x, we easily find 

rc/2 

= m^P I sin* mxdx, 

Jo 

since 2/ - / cos mcc, giving wc = -ir to a first approximation, is all that 
IS necessary in order to obtain the value of Z - c to a swwid approxima- 
tion Integrating out we have 

l'-c=iirmp (i) 

Referring to our Art 110* foi the \alue^ of 1', and retaining only 
the fii*st two terms of the bracket we find 


TT IT ^ 

I = - + wi/ 
m 16 


(») 


Fiom (ii) we see that V must be >7- ??«, and theretore />-//< oi 
// foi theie to be an> buckling 
Finall}, since tht squeeze (/ - Z ) Z ib due to is 


I 



(ill) 


^ I IS the a of that Article B the P Fuk the A aud vre must put the m of 
that Article equal to unlt^ 
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itt leraw m mf* of (i) ajwi (u) “aj obTiously replace m b 
iiil TT>»M ‘ IM giTea by a first approximation, or by vjl Let S be tl 
sAitt l-e <£ iho impelled end, then we easily find from (i) an 
^Sbat 

^,2 /8 J , , 

IT sj I Em 

% rarnli ilso k)ldjBg wli6n/=0 

Ji be libe maTamnm squeeze we have 




wImi a is the distance &om the central axis of the ‘ extreme hbre’, < 

we find ^v) 

. h f% T 

^~Em-^l\/l Em 

Before flexure the radical on the right will be zero After flexui 
we have nearly Hence 


-«»- -f-±^ I 




We are now in a position to measure the action of the impingin 
body Q We have very approximately 




M/VJU j, « - « #V 

--y, forS<Zy, 

_ i? 5> 7 

-F<0^,f0T8>l-^ 


Hence the motion of Q will be pendulous until the bar buckles, bi 
after bucklmg there will be a simple retardation of Q till the initL 
velocity be destroyed, provided this destruction of the velocity tak( 
place before the deflection ceases to be very small as compared wit 
the length of the bar 

The maximum deflection and stram occur by (iv) and (v) when 8 

OF"** 

a maximum, or when the eneigy ^ has been absoibed by the bar, i 


, if remain < i e Ew 
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Patting jBlp = a*, we find for the BMurnwwm temuBal 






y p 


»v 

?^ir’ 


iw F*<? p-j r m 

Subetitutiiig these Talnee of ^ 121 (it) sod (v). 


»&id 

»V 


/•=0, -*«= 


, _ 1^2 /F*a P S?” 
■'*- w y a? P»*K» "F' 


**«* 

~F^ 


rAv/l /r*« P iv 




■V 


^ . 

1 V T) 

The oonditton (I^<^ for ««4»eUing ef the h» 

agrees wilhi that of our Art 407, (S), 2f it be rasaeDibered Ibsl 
Boiissmesq supposes P Tery small as oompared with Q 


[1553] The second problem dealt with by Bonssmesq is 
W%U%$' Problem of the rolling lc»d see our Art. 1419 * The 
equation at the bottom of our p 764 (VoL l) may be wntten 



the ongm being at the centre and not at the end of the bar, 
1 e writing x' + a for x Boussmesq gives this equation on p 562 
and occupies pp 562-77 with the discussion of a solution of it 
It does not seem to me that Boussinesq's value for the deflection 
IS in a simpler form, or one more capable of readily giving 
numerical results, than the solutions obtained and discusbed by 
Sir G G Stokes in ^ 3-10 of his memoir of lb49 see our Art 
1279* 


Boussmesq finds (p 569) if y be the deflection at distance x from 
the centre 


2pS' 


m=co/i 2 3 4 2m{2m-rl) f t 

m=A9 + i 25 + i- (2w + l)*+jt-V a) ) 

y 1 - . 


wlitie £01 L positive, r - 0, and for ntgUive » 
k 


(cObh, 01 , COb) 





11S5^ 

tud tito witii iike sm axkd cos^ ib T, are to be taken li 

B>^^0S34 lower sign, inth the and cosm HTd The loac 

m mwosed to start from the end «?=— a Further, as m our Art 
1419 , IS the staticsl deflection due to the rolling load concentrated 
at the iniddle of the bar, 2a is the length of the bar and /5 
F being the vdomiy c£ the travdh^ load + F denotes the difference 
1, Jk being always taken positim 

BcmsiBee*} draws from his flDmi of the solution conclusions smulai 
to those of Sir G. O Stokes summansed m our Art 1282* but I do 
not thank he aAis any nord results, 

[loS4] Before leaving thus section we must refer to the 
followmg mapcniaiit practical problem dealt with by Boussinesq in 
m foctoote im pp 56i-5 see also our Art. 1556 Consider a thin 
oyiiiririoal belt or nng of radius iZ, thickness r and breadth b, 
auppose xt subjected to a umform pressure p on its outer 
saz6oa What is the least pressure which can cause it to collapse 
or lose its circular form ? 

Lot the belt be supposed to have collapsed or bent, so that 
r5!=^{l +a) IS the new radius-vector, e being a function of the radial 
angle d, then as m our Art. 585 the bending moment at the pomt 
denned by d is given by 



Suppose AO an axis of symmetry of the strained central line and 
consider the portion of the ring Take moments about the point P 


P 




1556 — 1556] BOVBWXMati. sot 

Tbe total tlirust Q A will oqnid tbe mcment about P of tho 
preaBoree on the portion of the rwg out off h/ the ehord AF inD 
cAmaadj=pbAF x ^AF Henoe if bo iho gaoeBoni at it we have 

M^M,-ipbAF^*Q(r,-rtMg) 

Thus ^ + 0^1 + ^^^ = aeogiBtattt. 

If il be taken as the o(»npreBBed raduis UBinediaielj before ooBapi% 
it IS easy to see that this constant moat be aero^ for the mean value 
of e will be zero. Henoe we find, sinoe at ji dejAff = 0 

a = «,oo6(#yi7^) 

Bui whm B mdsemsB bj hmod if • be iala|pBr w» waxmk 
have 



The least ooih^)»iBg value of p will arise when %=^% tiiiia for oofiafiee 
we musi have 

p = or>|£ J 

[1555] If the ring become a curved plate, we ought at least, I 
think, to replace E by the plate modulus for umoonstant 

isotropy) We should then have for the collapsing pressure on a flue 
vjzth unsupported mds 

p=or>\U^ 

It IS notewoi-thy that this is exactly the form of the old Prussian 
Government foimula for the strength of flues, the origin of which 
formula is unknown see our Art 986 On the other hand Fairbairn s 
experiments with flues having cast-iion ends maintained it a Jijced 
distance seem to shew that p vanes in\ei*btly as the length of the flue 
see oiii Alt 964 When the ends are not thus faxed, the piessuie does 
not \ary so exactly as the in\ei-se ot the length see oui Ail 982 

[1556 ] The contents of tlii^s footnote in tbt Timtisp had been 
pieMOUslv publislitd b\ Boiissiiitsq in i ineiiioii entitled At istiua* 
d\tii emneau a la quaml sa binjatt t Utt i ut^' nt pt Sbion 

uornuth y toubtaJite pai unite de lunf/UFUi d i jitti*' ULoy^'Uii^ Lumpier 

iLudubj T \c\ii, pp 643-4 Pans, 

Thepioblem ippeiitotoha\e been }ntMoiiibl\ diseiibsed 1*\ AI Lew in a 
papti entitled ^u) un uouieaii tab mtijiahl*^ dif ptobJ m d tJu tiqa^ 
tt Vuut de bCb applitaiioiib {CompUb uadu , T \cmi , i»i> U^i4-7), whieli 



BOCmNBSQ 


m 


[1557 


dttite WI& 'Ha ai>oT« oase and gave somewhat complex results in terms 
«i eilipl^ holcgials. Lfivy found that if 

9JS^ 3 JSi* 

^*^4 W’**® ^16 ^ ’ 

!)el^ iwmld not diange its circnlar form or be liable to buckle But 
hb did not filiew that if j? be greater titan this, the belt would buckle 
Bonssmesq in the memoir of which we have given the title above, 
proved as m, our jarevious article that we must have 

it the bolt be not to lose its circular form. 


LSvj rephed to Boussmesq in a somewhat inconsequential note to 
bo found in the same volume of Comptes rendu8<, pp 979-80, remarking 
m partionlar that his own result was deduced from a solution for finite 



same volume by the remark that the rmg must pass through an 
minitdj small change of shape before it can take a finite one 

Hie problem resdly involves the same paradoxes (and the same 
solutions of them) which occur in the case of the buckling of struts or 
oolkpse of fiues. 

According to L6vy both Boussmesq and he had been anticipated by 
Bi^saJ I may notice that they had also been anticipated by Bresse, 
who shewed m 1859 that a flue (? ring) of cmy slight ellipticity would 
not collapse under external pressure unless p>\Et^IR^ see our Art 
537, (cf) 

[1557 ] The last portion of Boussmesq's treatise which deals 
with the theory of elasticity is Note ill (pp 665-98) It is 
entitled Extension, aux solides hetirotropes les plus simples, 
d est-ondire aux solides isotropes deformds, des lois d'dquilih e et des 
lots les plus wiportantes de mouvement dimontries dans cette etude 
pour les solides isotropes 

The type of aeolotropy for which Boussmesq geneialises his lesults 
lb given by stress strain relations of the following kind 

7x = aSj^ +/ Sy + 66^ , 'Z = d(7y^, 

Sj.-¥ hby + cZ 6^, 7x - ea^, 

= 66 +dbj-\-cs, T^f=fcr,y, 
subject to the conditions 

did =eje'=fif, 

2e + L - Jca, 2f +/ = 



iiid 2d-^d=Jbc, 



1558] 


mtmmwm 


m 


Hie latter are wdi-kmewB r^aiioiis of (be oHipeoiM kind, 
true probablj for idl amorpbio bodiea !nie foraer am tbe da offlro n a ly 
xiear approadt to ^ rari-oocisteat vbAdb m amt Axt, Iw 

we have described as Imt a donbtM sqp to Urn MoNiomtaii CMmn. 
The substanoe indeed el (fee pcsrten d Saint-Tonaiit^ mainoir of 
1863 consideared m that arte^ f<rfiBS tbe basis of BoMdnesq's nolo. 


[1558 ] Adopkng the above oonditaons^ with due zeoervaten few- 
ever, we may throw the steessn^ram relata^ into the fedlowing fbW 
by taking five new constants a, )8, y. A, ^ sndi that 

djd^^el^ =/!/:= fijk^ ad=^ = y/=i^wt^, a/a*~ 

we have 3£p = ctXx + 

where x = ««» + ^ + 7*^ 

These results hecos^ those lor In-oonstent laoteioiiy;, if wo taka 

a = ^ = y = 1 

Now take new variables such that 


x' = xlJay y'=y/^/A af'« 2 f/^y,l 

u'^u^a, d ^vjP, w* = fDjy] 

where w, w are the shifts 


(lu). 


Then 


dv! dv' dw* ^ 


dx' ^ dy* ^ dz' 
and the stress strain relations become of the form 

Jir/a = 7x = X& + 2 p.%, jf-/ V jSy = /y = /^r'a' 

Thus the body-stress equations of equilibrium will be of the type 

djfjc dx’s djff , y/ A 




wheie -ST' = X/^,/a, etc 

Thus any solution for an isotropic solid bounded bv the siirtace 
,, ~\-Q becomes one for the aeolotiopic solid Ixiuiided b) 

fUlJa'i/IJB, =/sM = 0 . pto'iJed the l>od\ forces applied to the littei 
be X' J a, J JB, -Jy the shifts «, i « it / «/, : be tikeii as 
u IJa, V I JB< I obUm the stre^bcs ii^cinaJW oi 

a.t X, y, z y>e must take the sjstem an, B' '> y ’ JPy'' s 7 “ ■* ’ 

JaB^' (pp 665 - 71 ) , 

In a long footnote pp ObJ-b, Boussinesii leleis to his niemoir of 
1668 (see oui Art 1467 ) and deduces the stiess strain ulations (ii) 
above de iwio 



m 
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flSINil} II 0 gif^afeer porfeioa of Botisemasq’s J^ote m (pp 673-98) 
dmlb inA ySm^rj mofeon wliioli may be set up by a region of 
na a£t aeolotropabd medium of the elastic nature defined by 
(n)*^ of mottoiv if ih&re be no body-forces, will be of tbe 




/X K^X / o ^ 

du a<^ ^ 

dm 


dHtN 

^J’ 


TMbng «8 beftee the new variables given by (m) the type becomes 


a di? 


,, .dO' /cPu' c?*8t' ^'\ 


(iv) 


Hkim tiieoe equations do not reduce, like those for equilibrium, to 
tbe equataons for an isotropic solid. They reduce to the system of 
eqea^ons which have been considered by Sarrau and Boussmesq to 
hM Ibr tbe ether, fhe ekstie constants bei^ supposed tbe same for all 
direoiaons, but the density of the ether bemg taken to have tbe values 
fiffiy pj^ pjy for Vibrations m the directions of a:, y and z respectively 
aee our Ait. 1476 


L^t^pratsKm de oes Equations de mouvement ne se r^duit done pas h une 
SimiAeaup des potentiels sphdnques considdids dans le mdmoire des 

p 319 k ^6 ci-dessus (see our Art 1526) Peut-6tre deviendrait-elle effectu 
aUe, avec moms de comphcation qu’elle ne I’a 6t6 jusqu’ici par la mdthode de 
Blanchfit ou par oelle de Cauchy tas^ sur le calcul des rdsidus (see our Arts 
1166*-1178*), SI Pon pouvait gdndraliser d’une mam^re convenable la notion 
de oes potenfaels sph^riques 

Heureusement, les seuls rdsultats concrets qu’on ait pu d^uire des inte 
grations difficiles efiectudes par Blanchet et par Cauchy, r^sultats relatifs h la 
propagation du mouvement autour d'une rdgion d’dbranlement infiniment petite 
pnse pour ongme des coordonndes x, y, z, peuvent, k peu pr5s tous, se ddmoutrer 
directement (pp 672-3) 

[1560] Boussmesq then discusses at length the solution of the 
equations of type (iv) above He first supposes a = /? = y = l, which 
leads to the well known solution Then he takes on the basis of this 
solution a second approximation, supposing a, p, y to differ slightly from 
each other and fiom unity The results, which he obtains, aie prin 
cipally of impoitance for the elastic tlieoiy of light, and may be 
looked upon as a paitial development ot those of Sir G G Stokes to 
an elastic medium of the leolotropic character assumed Boussmesq 
ippln b them on pp 694-7 to the problem of the lateral limitation of 
disturb mces in the foini of light 01 sound ‘lays ’ 


[1501 ] Boussincsii concludes his Treatise (pp 705-12) with a 
reproduction ot the incmuii on earth woik to which we liave 
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m 

referred m our Art 1624 Tiie woA as m wiida is a rmisitaitA^ 
contnbntxon to our 8Ql3jecf^ st^Ogesfayi^ a Hide of mw 

ajxaljtical methods aad a ym^if cl diie^oiis for ralnahle 0xpmi- 
meatal mvestigatioDs m elaskcify It fiorms c«ie of the leost 
important contributions to oar subject^ piblished mma the Ammo^ 
taied (Msd seeonrArtS^ 


Sbotiok IV 

Memmv on Plaskm^ mid 

[1562] Lo% 8 gS&mMnq^ de la Aiinlmitm dm prmmmB, 
dans un ^mhde homog^ d dmoiSo mmms d dm d^rmaimm 
planes. Gomptes rendus, T Lxxiv, ppu 242-6. Ftas» 1872. 
This IS an investigation by aid dT what Bonssmeeq terms 
cyhndres tsostatiques, or what m English are generallj spokcai 
of as conjugate Junctims, of the umplanar equations of plasticity 
Gylindres isostatiqves are to orthogonal curvilinear coordinates 
in two dimensions what Lamp’s surfaces %sostatique8 are to 
those in three dimensions In a footnote, Boussmesq referring 
to Lam6 uses the words cited m our Art 1152* Boussmesq’s 
isostatic cylinders m plasticity are, however, a case for which 
Lames theorem holds 

[1563 ] If be the plane of symmetry, we shall have to consider 
only the stresses x!r, JJ, 72 and these will be functions solely of x and 
y If a be the angle the normal to an elementary plane makes with 
the positive diiection of cc, we have for the traction and shear across 
this plane 

;m = V(rl + 4- Vi?sin (2a - l/r), 2 = l^COS (2a - i/r), 

27y //—XX ,, 1-7==. — 

wheie cos</= ^ sini/^ = — — , A - -r -r -ij</ 

see oui Alts 24b and 465, (6) 

The pimcipal tiactioiis will thuefort lx (kt« i nulled b\ tlit 
ind tt. , where 2ai — 90 uid 2a.— i/f = 27U !So\v cunNtim.t tlu 
-ylinders ot which the noimils arc inclined it cadi point it ingles a 
lespectively to the axis of x, iiid let them be upic^cutcJ b\ tin funilits 
p^~ti{x^y\ p -J y) Ihese aic Boussines<| s laostatir c^lindtrs 
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[1564 


pm ^ eadi pcmt by ibeir Btomaals the directions of 
Urn pcmc^ialtwtctoi^ In this case we shall have — 

mad «oex)s^^bng to Treeca and Samt-Yenant (see our Arts. 248 and 

m} 

(u) 

Bomaneeq takes the oarviiinear rectangle bounded by two pairs of 
curves of above two fitmilies. If and dwg be the 
ikOraal distances between the members of the pairs at a given point, 
we have 

<*.=4./4,^he«&=y(iy+(|y, 

ler e&lber normal distance. 

Cbsasadenzig the equilibrium of the curvilinear rectangle by resolving 
tlbe princai^ IrmctHms whidb act acr<^ its faces along the normals dn^ 
and Boussmesq easily finds 

— ‘-rr /„.v 

dp, > 

IVom (n) and (m) we have 

where xi and Xs arbitrary functions of p, and p^ respectively 

Now repl^ p, and p, by two new parameters, p/ and p^', determined 
by (pi) dpi' and = Xa (p ) dp^, then we see that 

Ti = K{l- log Iii'% Ti-Ti = 2Ei,\ 

hih,'=l / W 

Here pi' and p,' may be treated as the curvilinear coordinates and 
the dashes may be dropped We see that equations (v) suffice to 
determme any three of the quantities Ti, T,Ji^ and when the fourth 
is known 

The third equation of (v) gives us dn, x dn =dp^xdp , or if we 
draw the two families of curves for equal variations dp^ and dp of the 
parameteis, these cui\es will divide up the plane of xy into curvilinear 
n cuingl( s ol equal area 



[l''iC4] Boussinesq shews (p 245) how to construct giaphically 
these families of curves, if one of the quantities 7^, T., L and h is 
gnen at e\eiy point of the whole length of an iso&tatic line The 
constiuction leseinbles tliat adopted by Maxwell in dealing with lines of 

“v Toeat%se on ElectncUy 

aivd Maymtism, Vol i , Chaptei \n ^ 
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Smoe the sjstems p, and ptaze BovauMaq eaaQj 

Utai both p, and p, aai^ tbe dil&aateJ aqaafeun 

Sohitions of (n) give Aa oo!; pgaefible Moatatae fiar tlw 

d^ormatiOQ of a pfaaifae aoliid. 

[1565 ] 8vr Fmi^pneeiuM de am d4mSm pariUBm 

des oj/hndrea wostabqaa produits dcaa urn aobde komegiiu «t 
dwtHe. Gom^ptes rendus, T lxxit, pp. 316-21 Fans. 1872. 


In tins memoir BoosButesq solTee m a raflnr eonplmaied Cmbi 
equation (vi) the {aenous aiteoia Wnisng tiieieqnatKm m the well- 
known symbols adopted by treatmes <m difibreatul tqwnt’mtw. we Imito 




Further taking 
nesq finds 

=-t- ipq^Vmaio, Bowaid- 

^~dq* 


where p = ~ / 
iryo 

r (sm(a^/l+m») 


+ cos (a n/T+^*) e-f Q* (h ) ttt'JI cos TO (A' - ^) 


where F {F) and (//) are the fnnctioiis of 7* = log ^ to which * and 
y reduce when a = 0 

The solution appears far too complicated to be of much practical 
value 

[1566 ] iJquation aux dinvees partielles des mtesses, dans vn 
solide homogene et ductile ddfomie parallelement d un plan 
Oomptes lendus, T l\xiv, pp 450-3 Paris, 1872 

Before discussing this memoir we ma} m the first place refer 
to a footnote on p 452, somewhat gtiicrahsing equation (iii) of 
our Art 1563 If be given as a function of T b} some relatuui 
other than the plastic relation, — T = 2K, of that artick tht^^e 
equations are still mtegrable Boussincsq suggests for eximplc 
the condition for the limiting equilibrium of loose earth, or 
=(l-sin^)/(l +sin(/>), (f) being the angle of fiiction In 
this case the third equation of (v) in our Art 150 3 becomes 







[1567—1568 


pSflST] ]^m^os&s m ifeis memoir to investigsbte the 

gm|)limajr mdMcm of a pkiatic mass, and he obtains the components 
of tfea Tolocitf ferp^dicular to the xsostatie surfacses from the 
feEowing ^ 

<^iii«ler on oiiMlinear rectangle (see our Art 
tSm) win hare the same volume at times i and 

(5) TW the matte® situated on one side of an element of an 
i a oeiafac sor&oe has no slide relative to the matter situated on the other, 
baoaime the is entirelj normal 

If U^ axid Z7j be the velocities m the direction of the normals dn^, dn^ 
^eee our Art. 1568), Boussanesq finds 


and X » I as before. 

The last equation may be wntten 


<w~^ <w 




but ite mt^iration is rendered extremely difficult by the presence of h 
a fimciaon of both p, and p, (p 453) ‘ ’ 


[1568 ] Sur wie rnamkre simple de determiner exp6rvrmntale- 
ment la resistance au glissemmt maximum dans un solide ductile, 
homoghne et isotrope Gomptes rendus, T lxxv pp 254—7 
Pans, 1872 

Boussinesq draws attention to the formula deduced by Saint- 
Venant from Tresca’s researches in plasticity, namely 

^=k{Tr~T,), 


where T, - Pj is the greatest difference between the three prin- 
cipal traetions (T„ T , T,), and K is taken by Samt-Venant to be 
a constant see our Arts 248 and 259 Boussinesq raises the 
question whether K is an absolute constant He considers that it 
IS not sensibl}. variable with the small relative velocities of the parts 
o a plastic mass, and that it cannot really vary with a uniform 
normal pressure round any element of volume, because such a 
pressure not sensibly increasing the density would not lender the 
molecular equilibnum more stable It is only possible he thinks 



1569—16703 




Sit 


for ^E^artakotk of JT to oq tbe oMuuier m wiueb la 

compriBed between tbe otlier two priiici|»di tmciioiit or wpoo Um 
ratio 

He therefore propoees to Ijake JT, or 

J {Ti — T^) = 801 X 16 of - S 



Thus It 18 possible for K to razy from one caae plaetm 
motion to a second. This variation of is mom fall j diaciiiMd in 
the memoir of 1876 see onr Arts. 1586 and 1694 

[1569 ] Bousdnesq farther soggests pare traction experun^ts 
as the best means td ohtam JS^ mipposing tt to be oonslaxii. In 
this case he considers that !r,=!P,=6,and therefore that ir(=}^,) 
can be focmd at once. 

If jS' be vanable be suggests that its vanatiion ooald be deters 
mined m the following manner Let a rectangular bar, subjected 
to a longitudinal traction 8f, be placed between two parallel 
polished plates covered with oil or grease, and subject^ to a 
uniform pressure P applied through these plates. Let the stress 
S requisite to produce plasticity he noted for each value of P 
Then we shall have 

T, = 0, = = 

and hence 

Z = i(^ + P)and^^; = | 

It would then be easy to determine, whether K is an absolute 
constant and, if not, how it vanes with the ratio SjP 

It is difiScult to see, however, considering the phenomenon of 
local stricture which occurs with ductile metals (see our Vol i 
p 891) how the pioposed u* u i i»n could practically pro 
duce the required system of stress, even if the oil or grease leall} 
pi evented the friction of the platCb ha\mg an} beiisibk intliiencc 

[1570] Integnitwn de lequatioji aui demee'^ paitielleb deb 
cylindies tsostatique^ qui be pioduisent a linteiieni dan ma-ssif 
ehouleiu soiimis a de Jutteh piebsions Cumpteb lendub P i \\\ii 
pp 067-71 Pins 1873 
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4|mi «q[a«baw {m) of oar Art. 1663 aad replacing (u) of 
9|[|n^ weiwielif .. 

^ =8 — sm ^ 

T^+Tt 

lAm 4 » iZte of friction, Bonssmesq obtains the solution of 

oqnatikiQS tot a of loose earth. He finds 
Sitoa 

Smovt At& 1666 

Ab m oar Art 1664, Bonssmesq then proceeds to deter mine the 
irhaeli most be satisfied by pj If , he finds 

id& like Qotatiion our Art 1565 Ih&t 

~ jfey) r + 2 ( 1 + ^ jpgs + (^ - ^ 

*1 %^ oqoAikou he solves in the same manner as the differential 
eqpobtecm of that artiola See pp 669-70 of his memoir 


pL671 ] Essm ihSonqiie mr Vdquihhre d'ilasticfiU des massifs 
oompard d cdm de massifs solides et sur la poussde 
des ierrm sans cahdsion Mdmoires oouronnds et mdmoires des 
sascmts Grangers piAihds par Vacaddmie de Belgique, Tome XL , 
pp. 1-180 Bruxelles, 1876 See also Gomptes rendus, Tome 
Lxxvii, pp 1521-5 Pans, 1873 

Previous memoirs dealing with loose earth had been more 
especially devoted to the limit of its equilibrium, without 
reference to its elasticity, and from this standpoint they do not 
properly fall within the limits of our subject We have, however, 
referred by title to one or two such memoiis in the course of this 
history Thus the researches of Eankine are cited in our Arts 
453 and 465 (a), those of Holtzmann in Art 582 (b) and those of 
L^vy, Samt-Venant and Boussinesq in Art 242 Rankine’s 
researches were afterwards thrown into a geometrical form by 
Flamant in the Annales des ponts et chaussees, 2® Bemeshe, pp 
242-68 Pans 1872 (An interesting elementaiy discussion of 
the stability of earth vill be found on pp 111-40 of Flamant’s 
Stabihte des const) iictions Resistance des materiaux Pans, 1886 ) 
Boussinesq in his Inti eduction after refeiiing (pp 3-4) to the 
previous history ot this branch of the subject continues 

Mais il y X nii autie genie d’equihbre egalement important k 
tonsitkiei ctst telui que pitsentt line masse sahlonneuse eu repos, 
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dcmtenne p«r im mvr asses lerxae pmir aneiixi ^maknifliil;* 

Daxis cet ie frotteixie&t Biiitiiel to eooitos to gtontosto ssomdra 

qtie daas la prtodmt, tout oomma^ lb d%iii aoBde an 6qiiiHlif<a 

d’^asfeicit€, les tezisKHis restent partent i afe i e roea Ik oeBas qm alteraaient 
d’ttae mamto parman^te k stmotoa da oovfie las pairtolcs soul 
done moms retennas par leazs atoms motebtoas qne dsists la oss oli Is 
mnr da sostenament les faniail an stoat sons Isnr ptsoos oa, al alias 
axeroent snr ce damiear mm postoe mp^xwma d sella qa^Sto%ito to 
formulas da Eankme. (7to surtoot sa gears d’^amlSm ^aa ja laa 
propose d’todier im ja i’a^^ella s«r ja sotodto 

las pressions qui s'y troQTent effoctivament axatoes txmmd 
das petites diformateems qu’^aouTmto la masse, sspptoa #UboKd 
liomog^zm et sans pcads, si doTenait easmte pesaate coiaaia alls Itot 
eneffet(p 5). 

More attention mto tber^ore be destod te Bonsosneaq’s 
memoirs on pulvemlenoe tton to earlier nmmoirs, be^^taae (i) tibej 
deal with the stoto eqmlibrmm of a pnlremtoil m»m, and (it) 
they appear to contain the most ccmeplete so^tifie iheoxy yet 
given of the stability of such a mass. 

[1572] Boussinesq bases his theory of pulvemlence on the 
hypothesis that masses of pulverulent matenal stand midway 
between solid and fluid bodies, and act like fluids when not 
subjected to pressure, but when subjected to pressure gain an 
elasticity of form as well as of bulk, and act like solids Bous- 
sinesq considers the slide-modulus to be proportional to the mean 
pressure Supposing the dilatation 0 to be zero or negligible as 
compared with the individual stretches Sx, 5y, we have for the 
mean pressure of an isotropic medium + 7¥-\-T)ot — sav 
Further the slide-modulus /z is to be proportional to p or mp 
saj , hence he finds as stress types 

^ = — P (1 — 2jJISx), T = p77l CTy (i) 

[1573] On p 7 uf his l7it7oducii077 Boussiues«j discnsse^ 
ceitaiii difticultits which arist in the boundary conditions of a 
pulveiulcnt mass At a hee boundar} cltulv tin. pre^ssurt i" ti» 
be zeio At a peitectly rough fixed buiiiuhn is in the 
of certiin sust lining walls the shifts ought t<» be zero < i tin t »uch 
ot miteiial ilong the wall leiii iiii iiuinoved Thi" tixitv ot tlie 
particles ilong the will is however, guieiilU ineunpitibh witli 
then hxity m the same positions when in the piinntue m 
natui il state i o vsheii no bod\ foice ^luh i^ wt ight i" vujijMiv^d 
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to oot on tfeo l^it tins is tlio st8»t6 from whicli tlio sliif^ 
ittpo soppoeed to be measured. 

’Ibe moainder of the Introduction is a r^sumS of the conclu- 
^ona peached in the memoir 

[I574u] § L of the memoir is entitled Formvies des press^om 
prmaifmks eesero^ d ImtSnewr des m%l%mx ilastiques, sohdes, 
ou jmh4ntieni8^ dont la est la meme en tout sens 

It oocnpies PP 11-^ The first two or three pages recite some 
weli-kimwn kinematic properties of strain, concluding with the 
ocmsideratmn of the three pnncipal tractions and three prmcipsd 
Mretdiea If a*, s^ be the latter, 2\, Ts the former quan- 
tises, Bmmxkeaq puts -p or ^ (Ti + T^ + Tz) and 

i(T,^T,) 

equal to functions of Si, Sa, Sj, which he says, if ^i, So, s^ are suffi- 
mently small, can be expanded by Maclaunn’s theorem in rapidly 
oonveiging senes of integral positive powers of Si, Sq, Ss (p 14 ) 
This IS the same sort of assumption as we have had to criticise in 
the investigations referred to in our Arts 928 * and 299 

Accepting it with this qualifymg remaik, it is easy to follow the 
considerations of symmetry by which Boussinesq deduces that 

-p=^A + B6+ CO^ + I>{{s^-s^y + {s^-s^)^-\-(s^-s ,) } (ii), 

where A, B, C and D are constants (p 15) 

Wnte die right-hand side of (ii) as K and its \alue when the 
constants A, B, C, B are leplaced by dashed letters A\ B ^Cj\n zh K\ 
then Boussinesq shews that the following are the forms ot the piincipal 
traction differences 

W -T:)^\K +(5'+C"^)s,}(s-s,),) 
i ( T’, - r.) = { A + (£" + C"%) .]{s,- s,), (ui) 

^{T,-T) = {A +(B"+C J 

These foimiilae can be applied to all isotiopic bodies, and Boussinesq 
j)ioceeds to apply them to \aiious types (pp 17 - 22 ) 

(a) Hastic eolith In this case the stiams lepresented by s - 
sj become sensible onl} when the stiess differences T - 7 ^, 

J\- B lit themselves sensible Htnce foi small stiams 
e }ia\ t ’ 

-]) = A -{-BO, 
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H«noe, T, = J(2’. + ^ + TV) + iCT*. - 7*1) - i(2’,- T*.) 

1 e. IS of t&6 form 

= J (A 

or the nsaal ezpressioQ f^r & pnooipftl traolKm of *a dbslio aolidy if A 
he tlie xmti&l stress^ winch is sai^posed to be nmlbm m all dimtioaa 
see oor Art 616* 

(5) Fluid Bodu$ Here we have finite stvaaii-dil^Bra]^ 

— Sj, Si— Si for vanishingly small siaress^ifierenoes y.-r., T,-T„ 
Ti ~ If these finite steams are produced whatever be the vidae id 
Py teien we have a fioid and 

= + JS^ (vi> 

(c) Pvlverulefnt BodMs^ In ^oh bodies finite steams s«— 

Sj — % are produced by vamshm^y sso^ atressHlififereiieeB - 5\, 

only whm. p is vanishingly smaJL Hesioe terns of the type 
JT + (F' + &*$) Si must be divisible by p, or =: mp, say If we negh^ 
terms of the third order m the sttaan^ this can o^y be realised if 
K' = mKy F' = Q and (j*0 be of the second order m ^e strain. 
Further, since p is to vanish with the strain, we must have -d = 0 
We easily deduce 

W^-Ti) \(Ti^T,) 

— — ■ ___ __ '/•V, 

8 — Sj 8i Sj S* 

whence 

Ti=-p(l- 2/?iSi), 2^2 = -p (1 - 2ms2)y ^3 = - p (1 “ 2 »uj 3), (\ u), 

where - p = + CO^ + D {(sg - 5 ,)** + (53 - Sj)® + (s, - s )*} 

If we neglect the squares and higher po^\e^s of the striins m may be 
consideied a constant, further, since when p ls \anishingl> small, 0 is 
known fiom physical considerations to be \amshinglv small e\en for 
tmite sti am differences <? -5,, — , it follows that 0 must it 

least lie of the order ot then squueb Henct we Uia\ ut^kLt < 0 
and put 

-p- -s) -(s - )1 (Mil) 

Boussiiitsq tor pulvciulent bodies neglects tin squiies of tli* ‘^ti tins uid 
accoidinglv jmts 6-0, while "p{—h6) is suppts»d to bt tinit* Ht 
thus obtiins equations (mi) m cunjuiution with 0 U a^ tlu Iviudi 
meut il (tjuitions for such mtdn 

[l')7'>] ^ II of the mtmon (})p 2^-T) is tutitled F^pi mw/ 

ytiittales fotct^t elobtupit'^^ u liidtii in ij d' tlnsii d t m touf 

soli(hs on puliLiuIeat'^ llll^ op< ns with a discus^-ioii ot tin ti tii-ti iin 


'I > 



BOUSSINESQ 


316 


[1576 


ation of strain from any system of axes to tlie axes of piincipal stretch 
Bousfiinesq gives results of the types 

Sj, = (t^Si + b^8 + <Ty^= 2 (a^ctsSi + 60 ^ 3^2 ^2^3®3)> 

where aj, Cj are the direction cosmes which the new axis of x makes 
with the axes of principal stretch, a , those of and b^, 

those of s These results aie identical with those of Maxwell see oui 
Art 1539* 

Boiissinesq next gives coiiesponding formulae for the resolution of 
stress, these aie of the type 

jrji = + b\T^ + ~ + b b^T^ + Cs^C^T j 

See oui Art 133 

From (vui) by aid of these lesults he easily deduces ( 1 ), or 

TT = - ;? (1 - 2ms^^ ^ (ix), 

with the condition 5 ^ + = 0, 

as the general type of stresses in pulverulent bodies (p 27) 

[1576] § III of the memoir (pp 28-37) is entitled iJquations 
(hjj< de Vequihhe d'elashcite des massifs puhhulmts 

Boussinesq here limits the scope of his investigation 

Je m’occupemi principalement, dans la suite de cette etude, de 
Pcquilibie de massifs pesants, tels qu’un monceau de sable, formes de 
tr^s petits graiiib solides juxtaposes sans cohesion, mais se comprimant 
mutuellement (p 28) 

He supposes the atmosphere to penetrate into the conglomera- 
tion of such grains and, piessing round each gram individually, to 
have no influence on then mutual action, ^ e to contribute nothing 
to the value ot p in equations (ix) above He terms the natural 
state {itat natwel) of the mass that in which it is free from its own 
weight and the pressure is zeio at each point He takes a, y, z 
as the cooidinates of a paiticle in this state, and u, v, w foi the 
com]K)iunts of its shift when the mass is supposed to become 
lit IV \ and UMuliiigh to take up a new position of equilibiium 
B(*ussint.s(j iurther considois the limit of elasticity of the pulveiu- 
hnt mass not to be pisstd md confines his discussion to a 
uniphnai distiibution of stiain 

Suppose the }>lane of <// to be this plane, and the axis of to be 
hunzoutal Tlu 11 if giavit) make in ingle a with the axis of y, the 
l»od\ fetlt^s ecju itiuiis It duct to 
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dxx dii „ \ 

^ + ^+p<;sma = 0,| 

7- I-' , **> 

Uxii ayt( 

-^ + ^ + p^c(«a = 0 I 

where none of the stie^es ire functions of 2 

If we wish to investigate the 8tressei> only we must have a third 
relation between 7x^ ^ and xi This is easily found from (ix) by aid of 
the identity 

d <r^ f, _ 
d^dy ih? ^ 

(see onr Art 1420), to be 

9 d^\ (7^-Tx \ ] 

<hidy\p) \dj(^ dy’jK 2p /’I (xi) 

wheie = J 

Equations (x) and (xi) are the uniplanar stress-equations for a 
pulverulent body 

[1577] In a footnote, p 31, Boussmesq gives the mteiesting 
equivalent to (xi) in the case of uniplanar stram m an elastic solid 
It IS, if 77 be the stietch squeeze ratio 


^ dr7 

" _ d!*7x 

dxdy d'if 




Solutions ot (\) and (xii) foi the case of a he ivy elistic solid ire 
given by 


: = c + PS- 


i/--py 


v\heie is anv function of x, y which sitisties the equitiun 

and L IS in iilutiai} constint sec oui Vit 1 i'' > 


[l^Tb] Pp 32-4 of thi'^ section ot tiit nn inou iie on ip e 1 
with ceitain supplemental \ tuiinulie lhu-» it belli* ti i nu a d 
If the sheai icross i plane tiu iioimil to winch nuk* > an i 3 ^wtn 
the a\is of /, Boussiiicsq shews that t n }»uht ink 11 ^ bod * - 

^ — p - LO'^ 2 { p ~ f3 ^ ( 

T/ A sin 2{p - P ) I 

wlieiL H (tiktn i>ositi\c) ind (3 iic dctine*l 1»\ 

R sin 2/?,^ ~ ~T, R coc 28 „ ~ ~ 
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Till formulae aie easy corollaries fiom those of Eankine see 
our Alts 465 {b\ and 1563 

li Tj, To, be the pimcipil tractions 

T^^-2y + E, = (xiv), 


whue the ilgebr iically least ti action, T , coincides with the direction 
which inakib an angle \Mth the axis of x 

If X* be the dnection of lines jiarallel to the plane of £cy which 
ni ike initiali} an angle with the axis of x, and p' that of bnes per 
ptndiciilai to x' we have 




A 

mp 


sm 2 (/3 - ^o) 


(XV), 


w lici t, It sin 2 y 3 |i = - B cos 2 ) 8 „ = mp {Sy - gj 


The pimciiial stretches ue 

R 


S2 — 0 , 



(xvi) 


[1579 ] Pp 34-37 deal with the conditions at the boundaiies of a 
pulverulent mass 

At a fiee surface we must have the stiess across the surface zeio, or 
in the c ise of uniplanar strain 

TT cos y + D/ sin y = 0 , 7 ? cos y + sin y = 0 (xvii), 

vhtre y is the angle the noimal to the free siiiface at any point makes 
v ith the i\xs of ^ 

For a rigid boundaiy as a sustaining wall, Boussinesq considers the 
extieme cises of j)eifect loughuess 01 peifect smoothness 
For perfect roughness 

u = 0 , v = 0 (xviii) 

Foi pel feet smoothness 

u cos y + i; sin y = 0 , 

iiid 7 f = R sin 2 (y - / 3 ^) == 0 , 

y bung the luglc the noimal to the iigid boundaiy makes with the 
i\ib of / 

Miitc A v\ill not as i general lulc be zeio, we may write these 

Li»uditi(ui'^ 

LOS y 4 i sill y ^ 0, sin 2 (y - /5„) = 0 (vix) 

BoussiiiLsi] iLiiiuks til it till eoiiditioiis foi iieifeet loughiiess, 01 

u~U, V ~ 0, 
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suppose that the particles of the mass which in the ‘iiatunl state' 
(i e weightless state see oiii Art 1573) were m contact \vith tin rigid 
boundaiy remain so after the mass assumes the strained condition This 
cannot in piactice be the real state of the case Sustaining walls, he 
lem uks, undoubtedly do not allow of the motion of the particles m 
contact wnth them, but these particles will often be in otliei positions 
thm those of the ‘natural state’ tt and v at such walls may lx? 
theoietically consideied as gnen, but they are m practice unknown 
functions of the coordmates of position 

A\ec Ictei donnees dont dispose I’lngemeiir, I’equilibre qui se produit dans un 
massif, au moment meme ou on le forme on dechaigemt successi\ ement de la 
terre sur le sol ou centre uu mur de sout^iiement, iie par dt done |>as susceptible 
d’une determination precise, et il doit etre fort comple'ce ou affecte d un ^and 
nombre d’lnomahes locales Mais ce qu’il imjx^rte de connaltre, e’est le mode 
d’equihbre definitif qui subsistera, lorsque les ^Detits ebranlements que tout 
massif eprou\ e presque k chaquo instant auront f at disparaitre les irregulantcs 
et amene un tassement complet, ou groupe tous les grams sablonneux dc la 
manieie eii quelque sorte la moms forcee Un tel mode d cquihbre, par le fait 
meme qu’il s’(^tablit de preference k tout autre, doit etre, de tnus Its modes 
compatibles aiec les cv Constances y cehti qia asmre le mieui la siahdde luterunire 
die massif en Veiaitant le moms possible de Petat naUtrel ^pp 36-7) 

[1580] § IV pp 37-45 of the memoir solves the equitions of our 
Alt 1576 foi the case of an infinite mass of puherulent matter liounded 
b} a plane sloping at an angle w to the honzon Boussinesq takes as 
plane of ay any \ ertical plane pei-pendicular to the boimdmg plane, and 
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S20 

as a? tibs Ixas bisecimg the angle between the tains OA and the 

'vertioal OQ The magmtudes of the angles will then be those indicated 
m tfce aooompanjnng figure. The values of the shifts and stresses m 
the the figure can now only be functions of the primitive 

distance I fbom the line OA We have 

^ = as cos a + 2/ 

and equations (x) become 

~{^oosa + (^ +^/>Z)sin a}==0, 

d 

^ {(S + gpl) cos a + 5? sin a} = 0 (xx ) 

Thaae eqnakcais, having r^ard to (xvii) which must be satisfied along 
the bounding surfiaoe or for Z= 0, lead to 

SScosa + (S + gp^ sin a = 0, (S + gpl) cos a + J? sin a = 0, 
or, i^embenng 

Cl) = ^ — 2a and ^ ^ + yy ), 

after some reductions to 

I(jrx — yj) — sin Cl) = 0, ^ + pgl — p cos <0 = 0 (xxi) 
Hence by (ix) of Art 1575, we find 

sin CD 

Thus, if <f} and \j/ be arbitrary functions of y and x lespectively 
sin CD r , , .T sin (Dr , vn 

The pioperties of howevei, which can only be a function of 
and therefore must satisfy the relation 

c^y 1 ^ 1 

dx cos a dy sm a ’ 

kad to the easy dttermination of the foims of ^ and \[/ Boussinesq 
finds 

" ~2~^h L ^ a - (c + c ) )/ + c/], 

r (XXII), 

Sin (D r 

^ ^ ^//i L~ cos a + (c - c ) u. + tj ] 

^^lKrc r c,( Cj , Cj lie hvi ii bit rary constants Obviously the toi ins 
in <1 (j answer to a displatcincnt of the mass as a whole and those in 
€ to a rot itioii of the mass is a whole 
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Fc^ ihe strains and stresses we deduce tJie Talnes 


sm «» 

s.=-^=- 55 ^, 


-(c' + d) 


(xsauX 


S = (l-sm®), 9 = -j>(l+sm«X J»=l»(c' + «Qani«<i i 

«= [ 

(xm). 

If the motion of the mass as a whole be disregiirdedy BranuMMiqi 
(pp 41-42) shews that any system of initially pmllel stn^^ Hues 
m the plane xy becomes a system of oonoentno and minnsr omam 
with their axes parallel to those of x and y This odnic systm 
reduces to a system of circles wh^ the sirai^t lines are paiaBel lo 
the bounding plane, and to a ay^em of slrai^t hnes whea c=:0 

[1 581 ] Boussmesq now proceeds to find the staresB aeroos any 
plane from equations (xin) of Art. 1578 Let the plane peas thrcogh 
the of z and make an angle with the verticai (see figure m AH. 
1580), then its trace on the plane of b^mg OF, we find that 
P of equations (xui) is given by 

^ 3w CO 
^ = -|-+ 2 “'i 

Whence using (xxiv) we have 

tan 2j8o ^c' -i- cl 

Take an auxiliary angle c given by 3j8o = w - 2€, or 

c +cl=z tan (o) - 2c) (xxv) 

We then easily deduce 

pgl cos (w — 2c) \ 

COs2(a)-c) ’ 

m, = - {cOi>(o)-2e) + smusm2(ci-«)!, 

cos 2 (w - c) ' 

r sm ( 1 ) cob 2 (cj - c) 

cos 2 (to - c) 

Furthei, since 

;;7/ (1 - 2//^*„) and 7f=pm(T„t 

we diduLt 

sin (i> sin 2 ( Cj - c) \ 

~2>n CO. (.-2e) ’ ' 

Sin (I) cos 2 ( Cj - c) * 

~ NL cos (w - 2c) / 

hquatioiib (\\\-\\Mi) toiitun the tundamental lesiilts ot bous‘^lncs.| s 
theoiy loi the elastic equilibrium of puhenihnt misses t see 
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M oao© timt wben * €, or = c — ^ , the value of = 0 , that is to say 

tbece w BO stretch (or squeeze) m directions making an angle € with 
tlio verttcai or horizontal, or m directions given by the solution of 
(xxv) lor €, The pnncipal axes of stretch must bisect the angles between 
thiflee directions of no stretch, and the magnitudes of the principal 
s^seidbes are given by 

sin ft) . ^ 

pL582.] Boussinesg remarks that the practically useful cases 
are those in which the constant c of (xxv) is zero, or e is a 
ooBstant angle, and sums up for such cases as follows 

If two systems of equidistant parallel straight lines be drawn 
in the unstjramed mass, the one inclined at an angle e to the 
vertical, and the other at an angle e to the horizontal, — thus 
dividing transverse section of the mass mto a system of equal 
squares, — ^then this double system remains after strain a double 
system of parallel straight lines, the squares being converted into 
rhombuses having the same sides as the squares, but adjacent 
sides rotated relative to each other through the small angle 
sin ©/{mcos(6)— 26)j The whole strain therefore reduces to a 
slide upon each other of parallel slices of the mass inclined at an 
angle € to the vertical (p 45) 


[1583 ] In a footnote on p 45 Boussmesq deals with the strain in 
an infinite heavy elastic mass bounded by a plane inclined at an angle 
ft) to the honzon 


Taking = -^(1 - siiko), = +sm co), 

7i/ = 2) cos ft) — pgl 

we see from oiu (xii) that p must be of the foim 




(xxix), 


(xxx) 

I fand from 7i = \6-¥ 'p, = 

tint the bhifib ire gi\tii by^ 


u = fo-^\ see a - 

i - /o - ^ tostc a + J J 


X + ’ 

^ X-i-p) 


(xxxi) 


^ rill's IS the cdbL of in infinite solid with a fiee plane burface Boussmesq s 
lesnltb ab expitssed in (\xix) do not seem ^eueial enough to enable us to deal with 
a ri ml plant boundaiy as well, which we can do in the case of results (xxiv) foi 
a puhcrultiit mass 
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Whence from jry = we ImTe, if r «(X + V)/(^ **• 


figl _ coB^o-y 
p “ Gmm 


Now Boussinesq eqnatee the eczfmBB^ on tbo IoIVImumI smIo of Am 
resoit to tan 2c) sm«i, and 6pe«l3 of yiia aoxiliMj wa ^ € beoomiii|r 
con^^t for great values I It deems to me tliai il moat alvmja lie 
constant, and that we must l^ave 




pgioo&m 


(«k8), 


or, /i*0, and /j-(psfoo6t*)/y 

The maximum stretch and squeeze are then given bj 


» = - ^ {v - 1 + «/{r- !)■+ »»(*!»• «.>, 

migles and ^lej make with the axis of m ^ 
being determined as roots of 

tan 2y = (v — 1) cot «» -f- r tanw i 


(xxxaii>, 


where the squeeze corresponds to the value of y < v/2 

These results, a slight extension of Boussinesq^s, seem to me of 
possible application to geological problems For example, suf^posing 
rupture to take place perpendicular to the directions of greatest stretch 
we find, that a massive slope of rock at an angle of 45 , would under 
its own weight ruptuie m planes making an angle of about feO to 81 
with the downward direction of the slope. The planes of rupture Uius 
fail below the internal planes perpendicular to the siiiface This 
numerical result supposes uniconstant isotropy to hold for the material 
of the rock 

That the stiains and stresses become infinite with I is only to be 
expected fiom the nature of the theoretical pioblem, which suppose a 
heavy mass, infinite m size 


[1584] § V of the memoir (pp 46-53) deals with the modi- 
fications necessary in the results of the preMuus section when the. 
pulveiulent mass is bounded b} a sloping will Let this wall 
slope at an angle i to the vertical (see hg below) then tlie angle 

X it makes w ith the axis of t is giv eu b\ x = j ^ * Boussiiiesq 

consideis two cxscs namelv when the wall is either (i) peiteeth 
rough e>i (ii) peilectl} sinouth 

Case (i) h I / Ltly )uwjh In tins ci^e wt tikt. e uui ^it 
laTD) u iiid I IS given in e»|uatioii^ d to ztio, win u 

a. = /eosx, y-rsinx 
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§mc ail Tsimes cir We easily find that 

c = ci' = <^" = 0, 

c* ss — ooeec 2 ;( == — sec (o) — 2 i), 
ij'sK— oot2x = tan(ct) — 2^) 

Smm 0 = 0, we have from (xxv) 


(xxxiv) 


or, tbe paramete' € is now constant and the line OM of the figure in 
onr Axi. omncides with the direction of the supporting wall Thus 
fey Art. 1582 the strain of the pulverulent mass consists of a slide 
or magnitude 

sin €D/{m cos (w - 2^} 
parsllel to the supporting wall 

Suppose a plane in the pulverulent mass perpendicular to that of 
to male an angle 4> with the fixed wall in the unstrained, and the 
angle ^ - 8^ in the strained condition Then we easily find 8<^/sin® ^ = o-, 
the slide parallel to the fixed wall, or 


sm <a sin® <l> 
m cos (o) — 2i) 


(xxxv) 


Boussinesq takes two special cases [hTamely, when B<l> = the 
change m angle of the talus itself, and when the change in angle 

of a plane making an angle of 45 with the wall in the unstrained 
condition In the former case =?r/3 + w - and in the later ^ - •7r/4 
Hence 


sin (I) cos® (o) - ^) 
mcos(o) — 2t) ’ 


2m cos (w - 2i) * 


^ _ sin (I) cos 2 — 

2m cos (w -- 2i) 


(xxxvi) 


Case (ii) Wall peifecthj smootJi In this case the n't of equation 
(xxvi) is zero for Cj = ^ , this leads to 2 (^ - c) = 7r/2, or from (xxv) 

c' + c7 - — cot (<o - 2t) 

We ha\c further to make the shift peipeudiculai to the wall vanish, or 
V cos X “ X = 0, 

foi all \ dues of r when 

- ? cos X, ^ = r sin x 

This k ids k) (wii) to c = 0, and, rtiucmbeimg that at the wall 
X + i-7r4 + (D2, also to c = 0 

I urtlicr we faiid q cos x ^ <-1 x - say Boussinesq takes = 0, or 
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m 


ilia axes of x and p tiirocigli ilie sirsaiied of Ibe oleMot at 

tbe ongm 0 Thus we have Enallj 


and 


c=e"=e,' = c,'' = 0, e'=-«gt(i.-a*), 

* = * — «y4 


) 


(jCXXVll)^ 


On se fait uz^e du bkaseoaent q[iu ae 4$m l» m» aatet 

d'un mur poll, ajant OM* poor &oe posyneore, ea oonoevaat, aa Ikn dees mar 



poll, nn mur rugueux OVj, incline sur oelui-ci de 45*, ou fiuaant avec Ojf 
Tangle ^ , et en considdrant le tasaement, parallMe k Oifj, qui ae 
prodiurait alors Ce tas&ement, k une distance D de aera k 

i) sm <0 / cos 1) Sin a}j {m sin (» - 20! ^ Pour amener le 

massif WM k son 4tat d^finitif, il siiffira de coucevoir ensuite qu’il toume en 
bloc autour de Tongine 0, dans le sens de Oy \ers Ojt, de la petite quantity 

f' =sin a j^Zm cos j^o) - 2 = - sin « ;2ni sm (« - 20}, en \ tied anmder 

la rotation ^gale et contnire ^prou\t*e dans ce tassement tictif, d iprxs ( \xxm\ 
pai li ligne mat^nelle primitn emeiit touche centre le mur reel OM et qui ne 
revolt efiectivement aiiciine rotation autour de 0 (pp o<J-l) 


This follows since the term in c in the hrst solution coirf spends as 
we ha^e noted in Ait I'iSO to a rotation of the miss as i whole of 

misrnitude ^ — c [ seeequitiun (wii)], oi hv (\\\i\) to 

® Itn 


sin u) 


/ 

i 


2 HI cos 


4) 


J* 


I p to the ^alll^ of t in (wwi) 

1 The aiif^lc ( to be ULkoiitd n ittu ul tiiuted f r ili < tf < i 

(1) ioi Ol/j now falK on the opposite bide uf t » mU 


m 


BOTOSmasQ. [1586 — 1586 


m vaxMmiaon of tiie talas to tlie smooth will be 
grrea by the third fOTmala of (xxxvi), or by 


SBlttOOsS 




(-(-S) 


2mooe 




sin a> sm 2 (<t) - -A . . 


The sdntionfl found for the two cases of the rough and smooth 
sui^portiiig wails are unique (p 50) 


[1685] § TL (pp 53-68) is an interesting, if somewhat 
hypotheticid one It is entitled Des modes d*dquihbre qm cessent 
d^ilsre possibles, par smte des hrmtes d^dldsticitd de la matieie 
jmlifiruienie 

Boussmesq terms the elastic limit in the case of a pulverulent 
solid the Mat ibovleuoa, which we may render as the state of 
ocliapse He considers that a pulverulent mass may withstand a 
positive stretch, but not a positive traction Thus from equation 
(vii), it follows that p must always he positive and the maximum 
stretch a< l/2m in order that equilibrium may exist But it does 
not result from this that l/2m is the stretch which marks the 
point of collapse A less stretch than this, to be determined by 
experiment, may be sufficient Boussinesq accordingly takes for 
the conditions of non-collapse or stability 


P 


> 0 and s < 


sin 

2m 


(xxxix), 


where ^ is an angle between 0 and 90° (for its physical meaning 
see Art 15S7) and 5 is the greatest positive stretch 


[1586] We may, according to Boussinesq, look at the con- 
dition of stability of an} isotropic elastic solid in the following 
manner (pp 57-9) Suppose and s the principal stretches in 
the case of iimplanai strain, then for the limit of elastic stability 
wt must ha\ e Sj some function of s (including a constant as such 
a function) or we miy write, he holds 


— S — f {s^ + 5 ) 

Now if the c OIK spending pimcipal tractions be , we ha\e 
- r =2(1 — b ) ?! + / = 2 (X -f /X,) (9i + s ), and theiefoie 

T,+ T 


r,-T=2^t{^ 


2 (X -|- /ii) 


(xl) 
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BOUaSIMlSQ. 


Now fee the epeoal case » pb^ acdid the d)ktstum> 
modolos ^ (8X + 2/t), op — emce peeaetaiioe to change of balk w 
such a solid is gr^ as oompapod to pesiBtaaoe to change dT 
shape — X must be very great as compared with /a Hmiee if 
y, + r, be not very great as compared with 7, -7„ we have, 
esepancUt^ Madaunn’e theorem aed rebuwmg <mfy At lommi 
terms 

y, - y.= 2 JZ--ir,(y, + y.) . (*ii) 

where K and Ki are independent of y„ 7, 

If we retain only the first term on the right, we have Samt- 
Venant’s fundamental hypothesis for the state of plastiGiij see 
our Arts. 24? mid 260 If we retain only the second term mi the 
right, Bouasmesq’s second oondiiaon of (zxziz) that a palvmuleat 
b^y shall not reach the point of ooUapae, wdl be found to oometde 
with it. For, since 

yi = - p (1 - 2»Wi) and p = - 1 ( 7, 4- yt) 
we have (7, - T,)/{Ti + 7^ = - 2in*„ or for stability 

This agrees with (xli), if we take A” = 0 and Ki = sin ^ 

Thus K = 0 corresponds to piilverulence and — O to 
plasticity 

Here, asm Arts 1568 and 1594, the discussion seems to trench 
on ground which much needs accurate ph}sical investigation 
Boussmesq cites no expenmental evidence, and the appeal to 
Maclaunns Theorem is fir from cniiMiKiiig BoussuieMj’s treat- 
ment of the elastic, plistic and pulverulent limits ina} be 
suggestive, but it is ceitainly not hnal 

[lobT ] We m IV look it condition (\lii) fium inothei stind point 

Fioiii (\iii) eabih find tin iin^lt tin strt's.s across inv plane 
makes \\itli tile noun /i to tint pi un let this iiii^h lie ^ llien 
It will he found til it X IS I 111 iMiiiuin win n 

ci>s 2{fS - jS ) - - h // "in ^ 

iiid tint in this cist, 

sill ;)( - sin 

PieiiiiMii«( tint is tc nn« d tin imh of tnt i mO fit ti It w» mav 
Intel pi et this lesult is tolhiws 


Ixiiii) 
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©OUSSINBSQ. 


[1588—158^ 


Hie of tho stress across any j^ane to the produced 

to that plane ought for equihbnum to be possible to be less 
tha^ or at iiaoet equal to, the mter^ angle of friction (p 56) 

^natkm (xlui) also gives us 


or we ocmi^ude that The planes, across which the stress makes the 
greatest possible angle with the production of the normal, make wilb 
the plane aibmitted to the maximum pressure an angle equal to 


-f fx 

This result is due to Kankine, who deduced it, however, from a 
dybeussKm not involving the same principles 


[1588,] Using (xxvm) and the ^ond of (xxxix) we easily find that 
cos® (<d - 2c) > sm® a)/sm® (xliv) 

Bence « the slope of the talus must be less than, or at most equal to, 
^ angle of friction <ji 

Boussineeq gives some details from a memoir of Saint-Guilhem 
(AfmaUs des ponts et chaussies, T xv pp 319-50 Pans, 1858) as to 
the angle of friction It vanes from 24** or 26® for small shot or 
mustard seed to about 55 for very dense eai*th The natural talus, for 
example that observed at the foot of steep rocks, etc , is about 31 for 
fine and dry sand, from 32® to 33 for mail, limestone and earth 
recently thrown from the wheelbariow, about 37 for chalky earth, 
about 38 for moist quartz sand and about 45 for moist gypseous sand 


[1589 ] The relation (xliv) is easily shewn to involve the condition 
that cos^o)?- sin®o)tan‘’(a)-2€), or, looking at (xxiv) and (xxv), the 
condition that p > 0 Thus the first condition of (xxxix) is satisfied if 
the second be 

SupjKise cos r = sin a)/sin <^, wheie t is m angle between 0 and 7r/2, 
then y^e easily hnJ from (xli\) that 

£> J(<0- t) ind < J (o) + t) 

In the case of a rough revetment wall its inclination ^ to the 
\eitical is equal to c see our Ait 1584 The limits within winch z, 
oi the diiection of the face of the re\etiiitnt wall must lie thus foim 
wliit Boussinesq teiins i Maltese cro^s and for all values outside the 
aims of this ciosb slipping takes place foi the gi\en slope of the talus’ 


^ Boussmtsq in a footnote p 63 returns to the solution lor the elastic solid 
which we ha\e dealt with in Ait 1583 He appears to think that the pnncipal 
sti etches cau both be negative but I have been unable to hnd any special appli 
cation ot the solution with possible boundaiy conditions in which tins would 
occur He stateb that it would be necessaiy toi the plane boundaiy ot such 


a bolid to lii\c a less slope than that gi\cn b;> sinw » oi for a unicon 

A I fJi 

stant elabtic s< lul i I (b) not think this is tiuc foi an inhnite elastic 

bolid with a flee plane suilacc 



BCHTBSaoraBO. 


umj 


We eesilj bxm (xlir) ^Imk llie tve IKaiMing of Hm ilofe of 
tlie talus for & p.ym raXwd 4 of Use iGodbisil&a» of tike iwoImbiI mU 
axe tJia roots of 


laxii>«- 


tmM 


« . {aclf)i, 


Bonssmesq r^siarks tital In aotnil praotioe tine ooljr Mm Iho tiepe 
of the tangent plane to the tains at the xoveteont m taiaa italf 
generallj not being plane and hxwmg at a dxstanoa imm tim laall lOigr 
dediiTitj not greater than the angle of ficiotMm 4* «a haao tihi 

oases 



m the first of which mi corresponds to the npper, and m the aeootid to 
the lower sign in (xlv) 

The remainder of this section of the memoir is devoted to nommcaJ 
details of the relations between m and % for the cases of perfectly rough 
and perfectly smooth revetment walla 


[1590 ] § VII (pp 68-81) is entitled Calcul de la presaton eaoereSe 

mr tout element de surface normal au plan des de/ormatums, ei de la 
poussee totale que supports un mur plan de soutenement 

In this section Boussmesq first discusses at some length (pp 68-7 4) 
the values of the parameter c (which characterises the mode of equih 
bnum see our Art 1581 and fig Art 1580) for which the stresses 
— and nt across the plane given by €^ (see equation (xxi.u) of Art 
1581) take their maximum and minimum \ dues Let <j>i be the angle 
the rebultaut stresa makes with the normal to the plane gi\en b\ €i 
then 

The extieme \ allies of the two components -^TH, 77 of the '^trtss, — or 
those which coiiespond to i mass with itb tilus it in angle m to the 
hoiizon on the point of collapse — ire given b\ the equitioiis 

bin (o) + 2x1;) — bin bin <^, \ 


t in (<f>i + ei + i//) = tan (e^ + tau ^ j - - j , 

^ bin cos MU 2 (Cj + i/?) . 

>if ^ ;; , ' ~ 

/ TT etw 

> ( 


I \1m ) 


J tos 




t in 


1 F T>l TI 
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BOUSSmSSQ. 


[1591—1692 


whmh la to be caijocilated frma the first of these 
to be 60 ohoeetn that the ab^lute value of d> 4* 2^ is less than 
buwt when - im takes its least v^ue , and it is to be taken 
betweeii w/2 and w if we require the hmit when — nn takes its greatest value. 

the mohnAtion ^ of the resultant stress to the produced normal 
to the ^amantaiy plane must he b^we®i — fl-/2 and ?r/2, its value is com 
jhiteiy seocmd of the equations (p. 74) 


BovBBmxmq points out that the limiting equilibnum when ~ ^ is a 
lidnratuin is that which has been studied by Maurice L6vy in his memoir 
of 1867-9 600 our Artw 242, while Rankine m 1856 (see our Art 
488) had considered both cases of limiting equilibrium for Cj = 0 


i l591 1 For the special case of a rough supporting wall € = t, 
te isbotination of the wall (see our Art 1584), whence from (xxvi) 
we have at the wall where €x = t 


fiffi 


- oos (o - 2t), 


99^ 


oos 2 (<(j - %) 
whence, if be the resultant stress 


cos 2 (o) — ^) 


sm 0 ) , 


tan ^ = sin w/cos (to - 

s, = I (xlvu) 

COS 2 (to— i) sin <I>A 

We see at once that the stress across each element of the wall is 
the same m direction Taking a strip of the wall of unit horizontal 
length and depth d medsured along %ts sloping face from the talus, we 
easily find for the resultant action P 


75 75 7 r sm to cos (to - ^) 

^ = 1 = 8 5. 8-Fz-.ri5r5r 


li) 

5 (to - ^) SlD 

and this acts at the hydrostatic centie of piessure of the stiip, i e at a 
distance from the top of the wall 

If z = 0, or the sustaining wall be vertical 


tan <^2 — tan to, 


p pgL cos to 
2 cos 2<o 


(xlix) 


In this last case we ha\e, from (xliv), tan to = sin whence we see 
that the angle of friction between the wall md the puheiulent mass 
(which ought always to be greatei than <^j) must have its tangent 
gieater thm the sine of the mteinil angle ot friction of the miss 
(PP ^0-1) 

Boussinesq also deals ^Mth the coiiespondmg problems foi the 
smooth Will, these lia\ing less piactical impoitance, I do not 
lepioduce 


[lo92] ^ \ 111 (pp bl-95) IS entitled Resolution des pio 
hletnes d equilibi e Its pliib impoitants dans les applications, an 
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Boiissoran). 


tn 


mogen cTime oottdOum de attAHvU qm iMuf hm 4m rtbdmm 
epSotales am parom. 

This chapter is oocopasd mtii a dunassion of ndee for pneti- 
oalij finding the resoltaat m^am hetmaoi a soalaining mil oiidl a 
pulr^nlent mass which mil ^ just mpfiort file pnlrwoleat 
mass, <H- (u) which will giTe (he greatest poemUe stahilitf to the 

Boussiiiesq first remarks that hsTisg regard to the miiioer lit 
which earthwoifc is generallj put together, it is mpcmdile to 
consider that u and v, the shifts £rom the ^'oatnial stale,’* are mo 
at the rough wall see our Art I57& Be coosudem that the 
polverulent mass is m reality |mt m with xoae; fioite dippiiiigi 
aad shakings, so that it takes up a form ci equSnmum 

totally different ftom that obtained ty uauQ^ the ooiidttaomi 
= t7 = 0, the walL 

Ce mode doit 6tre le plus h,yFcmkih poesible 4 la stai»ht4 mthneaie 
du massif c’est>^ dire, celui pour lequel la dilatation fnaxinia % aoqniart 
aax divers pomts see plus petites valeurs compatibles avec le degr4 de 
r48istaiioe que le mur peut opposer car ie mode d’Ajoiiibre aina 
s'll n’€tait pas d6j^ compl^tement r€ahs6 un instant aprte que Ton a 
d€pofi^ les demi^res couches de terra ou de sable, ne tarderait pas k 
s’^tabhr par Feffet des petite ebi*anlement6, dus k miUe causes diverses, 
que le massif ^prou\e presque k tout instant, et qui permettent aux 
grains sablonneux de se grouper de la mani^re en quelque sorte la 
moms forcee (p 82) 

Excluding the matenal in the immediate neighbourhood of 
the wall where the walls influence produces perhaps local dis- 
turbances, we see that all the modes of equilibnum realisable 
are given, subject to the limitation of the value of t in Art 
1589, by our equations (xx\ )-(xx\iii) The last equation 
ever, shews us that the principal stretch Sj \mII be a iiiinHiium 
a> being a constant when €= \q) and this correspniids to tlu most 
stable mode of equilibrium or that iiearc'-t to the ‘ naturil ^tatt 
for which = 0 This mode of equihbiium will thtrefure ])e Net 
up if the wall bo able to carrj the cuiTesp* aiding resultant ictmu 

In the case of most stable equdibiium the ati *ii, ttkin^ 

pi ice at the hjdiostatic centic ot pressurt is )»> 

pgL^ tan w cos (w — a) to'^ ( J? - (u) 



f$8 BOXJBsraBSQ [1592 — 1693 

««»gfc P BBslcss Tflih the dotiwJ to ^e wall, is detennuied 



For»=0, P=^^oo8<b, and ^ = 0 ) (lu) 

If the -vroll ^nll support this thrust then the pulTOrulent 

IfciM* xoaxuanxn of s^bility possible 

iiexi tconos to cases m whicb the wall will not support 
cbsoHEisses the laoment of the forces tending to capsize it, 
Md ibe reiafeiTe decree of stability corresponding to these cases (pp 
S$^6\ He shews Ibat^ when the sustaining wall is vertical or ^ = 0, 
Iben ^e puivmdent mass will still be m equilibrium, if the wall will 
ji^ withstand a thrust given by 

_ cos ft) sm 2i/f 
2 sin2(G) + i^)’ 

where f is the least root of 

sin (ft) + 2^) = sm co/sin (f> 

The values of Pand P^, as given by (hi) and (Im) respectively, differ 
very considerably Thus for (0 = 20 , ^ = 45 , we have Pj P 1935 
9397 There is thus a wide range of values from the just stable 
stage to that of maximum stabdity (pp 91-2) 

[1592 bis] The reader must carefully bear m mmd the 
different character of the solutions obtained m our Art 1590 and 
again in our Art 1592 The solutions of Art 1590 give the 
resultant action of the pulverulent mass on the sustaining wall, 
•provided we make the physically incorrect assumption that u~v = 0, 
at the wall The solutions of Art 1592 do not involve this 
assumption (which in the case of a rough wall leads to e = ^ see 
our Art 1584, Case (i)) but disiegarding the condition of affaiis in 
the immediate neighbourhood of the wall (le giving u, v definite, 
but undetermined values there), give the resultant actions on the 
wall for those \alues of € which correspond to (i) the maximum 
stibiht^ in the pulverulent mass, and (ii) the least lesultant 
action on the wall consistent with equilibrium at all 

[1 >93] ^ i\ (pp 9o-lS^) IS entitled Sur V eqiiilih e limite 
en gentnd Ltude paititnUete de Uetat eboiileud qiii se pioduit 



mmmamfi. 


1593] 

dam un mamf pulnSnderd^ au mommd oA u» mur ds mndhmtmi 
commmce d se rmtermr This sectiosi dealB with the steHlity of 
a pulverulent mass on the point of ooUapee as a limiting eaaa of a 
pulverulent mass m modern. 

In obtaiQing tibe equahsons for the motioQ of a polvmdmi 
mass Boussmesq supposes 

(i) that the mass remains homogeneous and idotropio^ 

(n) that the strains are produoed so dowlj that the marlia 
of the elements of the mass is negligible*, 

(m) that the stresses m consequence do not sensibly di&r 
from the manmum ekstio stresses, 

(iv) that the elastic stretch in any direction is pioporlioiial to 
the set stretch whidi occurs m ihe same dnectioii in a small 
interval of time dL 

These a^mptions lead Boussmesq to equations eqmvafent to 
(x) of our Art 250, which hold for either a plastic or a pulverulent 
mass The equation (ix) of Art 250 resulting from (m) of Art 
247 will not, however, be the additional relation peculiar to the 
case of a pulverulent mass Indeed Boussmesq criticises the form 
of that relation as stated by Saint-Venant and L^vy even for a 
plastic mass 

If 5 i, 5 , Sj be the principal elastic stretches m descending order 
of magnitude, Boussmesq, generalising the results of Art 1586 
considers that — 5 j takes at the elastic limit a definite value for 
each value ot the dilation + 5 + 53 ), and for each value of 
— s^) Thus he considers the elastic limit gi\en bv a 
relation of the form 

Si-Ss=f^s,-\-s +53 “ 3 “) ) 

or, m the cise of both plistic and puherulent inasseb, tor which 
Si + s + ^3 = 0 , by 



^ The equation'! for the small elastic Mbration^ of a pulverulent ma. art not 
linear and cannot be even appioxiinatelv ^'ati tied b\ ssint and cosine t nu" invuiv 
mg the time This i'^ the aiiahtical equivJent uf the effectivtiie tf awdu t or 
sand in checking sound vibrations 
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[1594—1595 



fk as tisnal the alide-modulTis. 

HCe mmxks that for tibe cases treated by Samt-Veuant 

(a) torsion of right circular cylinder (see our Art 255), 

«, 0, ^ and therefore Ti - 

(b) oicular flexure of a pnsm, s^ — Ss for the extended 

for the oontracfeed fibres, and therefore 

2\ - 2; * W(“)» = W(^) respectively 

Hence Samt-Venant's plastic modulus K, which equals fif, will 
mok, be the same for all these cases, unless f is an absolute constant 

i^miy 

It eeems to me that Boussinesq’s relation (liv) is really of a 
very arbitrary character, and that at least some physical evidence 
in &vour of it ought to have been adduced 

[1594] With regard to the surface-conditions, Boussinesq 
l»:actically refers to Saint- Venant’s treatment (see our Art 254), 
and like Saint- Venant he also neglects a possible semi-plastic 
midzone of material (p 102) see our Art 244 

[1595] On p 103 Boussinesq makes an important remark with 
regard to the form of (Iv) He notes that for a pulverulent mass, by 
aid of equation (vii) of our Art 1574, it may be written m the form 

3 r(T,-T,\ 

+ -tJ 

Now this equation, if satisfied for any system will still 

be satisfied if the piincipal tmctions and therefore the general system 
of stresses be altered m any definite ratio Further if the body foices be 
negligible as compared with the stresses, equations (x) of our Ait 250 
tombiiied w ith the body stress equations shew us that the magnitudes 
of the \eIocities u, v, w will remain unalteied by this change of stress 
Boussinesq applies this result to the case of a leservoir of puheiulent 
matter with a small hole m its base 

Dans nil tcoiilement de vible pir un oiihce, la Mtesse tend done \eis une 
Imiite dts que 1 1 li mteiii de chuge de\ient un peu giande, et elle se mamtient 
dts lurs coiisUnte 

Aiiisi sLxplique 1 unifuimitc dccoulement qu’obtenaient les anciens a\ec 
les s«iblici ‘53 duiit iK se sen ueiit {khu niesuier le temps (p 104 ) 
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[1596] Jm tba partaumkr oi^ ei WBapUsomc ateiin i to dbadl hf 
Boussaasq, Si, S md m ar& 0, 0, mA wkild 

d»(d» 9^ mm, Thmeqi!Ati(m8(z)^imr Jj^ 




!«»+» 

■^' 


(btX 


These will be lomid to be eii^Bfied b^ (xxa) Md (xdbr) of <mr 
Art 1580, remembering that ti ftjed « «ie new eelo e wKi. FeHiMr 
the solutions of that article aatasfy the oonditums, whkii are mommxf 
at the free snr&oe. 

But m order that the hmit of elastMtify maj be reeeiied ai all 
points where the mass is commencing to move we amat hmm (xHii) 

- Rjp = am ^ 

or, subetitntmg for the values d E and p, we have EazikiBe^ r elayeii * 
4j^4-{jBr — (Iv0)p 

This condition is agam i»tm5ed bj the aolutioiis § 0 it the cases d 
limiting 6(|uihbrKum that we have fouaobd m Ait 1599 


[1597 ] The conditiOB that remains to be satisfied is that at 
the wall Its introduction into the modem theory is dne to Ldvy 
Boussinesq wntes 

TJne dermfere relation, sp6ciale k la face poet5neure du mur, no 
s’applique qu’autant que les particules contiguSs du massif sent sur le 
point d^y ^protiver des glissements finis, circonstance qm semble devoir 
se produire d^ le commencement de renversement du mur, toutes les 
fois qii’elle ne sera pas en contradiction avec les autres ^nations du 
probl^me Or sa r^lisation exige que Tangle fait en cheque jximt, 
avec le prolongenient de la normale k la face post^neure du mur, par la 
poussee qui liii est appliqu^, vaille precisement Tangle du frottement 
maximum du mur et de la matiere sablonneuse du massif (p. 107) 

The solutions (xlvi) for the limits of stability satisf) as we 
have seen all but this last condition In order that they should 
also satisfy this condition it would be necessary that the \alue 
of <f>^, OS given for the wall (€i = i) by the second equ ition of 
(\lvi), should be just equal to the angle of friction between the 
wall and the pulverulent mass If it be then the solution^ 
we have obtained for limiting equilibrium will still continm. to 
give the stresses when the mass begins to collapse owing to the 
upsetting of the wall (p 100) 

When the ingle of friction is greater thin the abovt \ due of 
cj)i, then a wedge of material adjacent to thv wall utnu'- its 
elistic equilibrium at the instint the wall htgins to up^et 
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BoiiSBiniQdq remas^ that m practice snstaming walls 
Wl 9 ii^£€aently rough to render a tlnn stratum of the 

stataonary upon them. Hence the angle of friction 
MNroan wail and maas really reduces to the angle of fnction of the 
padfiKlilent upon iteell^ or to what we have denoted by the 
aa^ ^ Ihe second equation of (xlvi) then leads, if <^ = <^, to 
Si <!• » |w as the only practical solution, or to 

for the requisite inclinakon of the walL 

It m& he found in this case that the value of the resultant action 
P reduces to (pw 111) 

P = cos {<f> + i) (lix) 

1%is result IS due to L6vy 

®kus we see that the solutions (xlvi) only hold for a special type of 

waB. 

[1599 3 Boufisinesq next toms to the case m which the wall 
has not the above inclination and proceeds to solve this case by a 
method su^ested by Saint-Venant (Comptes rendus, T lxx, p 
283 see our Art 242) It consists in supposing the stresses to 
differ by small quantities from the values they have for the case 
in which (Iviii) is satisfied. The analysis by which a solution is 
obtained (pp 112-124) is too long for reproduction, but we shall 
examine it in a later modified form m our Arts 1613-6 The 
solution obtained is exact provided the pulverulent mass instead 
of being supposed uniform be considered as slightly heterogeneous, 
its angle of internal fnction (j)' being taken slightly greater than 
and varying from point to point of the mass Boussinesq 
shews that the divergence of <f> from <f> necessary to insure the 
exactness of the solution only exists in a wedge of the material 
bounded by the face of the wall and by a plane through the in- 
tersection of the wall and talus and making an angle — — 

^\lth the vertical (pp 116 and 122) 

Boussinesq further shews (p 125) that 

1 < sm ^'/sin (j) < sec 8, 

wlure B\s}7r-'\(j> — yjr — i or measures the divergence of true 
incliDation of wall fiom that given by (Iviii) When the secmt of 
the iijgle 8 (which lb leally the angle of the above-mentioned 
wedge) IS small, then we may regard (p as equal to <p and apply 
the appioxiinate solution (lix) 
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For 8in«ll yaines of S Bomsmeeq €md» for tlie reaollajEit oolioii P 4 
ike wbH 


J . tof to ^ r < • : (UV 

This will be foaod to Agree f04t ^,6-0 with (Lax). 

For & honzontal tslixs sod vertml widl- 

«=r 0 ,^- 0 , »=0,8 = |-|, 


and 


P^kpgL' 


tan’ j 

ki 

-1) 

006^ 

f-r 

a" 

■t) 

OOfi 

[<^-1 

s- 

1) 

} 


(hdV 


These results hold lor all esses m whidb $ beieg pcta^w% ^ tlie 
external ajigle of fnctioii nearly satisies 


‘ \4 2; 


taa^ 


See our Arts. 1690 and 1618 

In the remaining pages of this section Boussinesq deals with the 
cases m which the back of the wall and the talus are no longer pl<uie 
The results, owing to their complexity, do not seem likely to lend 
themselves to practical applications (pp. 127-33) 


[1600] In the present memoir Boussinesq speaks of the 
results (lx) and (Ixi) as approximation to the true solutions In 
later papers he takes the \alues of P given m them as providing a 
lower or an upper limit to the value of P according as the hetero- 
geneity of the wedge (Art 1599) is supposed to be such that the 
whole mass is either more or less stable than it re illy is These 
limits can be reached by a proper choice of the values of and 
in (lx) or (Ixi) see our Arts 1607 and 1616-8 

[1601 ] § X (pp 134-56) IS entitled iJtnde en cool chf Knees 
polanes de I eqinhbi e limite (par defu) mat ions plnuei^) dune 
masse plastique on p alvei ulente comprunee Application'^ a uue 
masse annul av e a un massif campus enti e deux plans inndes q n 
se coupent riiijs section ol the mtm«»ir ini\ lu lonktd upun a> a 
supplement to the memoirb dealt uith lu 0111 \rt'' 245-64' 

Boussinesq supposes the lueitia ot the plvstic 01 puherulent mass 
as well as the bod\ torces to be negligible He fuither huppu^es the 



[1602 


few bi6 9 k fancfeK®. only of the axial distance r and the 

^ hMTG from the equations in the footnote on otir 

pTw 

drr drj rr ^ 

cJr rd<^ r ^ n \ 

^ ^ ^ I 

dr^ d^ 2^ _ Q 

dr rdff> r , 

Now if -p he half the sum and JS half the difference of the 
Briiiol{)al tractions, and a the angle r makes with the algebraically 
kaiMi | 9 «iBCi|MLi tww^on, then we have 

’;;:=-p--^oos2a, = + i2cos 2a,| (\xm) 

^z=~~jRBm2a ) 

Now hy eqnatioQ (xli) for limiting equilibrium 

R = K+ (Ixiv), 

lastioity Ki = 0, and for pulverulence A = 0 and = sin ^ 
ns of (Ixii-lxiv) Boussiuesq finds 

-R- |=--(cos2a- J,) (1 + ^ , 

where Rp = dRjdp 


Since Rp is a constant, if we differentiate the first equation with 
regard to 9 and the second with regaid to r, we shall then, by sub 
tractmg one of these equations from the other, obtain a differential 
equation involving a only If this be solved the value of p can then 
easily be found by multiplying the fiist equation of (Ixv^ by dr and the 
second by dO, adding and integrating after substitution of the value 
of a 


[1602 ] Boussinesq treats in paiticular the following special cases of 
plmticity 

(a) A belt of matter bounded by two coaxial, nght-ciicular cylin 
dnctil snifices subjected to normal pressures and by two smooth ngid 
planes pcipendicul ir to its axis (pp 137-9) In tins case p and a aie 
nidt pendent of ^ Foi the special case of plastic mateiial Boussinesq’s 
lesiilts igiee with Saint-Venint^s see oui Art 261 

[h) Althougli the lesults of {a) aie iigidly tiue only for the 
special conditions stat< d, Boussinesq consideis them as appioximately 
ipplitablc to the case of a like belt placed upon a smooth plane, the 
interior surface of the belt being subjected to a piessure p^ tending to 



1602] 


BOfoasmisQ. 


extexid it and the exteamai S! 2 i^u» and the laoe batng 6m (|h. 

140) In this case we have frma (ix) ef ear Ai^ 361 

(Ixvi), 

where is ^e radius of the Mfier, r,, of tiio outer mfaea 

(e) A hollow cjhnder ol wludh the base and extenor m a fym wm 
plao^ m contact with ntgid smooth snrfhoes, bat ol whiA Ae a{i|Mr 
face IS submitted to a mean preeimre and the interior soribkoe te a 
pressure (pp. 140-3) The treatsaent is agam only apfamiaaila 
Booasinesq argues 

Alors la matihre se dilate t la fh® oa se oooiraote ilaftiB,eteQaioyeniie 
preB(j[ue ^ali^neot, dans 6mx seoB recfeangiilanee nonnanx sox rayone r, 
tandis qu’elie ^prouve par soite^ smvaiii Im rayons r, vm oootraotioa oa ana 
dilatation moyennsmeiit ^kmbl^ On a done leesqae S e'eBt4krdiie qm 
les ^4m^ts ]^aii8 paiaQhks anx haeee de FaniMMui fntpjporiiiit des tractam 
^ (positives on negatives) asses pee di3$Kastea da eclm qa^aEtMmnt^ aox 
m^ee points, las pans mdndiens (p. 141). 

1 see no reason why this should be true. Asaamiwg its trwth, 
however, we have 

- + 2ir^l +log^ (brni) 

which IS equal to the value of ^ gi\en in equation (viu), of our 
Art 261, but not to that of « 

Hence, fi*om the relation 

P(- «)2vrJr, 

J ro 

( 2?* ^ r \ 

^ r (Ixviii) 

If the radius is decreasing we must take the lower sign (p 141) 
For = 0, as in this case is increasing, we take the upper sign, 
and find 

The results (1 xmi)-(1xi\) veie first gi\en b\ Tresca , his proof, 
howevei, is even less satisfacton thin the abo\e See ilsu oui 
Art 262 

{d) The iction of a ciicuhr punch (p)> 142-4) Here Boussint s<j 
applies m Tiesca’s inannei, the abo\e Jouhttul f^rlliuIle to tlir t\u> 
cases wheie the inittiial to be [>imthed rests on i rigid pi me ♦ itlier 
(i) with, or (ii) \\ithout, a ciicular ontiLe of tht size ot tin punch md 
iinmeJ lately ojiposite to its face in the plane 
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T)«g«»’s of the cases (e) and {d) -will be found on 

m 784-808 bis memoir of 1869 8w Upotn^ommge des nr^tavoi 
m the Earned des scmmU Strangers, T xx Pans, 1872 

(#) A g^«ral solHtron of equations (Ixv), when da/d<l>=0, but not 
JEieo08B«riiy dpld<^ = 0 Fo results of practical importance seem to flow 
Spo®a tisus assumption (pp 145-6) 

pfiOA] {/) of da{dr-0 m equations (Ixv), or the least 

primpd Iracfcicai the same angle with a radius-vector at every 

pi&t ils lengtii (pp, 145-56) 

Mp beang a ocmstant, we have in this case 

a + 4, = G+ I ‘^~% -da, 

^ j€-0(^2a ^ 

(k-B/} I^^C-ie-Sp) log {r» (c - cos 2a)} ^ 

Oy (Ty and c are arbitrary constants 

Boussm^ applies results (Ixx) to the consideration of the special 
ease, where a cylindncal sector of material is placed between two 
intersecting ngid planes, sufficiently rough to stop all sliding of the 
partioles of the matenal touchmg them The application to the case 
where the ngid planes are hinged to a common axis and squeeze a 
wedge of plastic matenal placed between them might possibly have 
some practical interest 

[1604] To the memoir is appended a Note Gomplementawe Sur 
la methode de M Macquorn-Rankine, pour le calcul des pressions exercees 
aux dtvers points dJun massif pesant (pp 157-173) The method 
dealt with by Boussmesq is that discussed m Rankine’s memoir On the 
StabdUy of Loobe Earth (see our Ait 453), but as it does not stait 
from an elastic hypothesis, we have not considered it in our volume 
Boussmesq explains and supplements Rankine’s investigations, but 
remarks of the hypothesis by which Rankine solves his fundamental 
equation 

Pent ^tre tromeraton un jour quelque ordre de phdnom^nes auquel 
I’hypothfese considerde sera plus applicable, et qui rdalisera amsi cette curieuse 
analogic d’une distribution de piessions avec le mouvement de la chaleiir 
dans une barre (17 

The memoir concludes with two notes, the fiist of which deduces 
Hopkins’ theorem foi the value and direction of the maximum shear 
(see our Art 1368*), while the second deduces Saint Venant’s theoiem 
for the direction and magnitude of the maximum slide see oui Aits 
1570* and 4(8) 

[1005] Various papeis on the stability and thrust of loose 
tarthwoik bj Boussmesq briefly lesuming, generalising or simpli- 


(Lrs), 
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fymg tlie results of the above meaH»r» will be found in vobunee 
of the Comp^es rmdus. 

{a) T iiXXTii^ 1 ^ 16S1^ 1B7S. Mm htm ihm 

Bmss^ memoir uiki^ tbe mam Idfo as ttue liittar tm our Juris. 
1671-99 


(b) Sttr fog lo%$ ds la d^ir&ta^m ptmm dm prmmm Mt miMrm m 
das corps %soiropm dam fHat dt^qudtbrs kmsts. T ixrtiuu, 767-9 mM 
786-9 Pans, 1874 


In tbe first part of this paper BooBsmeeq suf^mees a 
system of body forces applied to a mass wadleer nniplaaar sIsaaiL TUm 
first two body stress equations tbmi become 


d«jr d«y d<j> __ ^ 

_ 4- ’ 


Ss ^ ^ 


0 ). 


4f> being the poteaatiai of tbe body-fotoesL 

Hence we find, as m onr Aria 1678-7, for an elastie body 


dfic* ^ dy* doxiy 2X4* 2/t 




and for a pulverulent or plastic mass 



(my 


The remainder of the tii-st part of the memoir is de\oted to the 
condition of limiting equilibiium discussed m our Art. 1585 

(c) The second part of the memoir is devoted to discussing the 
integration of equations (i) for the case of limiting equiiibnura 

Boussmesq, as in our Art 1568 takes and for the pnnci|>al 
tractions, and puts p = q^l{T^^T), then for limiting 

equilibrium q will be a function of p and generally a linear one \\ e 
have, if a be the angle the gi eater traction ni ikts with the a\is of r 

^ cos 2a, 7?--p 'qco^la, 7^ - 7 Sin 2a 


Hence fiom (i), if P~p~<fi 


d(P-q) 


cos a + 


dy 


- / da. da \ fx ^ 


diP+q) diP^q) , / da da \ 

dju dy '\dt dy } 




Boussinestj rtinaiks that (i\ ) ciu be sohcd vslun 1 7 is i ionstint 
le 2A see our Ait lbb3, ind 2 \vheu <p 0 01 the \\«uht ot th« 
miteiiil IS negligible as compared with the [rcssurts to which it is 
subjected In both these cases q is igncn function (\ti\ \| pi \iin Ut K 
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itsiWf) oC tli0 sol© TJMlifcbl© p—4^ or P, aaid {ly) (Xjutams therefor© 
odij TtmMm F aad a, 

BoitasuQee(| now pixxseeds to take P and a as the independent 
^ adiyes the ©(jnations (iv) for a? and y in terms of F and a. 
M otiber wofda he finds the point at which there is a given condition of 
etraa* 

13^ sdlntion is an interesting piece of analytical investigation, but 
the mmlts 80^ too complicated to be of very great practical service 
are used however in the investigations of the following papers (d) 

(d) Sur hfs modes diqvMyre hrmte le$ plus s%mple8 que pewt pres&oJt&r 
m nKesgjf m»ys oMsum fortemmt cmrvprvmk T lxxx , pp 546-9 
smi pp. 6SS-7 Itos, 1875 These papers discuss at considerable 
of analysis the cases dealt with in Arts. 52-3 of the Brussels 
memoir The processes adopted m the later treatment seem very much 
Si38fl^ than those of the Comptes rendus investigation. 

[1606 ] In the Mvmies of Proceed%ng8 of the Instvtnitum of GvmL 
MtigvMsrs, Vol i^xv , pp. 140-241 (London, 1^1), will be found a paper 
by Sir Beryamm Baker entitled The Actual Lateral Pressure of Ea/rth- 
work, togeSier with a discussion and correspondence The paper itself 
deals with some sixty five actual examples of retaining walls and of the 
pressure of earthwork. It points out the defect of Rankine’s theory in 
supplying accurate data for practical construction, but suggests empi- 
nod rules rather than an improved theory as the best way out of the 
difficulty 

In the Correspondence will be found (pp 209-12) an application by 
Fiamant of Boussmesq^s theory as published in his Essai (see our 
Art. 1571) to a special case cited by Sir B Baker This is followed on 
pp 212-23 by some discussion by Boussinesq himself of the case of 
a level mass of homogeneous material supported by a vertical wall 
He follows the lines of his Essai, Articles 43-8, see our Arts 1596-1 600, 
giving as his equation (1^) p 218, equation (Ixi) of oui Art 1599 forP 
The thickness of the wall is then easily found by the method of Aiticle 
41 of the Essai (see our Ait 1592) If h be the height, b the minimum 
breadth, p the density of the earth, p that of the wall, we have^ 
(P 219) 

^=§[un.^. + ytan<^,+ ^] (x), 

wheie A is gi\en by equation (l\i) of our Art 1599, and is the angle 
of friction of the earthwork against the wall see our Art 1597 

[1607 ] Now in order to make the abo\e solution exact Boussinesq 
supposes that III the neighbourhood of the wall the angle of inteiioi 
fiictioii tikes slightl} higher values than at other paits of the 

1 This result follows at once from Art 1599 if we take moments for all the 
forces acting on the wall round the axis about which it would rotate if it capsized as 
a whole 
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wliidbL it m md hm donoteB Hmm mtmm 

hj seo our Art. 1690 It is tli«t Hkm mmxmtnm wwlm i£ 4* 

IS giYsa by the fonniiia {p. 2%l nm mgr Art. 1616) 

BoiissiBssq ^irtbar fxmmi&m ^kmA hm mpm&mm m ths «oMi mm 
skgbUj exsggermte tiks ifiifl«iieKi 0 s tl« mtem Ibofm 
sli^tiiy too ssaall tsIqo of A 

To be quite aala Slid to obtsm s limit of diooixs^ Yslrnmi^ 
to ^ sod to <^y 6l^% kas tbso tbe true odsbl by mimilitog tbani timm 
Yslues as if the mszimixm tbe Tsnsbk of mkfior Ihetm ^ 

by the formulae, were just equal to tbe true Yalue of tbe ac^ mMmmii 
tie earthwork m queeti<m , for m that case tbe latter would be more atebia 
than tbe tbe(H 7 supposed {p. 221). 


Alter some disouassiM as to boir tins may be dotie^ 
considers that a bi^a:* tout wtE be tooad lor b 1^ *i*^H*i^ 


mx 


SBDQt^' Hh •^/S + eBO^ ^ 






Here is to be put equal to tbe known interior azi|^ of inefyxm^ mad 
then the values of 4> and ^ substituted in tbe value oi k and in (i). 

For tbe particular example, p'/p = 1 ^ Boussmesq on 

bis earlier hypothesis 

(^ = 45, <#>, =45") A/6 = 6 69, 

on Rankme’s hypothesis of a smooth wall 

(0=45 ,01 = 0) A/6 = 4 lb, 

on his modified hypothesis, using (m) 

(0=45 and 0 = 0^ = 39 49 by (in)) ///5 = 579 

According to Boussmesq therefore we must ha\ e 


b l>etween 


h 

6 69 


and 


h_ 

5'79’ 


md he sa> s w e may take it equ il to 1 /G bir B Bakt r s ruh i.s a result 
of bis exj)eiitiue >\ab to take b—h 3 (p lb4), or iliiiost ilonbh tlie 
gi\en by Boussmesq s theor\ supposing no factor of sifet\ to l>e used in 
the littei Boussmesq still fuitlier moilifips this sup< nor liiiiit in i 
late papei see our Ait lOlb 

It does not seem to mt that Boiissintsqs moditud h\|»oiht*^is 1 *^ 
eiitiieh satibfactoiv tioin the tluoutud stmdp«*iiit it ni\ul\ts i 
number of disputable points see 1 iuce*‘dini pp J21-3 


[1608 ] Vote bn } hi deUrmiaatinn d ftjfnis m inuntntun qu d if 
molt \ui mur lertical d unt’ hant^'iu tf d im d^ it djmt ihnn 
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VM MMtl^ IfWTWMUT, SWiS COhS0i<Xlij €k>W^ 8W/^<166 Mt^6T%6V/Ke 68^ 

km4miiMd$- dmmks des pofUs ckam^, T iiL pp 625-43 Pans^ 
1881 ffeia IS vexrh»fe tlie best aaid clearest aoccMnt Bonssmesq had 
ywt pabhshed of ti^ applioatiOBL of his method of treating earthwork to 
picoblem of a uiiiform vertical wall supporting a pulveroient 
with a honamitai sarlace It may be looked upon as a slight 
^ paper ooffitnbnted to the InsPUut^on of Gwd Engimse^ 
ijrnmr Art 1606), and it practically gives a complete treatment of this 
independently of the results racked m the Msswb (see our Art. 

Ifee same <^ecti<ms may of course be raised as to the manner 
in w&h 4^* m d^ermined. We slmli pass this memoir by, however, as 
did not give his dual and complete treatment till 1884 

[1609 ] Ifote on Mr G H D<mjom^s Pa/per ‘ On the Horizontal 
Mme qfScmd ’ Mmuies of Proceedmgs of the IneMviion of 
CW Mngmm^ VoL lxiil pp 262-71 London, 1883 Boussmesq 
OQOsmdm that the value, 35®, adopted by Darwin does not represent 
Urn angle 4> of interior fhction of sand, but concludes partly from 
^nqperaimntal, partly from theoietical considerations, that it should be 
tskm as 40® 6 With this value of Boussmesq shews that the results 
of Barwm^s Experiments, Senes i — rv , are fairly m accord with the 
^leoiy developed m our Arts 1599 and 1607 

Boussmesq next turns (pp 266-7) to Darwm’s Expenments Series 
VI , where the talus had a slope equal to 35 or to the angle of ftaction at 
the surfaoa In this case Boussmesq refers to pp 125-6 of his Hssat 
for the expression for the thrust on the wall see our Art 1599 The 
value there given, however, is only an inferior limit Boussmesq now 
develops the theory of the Pssai with a view to the discovery of a 
supenor limit He considei's that this can be obtained by giving 0 a 
value denved from 

sin <^/cos S = sm <j>\ 

4> being the mteiior angle of friction (= 40 5 for sand) and 3 the angle 
defined m our Art. 1599 The assumption is defended in the same 
manuer as that for the value of in the case of a hoiizontal talus see 
our Art 1607 

It does not seem to me howe\er, that Boussinesq’s discussion of 
Darwin’s experiments m the case of Series vi can be looked upon as on 
the vhole fa\ourable to Boussinesq’s theory, and I can hardly agiee with 
the concluding lemaiks of the authoi 

Mr C* H Dinvin’s \iluible obsen itioiis appear to confirm as fully is 
possible the \uthors form iil is for the thrust of i pulverulent mass in limiting 
tquilibi mm 1 host foi iiuilas ire due to Rankiiie’s principles, smqdy dev elojied 
111(1 c(»inpkttd bv the iddition of the clement of slip of the mass against the 
wall siistnimi^ it, iiid constituting in this foim the lational and collected 
e\]>rcs.sion <jf juinciples due to Coulomb himself Coulomb’s theory, in all 
casts wlitie it IS lustifi thk to ipp]\ Ills fundament il hypothesis of a plane 
rupture of the in iss, ^i\cs Klcntic ill} the suiie icsults as Kankinc’s foimulas 
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m h»B baan abewa bf M. Mmmm hiffj li vill ikm h$ iamd tlwl ttea 
la eta ooq gL «re i ast tlioee m wIim^ the aailior% Ibmtilia 

of E a aki aa, m mot m mj m to repwagal ill IImI aiaj iicar ba 
M ibeoffj dT Ooak^b (|)k. S70}i 

Tike ocmieats of ifola bj Bomaneeqi an Dtenrm^ 
atoeer also m aa aitideecmtrfbs^ botbe i iiia s tn dtinflew^ 

T TL, Sw«w«r», 494-510 1883 

[1610] BhumS ctimriudsB pmbi9$$ par la SootS^ dm ^mfiSnimmw mwSb 
de LondrcB svr la pomtiSs dw Urrm Ammdm d»jmne$ 4d dkwtmh$f 
MSmowr€s, T vl, 2* S«mes6re, 1883, 477-^2 hma, 1883. TUs 

18 % Flao^t. It ooDsdbfs ssattor to wbidi vo hmw^ m> 

lerred, %.s tlie memoir of Darmn witb tbe aotes of BoaamuKq, Oaiidiid 
and others. 

Bonsamesq givee, pp. 510-24, an A dd i i%m rdahm mmm pirwm m d$ 
M Qobtn. l%is has refeimoe to a lov^paper bf Oobin on ppL 98-Ml 
of the same Tdnme of the dntidlar theorelleal hma of <3obla% 

mreststgations se^pos to be reef donbtfhL W» hfftAkmm axe 
resumed bj BonsGonesq on p. 511 Tl^ expanmental part of OoUii% 
memoir occupies 184-212, and Bonasin^ m his paper coosqiaxeB 
Gkjbm's results with his own theory 

En r^m^, les expdnenoes de M Oobin s’aooordent parfiMtemont areo 
oeiles de M G Darwin, pour confirmer la throne de T^uilil^limite des teme 
expos4e au § ix de mon Emii publid en 1876 (p 624) 

See our Art 1609 

[1611 ] Fommles simples et tres approchees de ki jyoussee des Urres, 
pour les hes(n7i8 de la pratzqae Comptes rendns, T xcix , pp 1151-3 
Pans, 1884 In this paper Fiamant, after pointing out that Bouasmesq 

\ etabli la parfiite concordance a\ec faits d experiences, constates 
surtout en A.ngleterre par M Dirwin et en France par M Gobin, de sa 
theorie de Tequilibre des massifs puUtnilents on sans cohesion p 1151), 

remarks thit he had formed the idea of preparing tables of the thrust 
for the cases most commonly occurring in practice, \\here the mass 
adheies to the wall = <^) In the course of his calculations 

howesei, he disco\pred that foi t hoiizontal talus ind \ertiLal wall, 
the veUicaJ component of the thiust oi with the notation of c^ni 
Art 1 >99, 

^ tan cf> 

IS ilmost i constant foi n tines ut <j> tioui 2U to ^ ^ md then 



1 E FT 11 



BOUSSIHESQ 


m 


[1612 


mi fiw toItmb of <f> from 33“ to 45°, it diminishes so slowly as tt 
lueo^pud to 

14 when ^ = 45° 

2 

BVh* t 3 b iao97e geawJ case of a wall of height A (= Z cos^) with ar 
fjiope of ♦ to 1^0 Vertical and of a talus sloping at oi to th6 
hmrmmM, th^ stall exists a direction in which the component of the 
tiirast 18 sensibly equ^ to 


16? 


.)■ 


2 \.ooe« 

bat this dweebon vames wrth and makes very approximately an angle 


_ A 

^“2 4U0° V’ 


wii^ the back of the wall for all values of <l> (measured in degrees 
b^ween 20® and 45®, of t less than 20 and of co less than <|>-^ Withii 
^baee hmits this component does not differ from the above constant valu( 
by 1/10 of its value 

Por 15®, Flamant says that a closer approximation to the angh 
X will be found from 


^= 2+4 


4 \12° J 



Since the resultant thrust acts at a third of the depth of the wal 
fiom its bajsG and makes as a rule the angle of fiiction </>i - <^, with th( 
normal to the wall it is possible by the simplest graphical constiuctioi 
to obtain from the abo've known component the resultant thiust 

[1612] In the Gomptes 'tendus, T xcviii (Pans, 1884), wil 
be found the following memoirs by Boussmesq 

((/) Sin la pousbee dune masse de sable, d surface supe 
neine hoiizoniale contie iniepaioi leihcale ou i7ichnee,pp 667-70 


1613] 
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(6) Sur la povstie ^me Mowa da mila, d »mfao$ mipd- 
rtemv kommtale, oanire vm pan* amitoak da»t 1$ wumaga d$ 
laqudk son angle de JhOmmt mtd n e mr e$t mippeei onkn 
Ugirement JSapris me eertetme lee, pp itO-^ 

(c) OalcftU ctpprocM de la ptmeie et de la emrfaoe de 
mpiure, dans un terrepleim hemmkd kemogdee, eomkm pm m 
mar ver^oal,pp 790-^ 

Hiase pa{iers put m aa easy ftHrm the af^pronmate mtagmtKMi 
of the difierentiai eqnabaras for a {mlToralent man aappoiiiad by 
a verticjd wall and haTing a hcmaontal tains. They gm Bonaa- 
neeq’s theory lu its final form, llie method of mtegntaim band 
been suggested by Samt-Ymant m a repnl oo Ldvy'a memoir 
(see our Art 242) toad had been fimt earned oat hj Boaearaewi 
for a more general case m a rather oiHn]|^ioated maasm ra hn 
Es 9 m see our Art 1699 We have already rafimed to the malts 
of the integration as given in the memous discosaed in oar Arts. 
1606-11 

We propose here to consider Bonssineeq’s method of integra- 
tion at slightly greater length for this special case 

[1613] Let the rear side of the wall make an angle t with the 
vertical , let the origm 0 be taken at the intersection of this face with 
the talus, Oy being the horizontal line perpendicular to the trace of the 



"zim, *■ 

^ \( X— ^ * " 

/ ^ 

t\lus on this face, and 0i being \eitical Let <j> be the inteiioi in^rle 
of friction, and ht 

a - {I — sin <^) (1 sin (b) ~ tan ( 4’'> - ' 
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New if wall be about to collapse and the pulverulent mass 
aooording^ m its lunitmg condition of equilibrium (V&M Sboulmc) 


^ yi 

sm*^= ' — -pzz 


(s^ + PpY 


pcBtnt see onr Art 1596 Hence tlie equations to be solved 
beocMaiie, p he the density of the mass 


dSe dS , , ^yy __ a 1 

(«» - a*w) (5y - = (!■*■ 


^(0 


How at tbe free surface ^=^ = 0, and therefore by the third 
eqnakcm of (i) ^ - 0 At the wall, where we may suppose a thin coating 
^£ the pniverulent mass to adhere, we must have the ratio of the 
tegenkal component of the reaction to the normal component equal to 
to ^ if no ooatmg of the mass adheres to the wall this ratio must 
equal tan the angle of fnction between the wall and the mass 
How the following is a solution of (i) 


s^ — —gpx, S = 0, yp — — gpa^x 


(n) 


This satisfies the surface-condition at the talus, but not that at the wall 
except for special values of or ^ Foi example if ^ = 0, we must 
have <j>i = 0, or the wall perfectly smooth Herein lies the inconsistency 
of Rankine and Levy’s solution for the stability of pulverulent masses 
see our Arts 1596-8 

Now Boussmesq introduces into the values of the stresses as given 
by (ii), additional small terms with a view of making them exact 
Thus let 

-gp{x + t), 7p = gp8, ^ ^ - gp{a^x + r) (m), 


wheie t, s and ? are functions of x and y to be determined The first 
two equations of (i) shew us that r, 5, ? ai e the three differentials of a 
smgle function w with regard to dec®, deedy, dy® respectively The last 
equation of (i) leads to 


? 


(l+a)®g- 

(1 


( IV ) 


[1614 ] Boussinesq now (p 669) enters upon an investigation with 
a Mew to shewing that the iight-hand side of (iv) may be i)ut zero It 
seems to me that this follows at once if we neglect the squat es of 7 , 
s, and /, iiid considei t and r small as compared with a The onh 
dithcult\ which arises octius when l is itself small, and T do not clearly 
follow Bou^sinesq’> reasoning as to this point A^bitiaivg it to be 
coi uct we h i\e 


1 - aH - 0 
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QeBoe 

where/ tmd / are arbitriury ^ndum of f - m mdUf 

Kow r ««»< = 0 when 0 f ><)^ fer eU 

pcmtiivevnaliieeol their Tariikbkaf^M Tbsineloiteo^ 
ol these Taruiblas in the polyeriiWt omms, if tsA MontteollMsir 

hand taut is <a, or t <45*>|4> wiU Im> a wo(%o ooflsfinMMi 
the reai>mde of the wail and the hne whofo, altimgli/^ IS liQl 
mro,/** will exist because its Tariable y — 00 is ne^atiwa 

more usual case is that in whiA a is < 45* Um»mmr, 
s and t will be ssero ail over the planey soa:, and we oaa tafc^ as Umi 
soiutKm for all points in the wedge lOA (see hgnie Art. 1613} betawa 
the planes « and tan^^ a 

r=«*/", «=-<ir. *=r <"). 

provided Uiese do not give values id TyB^i ooaspaxmlda with that of m 
Th&j hold with deoreasmg exactness as we pass feois the plans f«aa 
where r = a = i = 0 towards the fitce of the wall (p. 670}- 

[1615] Boussinesq remarfcsfpp. 72d-l)yiat of the two * sariaoes ^ 
of rapture ’ through the bottom I of the wall one must he in the soM 
angle between the planes % and tan"* a (for 1 < 46' - ^), for otherwise, 
if they both passed out of this angle, they would in the upper 
portion, where r = s = ^ = 0, becjome as in Ranfcine’s Uieory directioiw 
parallel to the planes y = ±ajc, but these meet without entering the 
above bolid angle wherein I lies Accordingly Boussinesq considers it 
natural to suppose that one of the rupture-surfaces takes the line of 
the wall The pulveiulent mass will then be on the point of slipping 
at the wall, and if the angle of friction between wall and mass be taken 
= we shall ha\e a condition to determine the arbitrary function 
J (y — ax) All the equations will then be fully satished except (iv), 
which we ha\e supposed to reduce to r~a^^ = 0 In its uure<hiced 
form (iv) IS not satished by a homogeneous mass in the regK»n lOA 
(see the hguie -Vrt 1613) Boussinesq uo>a points out that thii> is the 
only equation which in\oheb <^, and he suggests that <f> W gntu a 
variable value (j> m thisiegion This \alue <f> will be su}>jH.>st-d to dider 
fioni <f> more and moie is we piss fiom the pi me 0 I and appioich the 
wall, being taken to satibt\ (i\), or what is the &aine thm^ the equation 
(c) of Alt 1613, which miv then be wntten 

( / < //) ^111 <f> = (jj — yy ) — ( Ml ) 

The \alues ot the giM-ii h\ (in) iml (\u will tinu be « \Kt tui 

matt ri il hoiiio^eiiLOus 111 yO 1 iiid lieteio^Uit u-s in the 111 inii^ r iii in it d 
by (mi) ill iOf 

let he the uute ingle leckoned pn^itut nii tlit ^nh < f t/ j>< 
which tlie pi lilt subjcctid to tht h ifc,t pit'^'suu inikt's with tit \ iiKil 
ineasuied up w aids, then b\ our Vit 1 

tan d/:? JT ~T ) 
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It followB from (vu) by nsmg (vi) and the value of that 
sm^'oos2^ = sm<#>, 

M tins always greater than ^ 

Boasaameeq then shews (p 721) that the sur^e of rupture which 
etetB fiosa the base of the wall will have its several elements inclined 
the w®rtieal at an angle a given by 

^ fi 

He ferther demonstrates that ihe surface of rupture through the 
hettcm d the wall when it ceases at the plane y = aas to be plane (t.e 
femiM to y^aaf=:0) becomes concave to the upward vertical through 
the bottcma of ^e wail 

fl6i6 ] The remainder of the memoir confines itself to the case of 
»«»§ In this case wbaa y = 0, we must have, being angle of friction 
I»etwe6n wall and pulverulent mass 

tan (f>i = — 's^lyi > 

= +/")}» ^7 (^) 

Whence we find 


f"{y-ax) = 


a + cot <^i ’ 
y — ax 


* a + cot<^i 

The normal pressure on the wall is now easily determined to be 




where, 


1 + a tan <^i 


Supposmg yfx = tan we find by substituting the values of the 
stresses in (vii) when tan 9 <a 

„ . „ . o , / «-tan^ X*" , . 


sin” <i) = sin^ + cos” 


cot <^i + tan 0, 


Ihus inci eases as 9 diminishes, oi takes its gieatest value 4> at 


tlie wall, 01 remembering the value of a 


tan <^i = 


sin <l> = sm <^ + (l-bin^) tan 

, , , N/sin’'l>-sm^ > 

whence, tan 6, = = 

1 - sm j 

Bousbinesq shews that foi a given value of x the least value of the 

ft” 

noimal pressure m (mii), oi of ^ , is to bt found foi a value 

' 1 + ft tan <^i 

of sin lying between sm <J> and sin <J> (pp 722-3) 
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He tbe seooaiiil el ^ mmoir bj dedHimg 

reeail^ for the curved part ol tiie mAm d on Ikm mmmuflmm 

iliat IS a cmmkr am 

[1617 ] In ibe tbird se^aom {|k 790) Bcosbimi^ poinis owl horn 
the oonditioBs of the eqeilltoiiKi Mailt are aAeied hw the piimfiiDo af a 
second boondmg wall parallel to tile axis ol la mi ease tlie fmiailiA 
/i** -f ax) must be retained, tuid the resohs for the ipedbl eaaa ef tm 
tmtiecd and paraiki walls are given wilhoitt aaai^aia. 

[ 1618 »] In the fourth section of the memoir, Bowmeaq sbem 
how the above formulae, — obtained for the case of a maes for which 
the interior angle of fnetion uHsreaaes shgiitlj kmutda the iraU 
from the value ^ to % — ^ma; be i^|died m practioe to obtain to 
a sufficient degree of approximation the thmsi of a hocxiop^^iieoiis 
mass with a constant angle of fnckon 

In the first place Boussinesq points ont that the normal 
component of the thrust on the wall, upon which the overtiiriiiBg 
effect really depends, will be decreased if flie angle of internal 
friction IS increased and mce persa^ 

II suffit done d’lmaginer deux massifs h^rog^nes con^tnfo 
conform^ ment d. la formule (x), dans Tun desquels et ^ soi^t 
eganx ou iin peu superieurs h, Tangle de frotteoient du massif homog^oe 
donne, tandis quMs lui seront nn pen inf^nenrs dans I’autare, pour quo 
le moment de la poussee soit momdre, dans le premier, et plus grand, 
dans le second, qn’il n’est dans le massif propose (p 791) 

We thus obtain inferior and superior limits Xj and X:, of fc in 
(ix), and the mean of them if the limits be taken sufficiently near 
will constitute a close practical solution of the problem 

If we want as high an inferior limit Aj of X as possible, then hince 
k increases when <f) or <^j decreases, the first of the heterogi neons 
masses should be obtained b) miking (p and as small as j»ossible, 
consistent with then being ecjual to oi gieitei thin the real \alne of the 
angle of internal fiiction ot the leil miss, oi b> makiin^ them lx)tb 
equal to <p We then find (see equation (Ixi) ot oiii Art 1)99) 

tin (45 - -f <#>) sin (43 -l6)cos<^> 

i — - - — - “ — — ( Ml ) 

cos ( — 4 > ) 

On the othei hand for the supeuoi limit I we niu t ni-ike the 
iiitciioi angk «>t fiiction<^ ot tlu -'cc«»iid lRttnj.tii us in i s It'''' tli m 
the tiue <^,"and this will bt done bv piittin^ the iiia\iriiun! \ due ot 6 
/ e 4) equal to the true <j> tnd theiefou will be le''S than this u\l 
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v4b« i> st other points. Accordingly we make the value of k, as givm ^ 
^ hx.) wsth tan ^ suhetatoted from (sa), the least possible for vanatioas 
la ^ Afterwards the maxunmn * must be replaced by the angle of 
mterua' frwfaon ^ Thus to obtain k^ we seek the minimum value of k \ 

as gjveo hj 

1 l+sin^_ / l+sm4> vsin°<t-sin^^ 

1 -sm^'*’ V l-smd> l-sm<^ 


(xiii) 


Bonssineeq (p 792) finds that in (xui) is a maximum for 


2 J2 tan * 

0 = — ^ : '■■= =r 

+ tan* (45® 

Tim sointioa of (xiv) for Bonssmesq says, is very nearly 

Jd + tan® (45° ~ 


(xiv'j 


(xv) 


After some reductions we kave from (xm) and (xiv) 

= i tan® (45° - ^<l>) {3 + tan® (45° - (xvi), 

wkere ^ is to be given its value as obtained from (xiv), or approximately 
from (xv), being put equal to the angle of friction of the homogeneous 
mass. The true nqrmal thrust will then be 


^{ki-hk^)gpx (xvu) 

The calculation of the sujierior limit of k is thus clearly a com 
phcated matter, and the real accuracy of Boussinesq^s theory will depend 
upon the closeness to each other of ki and k^ 

Boussinesq concludes by stating that the nunibeis obtained from 
these results are in agreement with the experiments ot Dai win and 
Gobin see our Alts 1609-10 


[1619] On pp 850-2 of the Gomptes '^endiis, T xcviii 
(Pans, 1884), will be found a notice by Saint-Venant of Bous 
sinesq’s theory of the thrust of loose earth After shewing how 
Boussinesq’s investigation improves on those of Rankine and Levy, 
aud pointing out how much closer it agrees with experiment, 
Saint- Venant concludes 

Les nouvelles recheiches de M Boussinesq lendent a Tart des 
constructions, ou les economies possibles et sans dangei out tant 
d’lmportance, un sei\ice leel, et on peut les legardei comiue f(juinissaut 
lux ingeiiieuis des 11103 ens dc calcul qui lepondront, poiu bien longtemps, 
a ce qui etait desiic dans la question enoncee (p 852 ) 

[J b20 ] till) le pt incipe da p) i6)iie de plus gi ande poussee, pose 
pa) Coulomb daas la theoiie de V eqailib) e-limite des teiyes Comp 
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t$$ rmdua, T xomul, pp 901-4. Pans, 1884 In dus menmr’ 
Bonssinasq deduces from his thec^ of the hmttUQ^ aqinKImiiiii bf 
puiveralent matter — 

!a propn^ aoinmle de tosagamwi, gm soS oowM Ibaygesdbii 
d^vsloppld du prmcipe da pnms do gvmnds pamfSp €mk$ el si 
logteausemeut par O^lomh m l77$ (iSanwo^ Unsiyart, T nt, 
M39m sur um Apphogi^m de$ de Manaus si Mtniiils d faslfyis 
FrolJAmes de ^coique^ pp 348-8§ see p 389) la poiisis smtds sl h e 
Uvemeat sar la pans mobile ccmiiBiieraii i e’j esomer si Is mmU 
pul74rul6at 86 tenmnait i la sar&oe de rnqpisfe la plus dmipais ds la 
parm, toute la masse sousjaceiUe deveaaat solids, si sUs osi la plas 
forte dm pouss^es qm out heo, k F^lat d’^mUhrshsoitte^ qaasJi Is 
masmf se i^uve hiiaitd amsi par uos swthm ragnsusd qsdoosMiss aUanl 
du bas de la parm mobile k la ssr&oe hbce (p 9D1X 

XJufoxtunatelj we do not know the sarfiaee of mpiiiro, and to 
try all possible sur&oeB would be a mm oomp hc at ed pfooess than 
integratiDg approximidely ^ dilSeraiitial eqindiioiis ht the eqpuh 
iibnum limit as Boussmesq has done Coulomb aasuiued that the 
sur&ce was a plane, which is d jprtort arbitrary as well as u^xaei. 
The thrust determined by this assumption can therefore only bo 
considered roughlj approximate m default of any better me^iod. 

[1621 ] Complenhent d de precedentes Noiee mr la pauseee dee terree 
AnnaUs des porUs ei chaimees Memotres^ T vii , I**" Settieetre, pp 443-81 
Pans, 1884 

Bousbinesq begins by citing the results of his Eeeai (see our Art 
1599) and then applies them to the case of a horizontal taJua 

I^t k be the coeflacient which occurs m the expression for the 
normal piessuie on the wall (see equation (Ixi) of our Art 1599), then 
Boussmesq point& out that the method of the Fssat and of the memoir 
of 1881 (see oui Art i607) does not give a sufficientlv close supenor 
limit to the value of A 

[1022 ] Let the supeiior limits to A is given bv the vaJueb of 
from (ill) ot oui Art 1007 suhstituUd in (\ii) ot our Art 10l^, and 
from (xiv) ot oui Ait 161b substituttd m (wi) of the same ai title bt 
A and A lespectiv el\, and let the luteiiui hunt ^iven b\ (xii) uf our 
Alt 10 lb with its true valut be /j 

Bousbiiie'^q stites (p 451) that In li ib t >und I \ tikiiu a "Uthcu nt 
iiiinibei ot \ iluts of 4> lioin 2n to lU tlntvtiv ij poxiiii ittlv 

A ~ A j = j j (A A 1 1 

* Theie ipptai'^ to be an ahiio'^i veibal upuut tin lutia li <-i } } 
tht. ame volume ot the Conipte rt udu 


\ \ 111 > 
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the mean, +i^), adopted by Boussmesq as the value oik ^ 
ipm our Art 1618) ^ 

= ^ + \ 

Or, io obtam the value of the ooeffiment k, we need not for practical 
purpoees caiculat^e the difficult but can deduce the approximate h 
doluluon the easily found ki and k^' Obviously this new approxi 
nation oonsasts m subtracting (k^' — k^) from the old approximation 
i^') obtained by the ineth<^ of Art. 1607 

[16iS ] On pp 453-5 of the memoir, Boussmesq applies (xix) to M, 
Ooban*s eoqpeattments {see oar Art. 1610), and on pp 455—7 to G H 
Barwm’s expenraents (see our Art. 1609) In both cases theory now 
apjapoaches doeer to experiment, but it may be questioned whether 
the agreement is still a sufficient one 

Boussmesq next turns to some expenments of Aude recorded in the 
Mhiwrtai du gente^ No 15, p 269, 1848, and also cited in Note*^ of a 
asemotr by M. Samt-Gmlhem, Annexes de$ poTits et chaussies M^movres, , 
T XV pp. 340-5 Pans, 1858 The discussion occupies pp 457-69, 
Imt the results ai'e not m my opinion more decisive with legard to 
Boussmeeq's theory than those of Darwin and Gobin On pp 469-73 
we have a discussion of the angle given by theory for the inclmation 
of the surface of rupture to the vertical and comparison with the ex- 
perimental value determined m certain cases by Gobin (see our Art 
1615) 

The remaindei of the memoir (pp 473-81) is occupied with a 
discussion of Coulomb’s pnsm of greatest thrust, after the manner of the 
C<mptes rendiis see our Art 1620 


[1624] Sur VintegratioUj pm approximations successivps d\ine 
equation aux demvees partielles du second ordre^ dont dependent les 
presstons interieures dun massif de sable VHat ^houleux Memoires 
de la Societe des Sciences de Lille, T xm , pp 705-12 Lille, 1885 
This memoir ib also mcluded in the Application des potentxels see 
our Art 1561 

We have seen how Boussmesq makes the pressure on a vertical, or 
moderately inchned wall, of a mas& of earth with hoiizontal talus depend 
on the solution of the differential equation (see oux Art 1613) 


(1 

(1 - a^) a; + ^ 


(0 


We ha\e noted how by neglecting the right hand aide of (i) (if 
A « aie small as compiled with a:), he obtains as a Jint appioxima 
tion a solution of the foim 


^ f (>/ - ax) +/, {y + ax) 
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fUSA 

wfww 

If the fcHrmof/mjsd/im kfioim thm by 

band Slide (i) we obtaisi for s Moiid ajpptncaBMb^ 

(m, 

where F{m^y)wtk known fnnelMm o( m and f 

Tlos eqttaHon BomiB 60 q now psomm ke aolm He wiitei 
a^p-hooit and dbeftina 

^ L pflzl 

dadfi~ 4a* V. 4a ’ 2 /’ 

»du.« (ai 

where f must be detemnoed bj th& eoiodstKm. ikm the ebppimg ef 
ma^ against the walL 

Boossmeeq ^^en pmeeads to eaknlate m ike bam ei hm irat 
approximafeon m oaee of a wrtmf sapporiKag watt see mr 
Art 1616 He obtains a ooiBewhat em|malQd walm of w to a 
second af^iroxiinatiion for this eaee on p TO® Wwam tfan be datmaima 
r, a, t the stresses at the wall He inds for the value ai ike 
constant k (see our Art 1616) determining the thrust on the wall 

In the case of ordinary sand resting against a rough walh when 
= = 34°, we find for k by the first approximation 

2081, 

while by the second approximation 21b I 

Like the first approximation the second ma\ be looked upon as 
an exact answer to a problem m v-hich the angle of internal friction 
varies from its value at y = ax and increases up to <f>i at the wall 
see our Art 1615 The law of ^arlatlon would, howe\er, be dilficult 
to expiess. Boussmesq contents himself with a tentati\e in\estigation 
fiom which he concludes that a \er\ close \alue of k is 230^" for the 
above special case His practical method of the aiithmeticil mean 
between i too gieat and a too small value (j>ee oui Art I bib) had 
given 2309 Hence he consideis that his piactical method of the 
mean gives close lesults It will V)e observed thit it gi'cs closer 
results than the second appioximation, the rate of approximation being 
apparently not suliiciently rapid 

[1625 ] Tablet, niLinenquet, pom le calcul de la p det. tet 
)es Annaleb det, punts et chaii^tyeet, Memuiieb T i\ l^'bemedte 
pp 515-40 Pans 1885 This n a statement b\ Flainaiit 
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of form of Boussinesq’s theory with numerical tables for 

tile of the thrust calculated for various angles of the talus, 

of mteroal friction and of the rear^side of the supporting wall 
from these tables Flamant deduces the results we have referred 
to in our Art 1611 The tables ought to be useful as giving 
With suflScient accuracy all that is obtamable from Boussmesq’s 
theory 

[1626 ] Simmary Among the many pupils of Samt-Venant 
few have dealt with such a wide range of elastic problems as Bous- 
^nesq, or contnbuted more useful work to elastic theory Belong- 
ing in a more marked manner than Saint-Venant, Phillips or 
Ldvy to the mathematical as distinguished from the 
technical group of elasticians, he has illustrated our subject by 
ingenious analysis rather than by special solutions of mechamcal 
luS physical problems. If m several cases his researches have been 
anticaipated by those of other investigators, he has yet managed to 
throw new light on old problems, and where he has not succeeded 
in giving final solutions, he has greatly added to our appreciation 
of yet unsurmounted difficulties Thus his investigations on plates 
and rods were preceded by those of Kirchhoff and Clebsch, yet 
Boussinesq’s methods, if scarcely final, are at least clearer and 
moie concise than Kirchhofifs If Thomson and Tait reconciled 
Poisson’s and Kirchhofi'’s contour conditions some years before 
Boussinesq, yet the latter, especially in his work on potentials, has 
thrown the whole mattei into a more concise and simple form 
If Oeriuti in the application of potentials in some respects 
anticipated Boussinesq’s results, yet the latter’s great treatise will 
remain for many years to come a classic of our subject, every page 
almost of which is fascinating to the mathematical phjsicist 
Much the same may be said of Boussmesq’s contributions to 
the theory of impact, he followed Stokes, Saint Venant and 
Hertz, but he was able to follow them without loss of individuality 
m either method or results Putting aside his contributions to the 
theoi} ot potentials, perhaps the most original part of his work 
lies on the boider-land of elasticity proper, — namely, in his con- 
tributions to the elastic theory of light and to the theory of 
pulveiulencc These theories must of course be judged by the 
physicist and tht eiigineci vet if they be not final they aie still 
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the beet which have hi^erto been propoiiiidad {toon tl^ ehaiae 
standpomt, indeed, they are perfaape tbe hsui to what efaiitMi 
theory can provide in these <li2eeti<»ia lake the miyofity of the 
leading French n^heniatioiensp Bcmssmeeq m wb m mk Imd 
m his analysis^ if oocasio&aUy wanting m phymal toadk 



CHAPTER XIY 


SIE WILLIAM THOMSON (LOED KELVIN"), 
THOMSON AND TAIT 

[1627 ] One of the many fields in which Sir William Thomson 
has laJ)om»d with much profit to physical science is that of 
elastACity, and the concluding chapter of this volume may not 
unfitly be devoted to a resume of his contnbutions to our subject 
His first papers on elasticity wdl be found in the Gcmhndge 
<md DvMm McaUmca%Gd Vol il.pp 61-4, and Vol iii, 

87-9 Oambndge, 1847 and 1848 They are entitled 
(a) On a Mechanical R^resentation of EUitnc, Magnetic and 
lie Forces (M P,Vol i,pp 76-80)* 

Note on the Integration of the Equations of Equilibrium of 
an Elastic Solid (M P, Vol l , pp 97-99) 

[1628] Consider the body-shift equations of an isotropic elastic 
medium subjected to no body force These aie of the type® 

(X + f)^ + li.V^u = 0 (i) 

Then if C, lyin, n he arbitrary constants, the following are solutions 


w = C' j 

1" A + /A , 

fix + my + nz\ 

--\ \ 

[2(X + 2i^)(h:' 

K » / 


v = c j 

(■ X + fi d 

(lx + my + nz\ 

I--H 1 

[2 \k+2f)dy 

\ 1 ) 

rj ’ ' 


[ \ + fx d 1 

fix + my -f nz\ 

_ ’'1 

[2(X+2^)dz^ 

\ r ) 

ij ' 


whei e r = {x + 

1 The manuscript of this chapter was completed before Sir William Thomson 
became Lord Kelvin 

The letters M P stand thioughout this chapter toi the Mathematical and 
Pf/ptM bv Sii William Thomson Vols i-iii Cambridge 1882-1890 
^ bir William Tiiomson speaks of Sir G G btokes memoir of 1845 as being 
the onh vork m which the tine foimulae’ (i e bi constant foimulae for isotropy) 
had in 1847 been gnen This is hardly exact see our Arts fil4* and 1267* 
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am wiLLuif *moiiaDii 


1% will lie Ibimd 


^ juL im-irwtif’hm 


fmV 


This IS ciesdij a 8|ieml mm e€ zwitlB^ ipfaoli BowaabM mmk liAsr 
^e«Jt witlimid^tiietiyeQl ^|K>l8^i»l0O^ & WiDiwTIioe^^ 

raxiairks ^lal tlie coboei gexko^ soliitioii caa lie ecqpteiii rii la tesM ef 
|)«jrk<mkr aolataotis of I^Tpe He ibdds 0^)^ p. 8% (Jt Tel n, 
ipt. S8) thft^ e, «Ei ean be en^ Bbewa lo be w wfts p t edb ee i ei like 
pomt a, e aa m&ute isotropic elistic wmdmm 4m to a fam aiwlld l 
attiieotigmolocKardmataBmil^dife^ see our Jjrl 1819 ^)w 


[1629 ] In tbe preoodiog artade we baTO glrai Ibe lesstti of ttis 
seoQ^ paper, those ol the irst hdd only £>r an %nmmprmmik moAm g^io 
soiMi Pattitig X/^»oo in (m) we ink 9a 0 and lesoitB (ti) hmtc m m 
ol tibe ^rpe 

jy (I d i) 

In this ease tiie twi^ tate ol the form 

(7 (ny-mz\ € fk-iMB) {? fsar— ^ 

^w=2|— 7-J. ’•^ = 11-^}^ 

These Sir William compares with the expressioQS for the oompoiieiitB 
of the force which an infinitely small element of a galvanic current 
at the origin, in the direction of /, f», n, produces on a unit magnetie 
pole at the point x, y, z {{a) p 64, P , Vol i , p 80 ) 


[1 630 ] In the first paper the author further shews that the follow 
iiig systems of shifts are also solutions in the case of an incompressible 
solid 


(I) 


«=c;, 




and 


^mz^ny iix — h ^(y-nix 

(Tl) u^C — v^t 


The fiist set of shifts are compared wnth the components of the force 
exerted at x, - bj i charge of electricity at the origin and tht 
t^MSts eon espoiidmg to the second set of shifts ire cumjwired to the 
components of the magnetic force of a small magnet placed at the ongin 
Avith it^ axis 111 the direction /«, n u|>un an ideil magnet j»cde 
at a, y, z see our Art lb 13 


[lb31 ] On the The? mu elastic Thet mu ma jmti nml Pyi t 
elect) ic Ffopeitieb of Matte? Ihis pipei ippeirc 1 umici the title 
Oil the Ike? mu elubtic a?id The? niu-maquetu Piupeiti^s f Matte? 
ipi nteihf Juu) nal of Mathe?n(ttv ^ ^ ol i pp >7-77 t iiiihrnl^o 
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18&*r It was repented with additions m the Fh%lo$oph%oaJ, Magazine 
Toi 6, pp. 4~27, London, 1878, and appears as Part vn of the 
aitiole Onths l)yMM%ccil Theory of Secbt, M P yYo\ i ^ pp 291—316 
Wo 1^ solefy oonoemed with pp 291—313 of this latter paper, 
teference will be first to the pages of the Philosophicdl 
and secondly to those of Vol i of the Papers 

This IB one of the most important of Sir William Thomson's 
eo%ttFibnti<mB to onr subject. Its object, so far as we are con- 
mmi, IB to obtam from the Second Law of Therim-dynamics 
ifee most general po^ble theory of elasticity for unmagnetised and 
uni^actnfied bodies. 

The author defines the "intrinsic energy of a body in a given 
stats’^ to be, "Hhe mechanical value of the whole agency” that 
would be required to bnng the body from a standard state to the 
given state This agency may be spent in overcoming the resist- 
ances of the body or in exciting thermal motions The intrinsic 
energy, e, can depend only on the standard and given states, if we 
are to deny the possibility of perpetual motion 

[1632 ] Sir William Thomson now assumes that six independ- 
ent vanables can fully express "the mechanical condition of a 
homogeneous solid mass, homogeneously strained in any way”i 
ITie words homogeneous strain are not m this paper further 
defined see our Art 1672 Let these six vanables be denoted by 
the letters a, a\ ol'\ <r, a, <t , and let t be the temperature in the 
given state the standard state being denoted by ««, af, o-q, o-q', 
and U Then we have 

e = <j) {OL, a , a", o-, o-', a", t) (i), 

and 0 — <f> (flfo) } ^0} ^0 } ^0 } ^o)) 

where <f) denotes a certain function depending on the nature of the 
substance 

No\\ suppose the body stiained so as to pass from the state 

a/, af cr^ cr,/, crj to the state a, a', a", <r, a, a' without change 
of the teinperatuie t and let H be the quantity of heat that must be 
supplied to it during this process to prevent its temperature being 

^ Heie there a footnote leteinng to Rankine’s introduction of the word st)am 
and callin„ the coi responding forces btnnmng teiibions o) piessuies This is of 
historical interest as lie\Mng that the ^\ord stress had not >et (1855) come into 
general n'je (pp 6 29 -J) 
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lowered How let the body be brought Imk^ to it> fint raeeliinieal 
oonditioQ tibioQgh the eame or mj other of tbo iofioitely aomenMn 
poeetbie saqaeooes of stataa, the tempcnatiuebeaog still etm^ 
at t, and let JT be the heat aappbed. Hmd, fay the Seoned lew 
of Thermodynamics 

j + y=0,orH Sr 

It followB therefore that the amoost of beat abaothed hf flbm 
body m pasmiig from one state to the other most be iiidepeadeiit 
of the sequence of states thrcmgh which tbe body paa»ee» and 
depend only on the initial and final siaiee, pt>nded the teeapm^ 
tore remain constant ^uou^ioiit. Acoordingly we hare 
yfr (a, o', < <r, </, (a?,, 05,^ 0 

where ^ denotes a fimctson q{ tte raoablea 

Hence, if € denote the whole angmeata^on of mediasioal 
eneigy which the body ezpenences^ ia. the diange m its mtnnsio 
energy from one state to the second, or 

€-<f> (a, a', a cr, cr', t)-^ (a., a*', a*", or., o/ , o/, t) (mX 
we have e = + JH (iv), 

where w denotes the work done by applied forces m compelling 
the body to pass from one condition to the other, and J is “Joule’s 
equivalent ” 

It IS clear from this that the work, w, required to strain the 
body from one to another of two gi\en states, keeping it always at 
the same temperature, is independent of the particular succession 
of mechanical states through which the body pasNes , it depends 
only on the initiil and final conditions This theorem Sir William 
Thomson attributes to Green set our Art 91b* 

He adds 

It IS now deinonstratf d as a pirticular coiiseijueiice of the ^cond 
General Theimodjnaiuic Law It might at tii-ht higlit l>e legirded as 
simply a conseqiunce of the general piinciple of mechinied effect hut 
this would he a mist ike, falKn into fioni foi^ettiiicr that Lett i in 
geneial evoLed oi ahsuihed when \ solid is straimd in an\ w ind 
the onh ahsiiidit\ to which a dtiiiil ot the piop ‘sui »u cuiiM lead would 
he the possihilitv ot \ self icting machine goin^ on coiitinmlh di iwin^ 
heat from a bod\ suirouiided h\ utlieis it a liuhei tmipti ituit without 
the assistance of in\ at \ Ic'iwei tt iiipeiatuie, ind pMtoiinin^ an Mjun i 
lent of mechanical woik (p 7 1/ J* Vol i ]* _**♦ ») 
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TD© <*faan thfi m<»t complete results available from th* 
SeoMd liw (4 ‘niermodyimmios, -wbieh is expressible m the form* 
3(fl'y<) = 0, Sir William Thomson now supposes the body to pass 
liiroQgb the fidlowing reversible cycle from and back to its primitive 
•eadilion as to shmn and temperature 

(i) Without altering the strain (oo, a,', oj", <r„ o-j', o-j") raise the 
tampecatnre fecm < to If i' - 1 be small, this requires the quantity 
d heat rmwesented by 

wktm denotes the value of e (see Equation (i)) for a^, a/, o/', 

©■/, <r,* A 

jCeepiing the temperature at t', pass from the strain oj, a^', a^", 
0 ©Vj “■> requires the heat (see l^uation 

m 

(in) Without altering the strain, lower the temperature to t This 
reamree the heat 

(iv) Return to the primitive strain without altering the tempera- 
ture This involves the heat 


-H 


Hence we find 


^ (?) ~ ~ (I (?) 

where € = ^ - see Equation (lu) Hence it follows that 


d /H\ 1 d€ 

dt\t J Jtdt~ 

(V) 

Prom Equations (iv) and (v) we easily find 


„ t dw 

-a = — ^ -J- 

J dt 

(VI), 

^ div 

. = + 

(\ll) 

These u e the tundainental thermo elastic equations 

see p 9 (M P 


^ bee J H Paiker riementari/ Fhet modynamit^^ p 139 Cambridge 1891 or 
Sir "W illiam Thom son Math ^ol i p 23b 
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[1634 ] Let jST be tbe ^^eel&s hmik al atam lor mof 

tempaaratore I, and let jT be tie ^peeiSe Imt <br anj teasparaim I 
wben tbe bodj m allowed or ooaapeM to alter ila atram wHk the 
temperatuie m any 6xed maaner VIesi we 


r;f — ^ -L ^ 




where 4; is to be taken sneoeesirelj equal to eaeb eoatpeMwl ef iMbt 
The last equation bj aid of (ir) may be wntton 


i)» -*od£ 

denokng the total difSjreotel oC 0. 




[16S6 ] On pp. 12-15 (if P, Toi m SOO-W4) Sr WHiaM 
Thomson supposes the skain to be small aad ne praotmauy takes aa Ui 
SUE strain components the three ^retelms and shw fiwm the elaiiidaMl 
state, » e. we may put 

a — a^^Sggy a' — a^=Sy, a" — a, =^, 

<r-(ro = <r^, <r'-cr; = or„, cr'' - or," = 

He then assumes that to may be expanded by Madaurm’s Ibeorem, 
whence retaining only the expressions up to the squares and products 
of the strains, he easily finds for the stresses expressions of the types 



These aie clearly the usual expiessions for the stresses in a nnilti constant 
solid when theie iie initial stresses in the st tnclard stiite It the^f 
initial stresses be zeio, we ha\e the usuil stress st mm lelatious with 
twent} one constants 

We ha\e alitad\ pointed out that such iiin>ortmt ph\sKil c( ndu 
sions as those which flow from the lmeiiit\ of the streS" train ulition^ 
seem to demand i basis in physical expeiiment 1 ithei than in i m ithc 
niaticil tluoiein s^eoui Vits md 29^ 
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p[636.} Sir William Thomson then turns (pp 16-18, M P, 
Tol t, pp. S04f~TF) to the problem of ran- and multi-constancy and 
tlie XBter-oonsfcant relations. He remarks 

Whette or not it may be true that such relations do hold for natural 
it js <pite oertain that an arrangement of actual pieces of matter 
mxf be made, ecmsktuting a homogeneous whole when considered on a 
^ scale (bmug, in fact, as homogeneous as writers adoptmg the atomic 
theory in any fern consider a natural crystal to be), which ^all have an 
arlalraniy i^reecnbed value for each one of these twenty one coefficients. 
Ho one can legitimately deny for all natural crystals, known and un 
Imwb, any property oi elasticity, or any other mechanical or physical 
proper^, whidi a sohd composed of natural bodies artificially put to 
may have m reahly To do so is to assume that the infinitel} 
mecmomvable atoructure of the particles of a crystal is essentially restrictec 
by aadiitrary conditions imposed by mathematicians for the sake oi 
the equations by which their properties are expressed (p 16 ) 

It IS, perhaps, somewhat hard to accuse the rari-constant elasti 
mans of being actuated by a desire to shorten mathematical equa 
tioos. when certainly one of their objects was to get over the difficult] 
of a purely mathematical deduction of the generalised Hooke’s Lav 
by appealing to a general physical principle of intermolecula 
action see our Arts 192 and 300-6 At the same time the appea 
to the existence of a 21-constant model is a valid argument pn 
tamio The exact nature of this mechanical model was not de 
scnbed for many years (see our Art lT7l), and I cannot say tha 
when described it carries conviction to my mind 

The further arguments cited against raii-constancy are th( 
stock examples of cork, jelly, india-rubber (see our Arts 924* 
930*, 1322*, 192 (6) and 610) and the values of the stretch squeez( 
ratio as determined by Wertheim, Everett, Clerk-Maxwell anc 
Sir William Thomson himself The materials above cited ma^ 
be fairly excluded from the list of elastic bodies to which th( 
rari-constant theory applies, while the group of experiment 
referred to were in sev eral cases made on bodies the isotropy o 
which was more than doubtful 

In none of these cases were any investigations made as t 
whether two constants would re illy suffice to describe the elasti 
proputus of the material or whether the actual elastic systen 
was not rtpiesented better by some suitable distribution of elasti 
homogeneity thin by bi-constant isotropy see oiu Arts 925^ 
932* 192, 1201 and 1272 
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[1637] <Mp 18 (if 

that ol tbe r&n>ooiisteili Mi to iMo piMqpoI mio of 

elae^lor Maaj nataml oitbM oarton^jr Inm omnMo n^moliy of 
Imei witli ir^egard to t^ioe roetoagnkr Oiiii fK6mkif 

poeoess al! tlieir j^ysieol fmperM 03 r«unMbii% wiMi i i fc ii o oo m 

Blit It IS liirtM iioM tM Jomj 

exhiMt this sjmmotxj <j| ism in volstmao to xooMplnr im% and Iho 
msto&oe of loekiMl ^[Mur is atsd witli tfam yisMSS isdlui od 

oqiisl fti3^e6 to <me aootlier and to *o|itiio oaos* of llo msfirial. 
llimx Sir Wiiliaia Tliomscm adds 

as {srobsbljmiist be iiie cfoa tJbo sissiao promta 
elae^iy baire oorie^Kiodeooe with tbs moolianical ptoportiio ooi vIMi As 
britOeaess m diffemit direcfcioos the Isst^iiieotioiiid ohoi of ias]f«lih 

caimot bave three isrmapsl axes of elasMi^ at nghtiyiMte lo mm mSMmr 
(p. 18, Jf Voit,p.307). 

yowexoeptfccMttmiiitt,! think, be feafeen to boA tlaiprisNeiflasowi^^ 
shore. It does not appear tM all ^ pbfsioiil pco|i«r4M of omUb 
with tiiree rectaiignlar axes of is^ioiiMiitij of &im axe igraiiaotmaliyf 
arranged about ^ese axes see oar Arts. 6BS->7y ISIB-SO, SturtlMry m 
the djstnba^on ot hardness has relaiaon to a Bffibem of lectaiyijar axes 
diiOTering £rom those of form, it does not seem a pnors o&rlom that wo 
should expect distnbutious of elasticity and bnttlenieeB to be s)nniiietrioa] 
about the same system of rectangular axes. In fact without experi- 
mental investigation it does not seem legitimate to assert that the ahcyio 
of the crystal, as determined by its planes of cleavage, dednee m any 
way the nature of its elastic distribution In p^urticular it may be 
ob^rved that the elastic constants of a maten^ are firequentiy in- 
sensibly altered by large sets , it is very probable, however, that such 
sets may materially influence the cohesive powers of the material It 
does not appear, therefore, improbable that distributions of cohesion 
and brittleness may follow different la-s^s or systems of axes from the 
distribution of elasticity see our Arts. 6b3— 7 and 1218-9 


[1638] From Equation (vi) of oui Art 1633, hy sup|)osiug tr 
expanded by Macliuiiiis theorem md the tirst terms onh retained, 
we ha\e 



where the usual relations between tlit iiul tht stiaiii c ih 

hi\e been issuintd 
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[1636} Sir William Thomson then turns (pp 16-18, M P, 
Tol L, pp 304-Y) to the problem of ran- and multi-constancy and 
inter-oonstant relations. He remarks 

Whether or not it may be true that such relations do hold for natural 
it 18 quite certain that an arrangement of actual pieces of matter 
uoay be made, constituting a homogeneous whole when considered on a 
^ large scale (being, in fact, as homogeneous as writers adoptmg the atomic 
in any form consider a natural crystal to be), which shall have an 
arlntranly prescribed value for each one of these twenty one coefficients. 
Ho one can legikinately deny for all natural crystals, known and nn 
icnown, any property of elasticity, or any other mechamcal or physical 
property, which a solid composed of natural bodies artificially put to- 
g&ti^ may have m reahty To do so is to assume that the infinitely 
inoonoea.v83t>le structure of the particles of a crystal is essentially restricted 
by arbitrary conditions imposed by mathematicians for the sake of 
sbcwteumg the equations by which their properties are expressed (p 16) 

It IS, perhaps, somewhat hard to accuse the rari-constant elasti- 
oians of being actuated by a desire to shorten mathematical equa- 
tions, when certainly one of their objects was to get over the difficulty 
of a purely mathematical deduction of the generalised Hooke’s Law 
by appealing to a general physical principle of intermolecular 
action see our Arts 192 and 300-6 At the same time the appeal 
to the existence of a 21-constant model is a valid argument pro 
tanto The exact nature of this mechanical model was not de- 
scnbed for many years (see our Art 1771), and I cannot say that 
when described it carries conviction to my mind 

The further arguments cited against rari-constancy are the 
stock examples of cork jelly, india-rubber (see our Arts 924*, 
930* 1322* 192 (b) and 610) and the values of the stretch squeeze 
ratio as determined by Wertlieim, Everett, Clerk- Maxwell and 
Sir William Thomson himself The materials abo\e cited may 
be fairly excluded from the list of elastic bodies to which the 
rari-constant theory applies, while the group of experiments 
referred to were in se\eial cases made on bodies the isotropy of 
winch was more than doubtful 

In none of these cases were any investigations made as to 
whether two constants would really suffice to describe the elastic 
propel tus of the material, or whether the actual elastic system 
was not rt pies exited better b\ some suitable distribution of elastic 
homogeiieitv than bj bi-coustant isotropy see oui Arts 925* 
932* 192, 1201 and 1272 
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[ 1637 ] Oup IB{M 

tiia^ some ol ^ rarvooostoi Imiil I0 Am p inip i y ^ l mmm il 

elas^dtj Ma&j n&taml efjBiiils mtaollf km mmjM^ qriEmliy dt 
witJb FQg«ra to Am «jm iwl ** Ati dh r» pcmMy 

pomos ai! ^mr pliymal propi«A» ifiAmidfai% idUi mm m m A 
Amsam’’ Bmt It is finrAor iiAidt 

exiubit tills d lom m vdkmBm A rnofrmmpiliir MMt indi Ai 

iBStaiioe of lodftBdi SfMr is eitad «IA Am ylim liAWh i i s* 

eqnai an^bs A osie aaoAor aii4 A Ae *opte fuos* oC Ao smMMA 
Tkeo Sir Wilimm Th<mmm. adds 

I^s8|gobai?lyiiiqstl» Aaom As Aato 
ela^ictty bsTO oorrmocideiioe vi A Ae lOBdAnicM pnfparlias m 1 AM 1 Ai 
bnttleiim m difibretii duootioQS dmodeu As iMt-mmtMmd elm of ayAAi 
cazmot b&^ three principal am ci elasAi^ at nAt anite A m HnAlaf 
(p.18, jr i>^VoLi„p.307). 

Now exception mast,! Aink^ke taken AIwA Aapnad)^^ — rr ^ 
abpve. It does not i^ear Ant ail Ae pkjawal p go partaea eC rayrtiii 
wiA Aroe rectangular axes of symm e h ty of form ane qraamtnaellly 
arranged about Aeee axes see onr AHbl 683-7, 1318-SO WurAar, k 
Ae d^tanbntioii of bardness lias rdbtaon A a sjnta n i of mtaij^jalar axoB 
difbrmg Aose of form, it does mit seem m prwr% eertani Aat wn 
Aoald expect distnbntiozis of ekstacitj and bnttleneeB to ho iiymaieiricMl 
about the same system of recAnguiar axes. In fact without experi- 
mental investigation it does not seem legitimate to assert Aat Ae mope 
of the crystal, as determined by its planes of cleavage, defines in any 
way the nature of its elastic distribution In particular it may be 
observed that the elastic constants of a matenal are frequently in 
sensibly altered by large sets , it is \ery probable, however, that such 
sets may materially influence the cohesive powers of the matenal It 
does not appear, therefore, improbable Aat distributions of cohesion 
and brittleness may follo\v different laws or systems of axes from Ae 
distribution of elasticity see our Arts. 6b3— 7 and 1218-9 


[1638] From Equation (\i) of oui Art 1633, bv supposing ir 
expanded by Macliuniis theorem and the hret urmii oiih retained 
we have 


t d ( 

fdw\ 

fdlL\ 

/ \ 

jdt\ 

t), 

Wa)„ 





t {ill du» <1 t/ >i i \ 

_ < ^ — — - (F - , rr — — , fT 

/ I c/t dt ' dt It it it ) 


l\n 


vvlure tht usiul rtlitioiis bttvvttii tlit » 

hivt bteii isMiiind 
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Wxmm tiiJS reguit Sir William Thomson draws an important senes of 
ocmdinsions which are embraced in the following s^tences 

We ocmolnde that cold is produced whenever a sohd is strained by 
and imt when it is strained by yielding to, any elastic force of its 
^ strength of which would diminish if the temperature were raised 
that, cmthe contrary, heat is produced when a sohd is stramed against, 
aaad cold whm it is strained by yielding to, any elastic force of its own, the 
of vvhich would increase if the temperature were raised (p 19 , M P , 

fkm). 

This may be expressed otherwise thus If the strain remaining 
<lonslant, sm increase of temperature is marked by increase of the stress 
to maintain the strain, then the body will give off heat when 

Strain is produced. 

T3be following are given as examples of these statements 

(i) The cubical compression of any elastic fluid or solid in any 
drdinaiy condition would cause an evolution of heat This follows at 
cawse from the fact that most elastic bodies require increased pressure 
to maintain their volume constant when the temperature is raised^ 

(u) A twisted wire, if further twisted within its elastic hmits, 
will produce cold, and if it be allowed to suddenly untwist will evolve 
heat. This follows ffom the fact that dj^ldt is negative see our Art 
754 

(ui) Spiral sprmgs, as we have seen in Arts 1382*-3* and 1284 (c), 
act principally by torsion , hence when suddenly drawn out they will 
cool and when suddenly leleased they will rise in temperatuie This 
result was confirmed experimentally by Joule see our Aits 689-690 

(iv) A bar, rod or wire if suddenly stretched by terminal ti action 
IS cooled, and warmed when the traction is suddenly removed 

Sir Wilham Thomson s next case is that of india rubber, which in 
the early version of the paper he supposed would be cooled, if suddenly 


1 The dilatation modulus for an isotropic material is given by G = J (3 a + 2/t) 
see our Vol i , p 885 This may be put in the form 




fiL 

E 


Hence 


SG dt~ dt dt 


Now dEjdt and dfi^dt are generally negative Thus in the notation of oui 
Arts 7o2 — 4, we have 

1 1 dG S/Sjf 
d G dt fi E 


We must therefore have if compression is to be accompanied by 

the evolution of heat For the case of um constant isotropy this reduces to 
appears to be satisfied as far as Kupffer s numbers allow of any 

leal comparison 
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siB mujLAM momon 


m 


drawn out* The ooohi^ «€dot wm OX 1 I 7 fiwiiid Imr low tfw i p a rilo riw t 
but ut a higher teiupeamto:^^ 15* €L, a jpoll was abuwa bf Jo«la la 
pi^uoe a heatmg eiect see our Jjrt. 6 ^ This lad w WilUm 
Thomson to predict that a Tuleamsed iiidia-rabiw wilii a wil^^ 

attadied at one end wouM Horten m. being The ^ 

maj be termed the ^Oou^brdiMi*l 

This IS an ecq^enmeni whieh mjom em wAb wHb Hm i^iitiili mm If 
liaimnga few p^mdswei^ on a commm indMHmblwr lMnid»«nA tiiiig;a 
red-hot ooa^m a pair of Bmd4iekpokm,maik 

ok>ee to the band (p 20 , mF^ VoL i^p. 300 X 

[1639 ] The remamder ol the m^Enoir deals wiHi oestam priumtiia 
of dastic crjBtak. 

For a regular ciTstal Sir William Tlmmaoii Mmm siw i wato ha 
rek^ons agreeing with those Nemaaami giwen in nor Jri 
except that he wntes thaoi in forms ol the l^pe 

Hm:e,ific== 0 , then^krciTstal beeomesanwt^^ fiaWMl 
K expresses the crystalline qai^tj’’jn tlm elastm^^ oSf a esysM 
cubic class {p 22 j M Vii p 311). 

[1640 ] We have next and lastly a suggesticti that the state of 
strain of an elastic body, which can be expressed by any six independent 
variables which describe the changes of shape, should be indicMUed by 
the “ SIX edges of a tetrahedron encloeing always the same part of tim 
solid In the case of a regular crystal Sir William Thumacm fakes this 
tetrahedron with its edges parallel to tbe diagonals of the faces of the 
cube He obtains an expression for the strain energy m terms of three 
crystalline constants and the stretches of the six edges of this tetra- 
h^roii He further obtains expressions for quantities correspouding 
to the stresses, which are m this case the tractions normal to the faces 
of the dodecahedron with unit facial area, obtained by drawing plain?** 
perpendicular to the edges of the tetrahedron The investigation is 
ingenious, but it has not 1 believe been made the basis of any further 
investigations 

[1641 ] Sir William Thomsons memoir placed the pnncipks 
of thermo-elasticity on a hrm foundation, and advanced that 
blanch of our subject much beyond the theories ut Duhamcl 
and Nciimauu set oui Art 5 > yos*— 61 ) 0 * llMo -7 and IJOJ 

It opened up the path of icciu ite iii\c'>tig itiuii into the 
difbeult boiderland ol theiiiiu djiU miles md tiustieitv, \vht.r<.iii 

* Ih«? coricct tateiiieiit ol the thcrniu tlu tic pr jerti » 01 uidid rubStr had 
been },iNeii b\ C oUoh in IsO^ but hi& piper had bttii ten >M:e uir \v.i 1 

p dbb lootnute 
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m(^ one distinguished physicist had gone astray see onr 
Arts. 716, 717, 725 and 745 The memoir may fairly be said 
^ give the first really legitimate proof of the existence of a 
Btrain-energy fanctxon depending only on the strain from a stand^^ 
slate and not on the manner in which the strain is reached 

pl642.] On Thermo-dectrunty %n GrysiaU%ne Metals, and m 
Meiods m a state of Meohcvmcal Strom This forms § III of a 
memoir entitled Ea}per%mental Researches in Thermo-electricity 
jProoeedmgs qf the Roycd Society, Vol vii, pp 56-58 London, 
1856. {M F, Vol I, pp 467-8) Sir William Thomson had been 
fed to believe, by the analogy of strain as influencing the optical 
prOpertu^ of transparent bodies, that the application of stress to a 
msm of metal would give it the thermo-electric properties of a 
crystal The present paper announces the results of experiments 
<m copper and iron wires. Let a portion of a circuit of coppei 
wre be stretched within the elastic limits and let an extremity of 
this portion he heated, then a current sets from the stretched to 

unstretched part through the hot junction If the wire be 

vinately stretched and unstretched on the two sides of the heated 
portion, the current is reversed at each change In the case of iron 
wire the current flows from the unstretched to the stretched 
portion through the hot junction, i e the reverse of the case foi 
copper wire. 

[1643 ] On the Effects of Mechanical Strain on the Thermo electric 
Qualities of Metals British Association Report, Glasgow Meeting, 1855, 
Transactions, pp 17-18 London, 1856 {M P , Vol ii , pp 173-4) 
This paper announces further results similai to those stated in the 
previous article The experiments were extended to other metals than 
copper and iron and to set as well as elastic stiain Fullei details aie 
given m a later memoir see our Ait 1645 

[1G44 ] On the Elect) o dynamic Qualities of Metals (a) Philo- 
sophical Tiansactions, Vol 146, pp 649-751 London, 1856 
(6) Proceedings of the Royal Society, Vol viii, pp 546-50 
London, 1857 (c) Philosophical Ti ansactions,'YQ\ 166 pp 693- 

713 London, lb76 (d) Pioceedings of the Royal Society, No\ 
x\iii , pp 473-6 London 1875 (e) Philosophical Transactions, 
Vol 1/0, j^p 55—85 London, 1879 Abstracts of these memoirs 
will further be found in the Proceedings of the Royal Society , 



1645] 


sm wHJUijyi tiaonaoH 


(/) VoL yHi.,pp 50-5,1856, (jr) VoL xxitL, 445*-6, I8V5, 
(k) Y6L xxvn , pp 4^-43, 187a Tim wbok aams fccm m 
Arfide under tbe ebove title dialled into mmm pufle md m 
Appendix m the MiseAemdiimi md fk/ftmi Tei n, 

pp. 1^-407 

The peris of tbm wfaieli dbee^eoMsm wivt Italslllt 

ly , VI , TO and portions of tiie Appmdm. 

[1645] Part iiL IS enktled Jfeo^^ 

of Magne^sahm on the Tk0rm<hdocirw QmJdm ^ Mddh. 
(a) pp 709-86, (/) pp. 5%-4 (M VoL IL, pp. S67-i7X •*! it 
IS the 6rst portion concerned with our present snlgsei It gites 
fuller details of the expenmenls lefened to in onr Arts. KNS iiMi 
1643 Pp 709-27 (M P, Vol il, pp. 267-86)denl willi the letiM 
of elastic strain and set in tiie psodnction of therinoHdeeivie eAseia 

It 16 well known that if a coromt he ftmmi of twe A||hteirt 
metals, one junction b^ng mamtamed at a hi^^ber tmpevaftnxe 
than the second, then a current wiB flow in the ciiciiit. Let it 
be from metal A to metal B through tbe hot jnncU<m^ The 
metal B is then said to be hi^er in the tfaenno-electnc scale 
than the metal A At the bottom of such a scale stands bismaih, 
near the top iron and above iron antimony No thermo-elecirm 
effect has been found in an unequally heated circuit of the mme 
metal, if that metal be all m the same condition as to strain* 
The object of the present memoir is to ascertain what thermo- 
electric effects elastic strain and set have on portions of the same 
metal forming a circuit The effects of a uniform dilatation and 
compression are not ascertained but Sir William discusses m a 
senes of ingenious experiments the effects of longitudinal traction 
and lateral contraction in the case of both elastic and set strains 
in diffeientnting a metal into classes (i e the strained and 
unstrained) which do not coincide in the thermo electric scale 
Ihus Sir William tound 

A lor elantiL btiain 

(i) That a longitudiuil traction elll^Ml i cUviitioii m eopjnr ^Mrt 
tiom its position in the unstrained stUe tow iids bibinuili 1 ut m iron 
wire tow aids antimom (Striiii was touinl ilso tn ^hiti tlic jMisiiun in 
the thermo-electric scale ot plitiuuiii wire ) 

^ The section of the condiictoi iiui t not ihiiu uddtiil% ^Id\A il 

Electruity and M ututi m did h 1 \ ul i \ ■J71 ftu 
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^0 

ip) Tkai a lateral oontraction caused a deviation in iron wire 
towards antsLUK^iy Hence Sir William argues that a lateral trc^chovi^ 
■pocdd cause a deviation towards bismuth, or that it would have an 
the reverse of that produced by a longitudinal traction^ The 
crystailme characteristic is Idierefore established for the thermo-electno 
rffect of mechanical stress applied to iron, if it be true that traction pro- 
duce the revearee temporary effect to that of pressure in the same direc- 
tion {(a) p 715, M jP, Vol ii , p 275) 

Sir William cites an ingenious experiment to shew that iron under 
a simple longitudinal str^ has “ different thermo-electric qualities m 
difiar^t directions ((a) pp 715-7 , Jf P, Vol ii , pp 275-8) 

B. Per 

(in) TOat set produced by a longitudinal traction in both copper 
md iron wire causes a deviation from the thermo-electric position in the 
direction to that caused by an elastic strain of the same kind ((a) 
^712-6, M F,Yo\ II, pp 270-2) 

(iv) That set produced by a lateral contraction in iron wiie causes 
^ cbriation m the reverse direction of the elastic strain of the same kind 
{(a) pp 717-18 , if P, Vol IL, pp 278-9) 

The combination of these results (in) and (iv) leads to Magnus’ con 
dusiou that drawn wire, t e wire subjected to longitudinal stretch set 
and lateral squeeze set, differs m position from the unstrained wire in 
tibe thermo-electric scale Magnus stated his results for iron in the 
words “ the current is from hard to soft though hot ’ This Sir William 
Thomson shews is not an exact description of all thermo electiic currents 
produced by set He constructed a conductor of 24 little iron cylinders 
set end to end, alternate cylinders having been compressed to set By 
an ingenious system alternate junctions were heated and cooled A 
current was then found to pass fiom unstiamed to strained through hot, 
i e from “soft to hard thiough hot ” Thus it appears that it is not the 
hardenmg of the iron, but the dtrechoji of the strain which is the detei 
mining element Copper and tin wnes were found, like non, to give 
the same thermo electric effects m the cases of set due to longitudinal 
traction and to lateral contraction The whole senes of phenomena point 
to strain producing a ciystallme chaiactei in the metal so far as its 
thermo-electric action is concerned 

[1646 ] Further expeiiments weie made on the thei mo electiic efle ct 
m the cases of coils, parts of which were hammeied and paits not, of coils 
parts of which weie annealed and paits unannealed, and of coils parts 
of which had toisional set and paits not In the first case the cuirent 
foi iron was fiom hammeied to unhammeied thiough hot, but for steel, 
coppei, tin, brass, lead, cadmium, platinum and zinc this direction was 
revei'sed In the second case foi iron and steel the cuiient was fiom 
unannealed to annealed through hot, this diiectioii was leveised foi 

^ The terms longitudinal and lateral aie here apphed to directions along 
and perpendicular to the current 
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wmjuM rmumm 


m 


oofjper md In tlie ilui^ earn Ite tmmm% wwm ibom 4orM I 9 

imloiied (bntye to soft) m mm, sumI tbe w e w m m lor Im Hmm 

exponmoBts tbe wire wss 6fst imilDmhr torted to sot «imI ilM Ihi 

la warts of it remoi»sd fey aanealnag ((«) pfi 7 JW^t ^ Jf F, Vdl 

pp> 28S— 6), 

[1647 ] 'Om next part of iJb# oMmoir wkkk m of 
preset parjpoees is eaUtlod ftosyamy mmt diknmmk^ 

Mes%9kmce»j ^SminnUd % If — rimam^ m At 

Mjfscts qf Temwn on ike MlackicCmAtelmii^^ A<gii> 

JT P , YoL iL, pp 296-306) Pp. 733^ < Jf P , YoL n., ppw Ml-4}i«a 
all tfeat ooacerm as. Here a si^le escpenmnt is alisar 

ioagitadiBsl stretehes, wbeubar dastie or aet^ m htm ami mpfw 
wires alter tlieir relative eloctno oofidaotintiea. 1!lm reaiitaaea of 
the iron bad moreased rQlatir)^j to that of the ooppor , the aothor had 
not then determmed the afeoomte eAet on the eoodaotlfitiai of 
strain, feat had been led fey a partia} mrosl%iitfea to loliofa Hat il 
diminished in both meftaja 

The remainder of the senes memoiia eited m cm Axt 1CI4 
will be found dealt with m our Arts. 1727-1736 

[1648] Elements of a Matkemcetioal Theory 0 / 
Pkdosoph%cal Transactums, Vol 146, pp. 481-S8i. Lcmdoti, 1856. 
This memoir is incorporated in the Encglopaedm Ariide on 
Elasticity see our Art. 1741 

[1649] On the Stratijicatton of Vesicular Ice by Pressure. 
Royal Society, Proceedings, Vol ix, pp 209-13 London, 1859 
Note on Pi ofessor Faraday's Recent Experiments on * Regdaiion * 
Royal Society, Proceedings, Vol xi, pp 198-204 London, 1862 

These papers deal with the melting of ice under pressure, and 
on the nature of the motion of a plastic solid like ice under stress. 
The discussion is general and unaccompanied by mathematical 
analy'^is, but to enter into it \\ould lead us too far be\ond our 
present limits 

[1650] Note on Gravity and Cohesion Proceedings nt the 
Royal Society of Edinbui gh \ ol 1\ pp i)04-O E<iinbuigh lho2 
(Populai Lectiues and Addiesses \ ul i pp 5‘>-o3 L »iidou 
1889) 

This IS an attempt to shew that gr'wititmu will suthcc t> 
eKpliiii cohesive force, providLtl onl\ th it tlu. ratu* <t tin. "p icc 
occupied b} matter to the space unoeLiipied b\ uiatter iii aii\ 
hnite bod} is &utheieutl\ gnat bir \\ illi iin ili iiib»m leters to 
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woven 8^d fibrous structures as exemplifying this position and 
fbdds 

it IS dear that the same result would be produced by any sufficiently 
intense heteogmieousn^ of structuie whatever, provided only some 
appreciable proportion of the whole mass is so condensed in a con- 
touous space m the interior that it is possible, from any point of this 
space as o^tre, to describe a sphencal surface which shall contain a very 
mudi greater amount of matter than the proportion of the whole matter 
of die body which would correspond to its volume (p 606) 

I do not feel convinced by the arguments used, especially if 
matter be not treated as continuous as it is m the case of fibrous 
or woven structure. The hypothesis of un tessuto fibroso o 
r^^colare has been dealt with by Belli (see our Art 756* ) Sir 
Wdham Thomson does not seem to have been acquainted with 
Belh's memoir, nor does he, I think meet such arguments as those 
of Belli. 

[1651] Dynamical Problems regarding Elastic Spheroidal 
She^ and Spheroids of Incompressible Liquid Philosophical 
Transactwnsy Yo\ 153, pp 583-616 London, 1864 (M P, Vol 
ni,pp 351-94) This paper was read November 27, 1862 It 
contains a solution of Lam^s Problem by means of solid spherical 
harmmics The introduction of these harmonics seems to be due 
independently to Sir William Thomson and Clebsch see our 
Art 1397 In a note added to the memoir m December, 1863, 
Sir William Thomson refers to Lamd*s memoir of 1854 (see our 
Art 1111*), which he had only discovered after the communication 
of his own paper to the Royal Society 

The form m which the analysis has been applied in the present pa})er 
IS veiy diffeient from that chosen by Lame (who uses throughout polai 
coordinates), but the principles aie essentially the same, being meiely 
those of sphencal harmonic analysis, applied to pioblems piesentmg 
peculiar and novel difficulties (p 616 , M F ^ Vol in , p 394) 

Whether it is easier to deal with the stiam of elastic sphencal 
bodies b} means of polar or cartesian coordinates will, perhaps, be 
al\\a>s a matter of opinion, and depends very much on the method 
in which the student has first approached the pioblem At the 
same time the solutions of a considerable number of mteiestmo 

o 

problems concerning the physics ot the earth depend, assuming 
perfect elasticity, only on harmonics of the second order, and the 
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dascossioQ can id these eaaee be owned oat la ea eqMMsellj oeigr 
and element&ry mwiner by w} ol polecHnorduMtee) — ^wbidi, 
indeed, give the lesolts m the tom neet eoaT«n»art Imt 
geometncal iDteipretetioa. 

As -we have idready desit st lai^gth inth Lami’t PrMm ia 
our first volume (see Arts. 1112*-1148*) sad these {nt en seeoid 
the geDOGral forms required fix qwmsl investigiitMMS «• ebsH 
oonteat ourselves here by refisma^ to die pmetpri seedfa of 
Sir William Thomson’s treatment. 


[1653 } Taking the body^^ift^qaatMiia of the ^pe 

«I0 

]£ we 'wnte,}> = -(X+||i)#, weehai^the^peto 


(i)l 

(SJl 


Here p is meau norms! freesmo per iiiui oC sm§UBm oi » 
portion of the solid Pnt X =oo, and d = 0, and we bawe Ibr met mmm- 
prebsible solid three equations of the t^pe 

ILV*a-^ + pX=0, 


and 


du dv dto __ - 
dx^ dp ^ dz 


to find the four unknowns u, t», w and p (§ 4-5) See our Arte, 1215 
and 1217 

[1653 ] To remove the body forces assume 

, 1 / rr X + 11 dx\ } 

L -V + 10-1 T 


w = 11 + If to + 


W j _ 

/I \ k + ifidy)' 
;4V X + 2/l</J’ 


(m) 


wheie I =-\-'{pX), 7 = -V-‘(pl}, ir--V- ,p/) ' 


/rfC7 rfr f/r 


rfr rfH'N 
</u <L ) 


^ ^ \(ix ^ dy 

aiul therefore Ij, J X thtoieticilU hi t uiul 

^ Thoiii«?on anil Tait s \aturil I hilo ph>t I irt ii \rt 
Art 171 J 


'•-to 1 


uur 
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Ob sobslitBtion ihe body sHft-equations reduce to the type 

/A W + (X + /a) dd' jdx = 0 (iv), 

winch IS the form from which Sir William starts his investigatioii 
^ 2 and ^ 38-44) 

When a force-function exists, (m) can be much simphfied see § 42 
and our Arts, 1658 and 1716 

When the conditions of the problem are that the surface-shifts are 
girenforthe sphencal shell, then the above values of Uq, Vq, must 
be subtracted from these given surface-shifts before the problem is 
stated m its reduced form 

When the conditions of the problem are that the surface stresses are 
given, then the stresses which result from these shifts at the surface 
must be deducted from the given surface-stresses before the problem is 
solved from (iv). Special cases of this are dealt with m §§ 4^3 


[1654] ^ 7-13 give the general solutions of the equations of the 
fxVho + + fi) dBjdx =0 , (v) 


type 

ThARe are 




, (X + ft)r° d 


das 


[ ^ 

L(X + 3^i)» 


+ /J. 


(\ + 3/a) 4- + (X + 2ju.), 


;]}• 


(k + /jL)r^ d r \j/i 




t=oo r 

>=s {■ 

i=0 


+ 2m)]} ’ 


«’(+! + w,_, r 


(X + 3m) ?■ + (X + 2m), 

£_ r ■/'» 

2 dz |_(X + 3m) «■ + m 

11 

(X + 3m)^ + (X + 2M)_j/ ^ 

, , , (^)> 

where 

and ^ ^ ^ dj^,^) 

dx dy d% ^ 

V,, u\, v'i, denoting six solid harmonics of degree % 

I am inclined to think the sepaiation of the solution into two elements 
one of 'which depends on the twist teims pure and simple — aftei the 
mannei of Clebsch (see oiii Aits 1394-5) — would have given to (vij a 
more concise form 


[1655 ] 14-18 deteimme the values of the six typical solid 

harmonics ?/,, i!\, u ?//^ in teim< of the spherical surface 
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liaarmoiiioe deitenmz^ tbe 'viilim of Ibo fljhifis si tlis wms fttri 
cater eaHaeee of the sbeli for Hie psctMoiMr ptMem of gmn swHhss* 
sbifle. for r = a, and ve hmve 


i^)r*m9 ^ S£7|, *■ 


and the problem is to find tbe ax solid hsimoiim wu. fs. sJV i/. 
intenn8of^«,^,,6^«,i'^J'^{r|. TbepKoUmp^ 
bejond raHier cnmberemne slgel:araiiOftl tbs ef ivhMs 

I^Tents Hiexr being reprodnced liao. 9 W tibe issss of Hbs Ami oi# or 
two barmonios, w^eh are reidlj tboee of dbisf prsolioil SKmI pbtytlod 
mtereaty the reader will find it esaj to reptodooe a ftrw of il# 

tuTesti^Hon for faimaelt 


[1656 ] §§ 21-30 deal with Hie esse whoa tlw tim 
Ehell are subjected to given sarlsee straoeei Boro i 
FyQ^ E d load paralldi to the asee of % |^ « on so ^ 
surface of the shell are shewn to he gmn As tgp|io 


where 

and 


Pr = AA» + ^{(ri_l)* + g, 
d d d d 

J=t4X+ »y+ MB 


I «rai 
4f the 




The values of v, w and 6 as given by (n) have Aen to be subeti 
tuted in (vii), and P, Q, R reduced to proper solid harmonic form. 

Sir William Thomson shews that the surface stresses are given by 
the type (Equation {4S), § 28) ^ 


P, = T {(t - 1 ) «, - 2 (t - 2) 

Y 

‘ dx 2» + 1 tir / ’ 


where 

<#> 

and 


. du. di, die, 

I iU ^ dy d. j’ 

X + jjL y) I - ( 2k - '>y.> 

{k + iy)i - (X + 2y ) ’ ■* ■■■f2( + i7:(W Vi-iv-l^TT; 


.{'Hi) 


1 Sir 'William here replaceb the double » rit of t rin in (ms \\ a in.V 
senes The terms in u _^r~ and y r~ art cl irU Lari in f dt^r^rt 
- (i + 1) Thub we ma\ drop thtin in it wt n i thit ih ummiii i i K 
fiomi = x to -X Thiv 1 think <>1101114 jiihaj ha\ 1 n l^r n n < l’ ufa 
cxpliintd in 4;"' 2h M wn il the i in t f ih iiii ua n i lu i i ct a t i 
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As in ^ case af given shifts, the surface stresses will give us six 
OTf^fcee-hanrKinics of eaw^ decree, e g 

l^tese SIX individual surface harmonics must then be equated to the 
teanns in the values of Q, E m (viii) which lead to surface-harmonics 
of ^ ^th d^ee for the two values respectively of r = a and r = a' These 
surfeee-harmonics will arise partly from positive and partly from n^a^- 
tive values of ^ in the expressions for the stresses The method by which 
^ns may be accomplished is indicated rather than caiTied out in ^ 29-SO^ 
and for the general case would require the addition of a large amount 
of aigebraiical work which is only suggested Even Lame, who earned 
the solution further than Sir WiUiam Thomson, still leavesg it in the form 
of linear equations for the undetermmed constants see our Arts 11 S3* 
and 1141* 


[1657 ] The method in which the terms of (vi) in u\ and are 
dropped m § 27 and reintroduced with a diffeient notation in § 29 is not 
a little likely to puzzle the reader Here as elsewheie in the discussion 
of this problem, the method of the general solution does not seem the 
readiest to reach the simpler cases, which are after all those most 
frequently occurring in physical applications. 


[1658] The mteresting general case, when the force function is a 
harmonic, Wi^i, of the (i+l)th degree is worked out by Sir William 
Thomson m §§ 44-7 He takes pX= — dW^_^_Jdx, dWi^Jdg, 

pZ ---dW^^Jdz, and he indicates, without fully determining all the 
constants, the solution for the case of a spherical shell subjected to no 
surface-loading (§§ 4 ‘5—6) 

For the pajrticular case of a solid sphere with no sui face forces, he 
does fully determine all the constants The shifts aie then given by 
(§ 47) 


(u, V, w) - (ffe ’ ^ ’ dz) ^ 


dy’ 


where 


(t+ l) [( X + /^)(^ + 3 )- 
2^{(\ + ^)[2(z + 2) +l]-/.(2i + 3)} 


[(i+2) (2t + 5)(X + ;u)-(2t + 3)At1>'^ 
2|JL{2^ + 3){{X + ^)[2 (l + 2)» + l]-yot(2^+3)}’ 


(i + l)(\ + /i)> 

^ (2( + 3) {{X +7)X2TtTJ)“ + \]- ^ (2iT^)}' 
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Ab » ooioiluy wB m%j note tlie eus of ebaf phrml iatera* fw 

which ♦ = 1, w© th^ hnv© 

(u, o, «.) = 9, r.+flv ± 

^ _- 10(4X+J^y4i?+(lU+ 16a)«« 

Where fir. i i ^CiWu^) » 

Q’--±^±!^ 

*~1(V(19X+14^)* 

Sir WiUiftjB Thomsoxi cftbdAiaB for the Mc of Hit dfatarliw 
force dae to the tides r&iaed m the solid esrtii hj m hoif If m 

be the mass of the tide raimug bodj, c its # ||ie dmilf 

of the earthy h© finds (§§ 49~fii) ^ 

The ap^eatiosi of this hag been diaesmid in tlia oOmt wvrls Iv w 
antiKn* dealt with m onr Arta. and 17SflL4* 


[1659 ] § 54 gives the value of the ghifts of a mM wfkmm 
for given surface displacements, and indicates the like mulls far a 
sphencal cavity m an infinite elastic solid. 

§§ 55-8 deal with the oscillations of shi^ m a grantatiiig 
liquid sphere A simple harmonic normal displacement of the 
«th order has for penod 


27r . 


/a 2i + l 

V ^2l(rT)’ 

where a is the radius of the sphere and g gravity at its sur&ce 
For the case of ^ = 2, or an ellipsoidal deformation, the length of 
the isochronous pendulum at the sphere’s surface is Jo If the 
liquid globe were liomog<.nct»u:5 and 5^ times the densitv of wakr 
and of the size of the earth, the penod would be 1 hr 34 in 
24 s. We may compare this with the result fur a homogeneous 
elastic sphere gi\eu an ellipsoidal deformation of the t\}>e 
i/ = AF cosA^ Lamb fands for a globt of the sizt uf the tarth 
and of the density and iigiditj ot steel i perimi t i 1 hr IS lu 
A diffeience of less than 2 minutes ib midt in the result whether 
we suppose steel incompressible or i f uuie<ui^tant i^ntrupN Ihu'^ 
the earth if it were as rigid is steel W4»ul i "t.illitt m u*. ripidlN 


than if it wtre mule ot a htjuui H tiim > i*- dt n-t v- w i kv ^te 
PiuceediiKh f nuJun MnUiematu \«1 \in ]ip 211-2 

Loiiduli lss2 
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Sir Willmm Thomson m his paper on the rigidity of the earth 
{M P VoL in p 31S) says (§ 3) 

A steel globe of the same dimensions [as the earth], without mutual 
gravitation of its parts, could scarcely oscillate so rapidly [as 1 hr 34 m 
I 4 s.], smoe the velocity of plane waves of distortion m steel is onlj 
about 10,140 feet per second, at which rate a space equal to the earth^s 
diameter would not be travelled in less than 1 hr 8 m 40 s 

As a matter of fact Lamb finds, if r be the time a wave oi 
distortion would take to traverse the earth’s diameter, and P the 
penod of osmllation P = t/ 848 if the material be incompressible 
a^d = T/*840 if it possess umconstancy Thus Sir William’s mini 
mum estimate l^sed on the liquid sphere is about 16 per cent ir 


[1660] The memoir besides dealing with spherical shell< 
points out that the problem of an infinite plane plate of homo 
geneous isotropic material, with given shifts or stresses at its plane 
faces might be treated as a limiting case of the spherical shel 
(§§ 19-20 and §§ 31-4) To work out the plate, however, as < 
limiting case of a spherical shell wmuld involve, for the genera 
case some rather formidable analytical diflSculties 


Sir William Thomson in 32-4 briefly sketches a diflerent methoc 
of solution 

The following system of shifts will be found to satisfy the body shift 
equations of elasticity 


u=U— 


(X + jLt) £C 
Sfx 




v= V— 
w=W— 


{X + ix)x 

(X + /x)a5 d j . 


where C/', F, W satisfy V ^ = 0, while 


d^ dj dW 
dx ^ dy ^ dz ^ 

and IS to be so taken that it also satisfies V <^ = 0 
Sii AX illiam Thomson now lemaiks that if we take 


U = sm {^y) sin {tz), 

V - cos (sy) sin (tz), 

IF - + 7/ sin (s7/) cos {tz) 
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subject to tbe oowtdiUou ^ ^ a mMmm etyfale oC ghrii^ 

over the fstoes of a plate (tsken as a » 0 and m^ss) 

^ « <7 aia oos (laX 

and three like expressions for ;5^, ^ witli A% 3^^ G* im Ji^ M^O 

Heiioe by a senes of term we have the mat ytml eehnilaa 
according to Fonne/s pniieiples. 

As a matter of f&ct^ if the solution wm eon»|iletei» wmtkmM mn^f 
reecb a somewiiat extended form of Lamd and CSapeyim^s wMm m* 
wieidj results in quadruple integrals, of wliu^ suaee tkeir sMamut In 
1828 no practical use kus, so ^ as I am aware^ ever been wmAa mm 
our Arts. 1020*-!* 

[1661] §§ 5Q-*Il are ooenpied by an Ajppmdix: entitled* 
General Theory of the BquQStrmim of on Siu3m SML tWs 
appendix was repnnted in the Trmime on Piitmofki/ 

see Part ll , pp 461-8 

§§ 59 and 6Q point out that the quantities %e 

of our Art 1619* (in Sir William Thomson’s notation J(A-1) 
^ (5 - 1), ^ ((7 — 1), a, 6 and c) suffice to determine the most genmral 
form of strain which can be given to a body in the neighbourhood 
of a point The temperature being kept constant the strain- 
energy w IS a function of Sy, e^, 97y^, Hence by the 

method of variation Sir William Thomson deduces equations 
which are identical with those of C Neumann, or with those 
which flow from Kirchhoffs memoir of 1852 see our Arts 670-1 
and 1250 

In § 63 the possibility of a solution of these generalised 
equations ot elasticity for any t}pe of elistic bodv subjected to a 
given sj'^tem of su if ice -shifts is indicated, and it is shtwn that 
under ccitain conditions there can be oiilj one solution ot the elastic 
etiiiations tor this case § 04 is a britt reference to simihr results 
for the else of surface-stress 

05-6, 09-71 contains i shuit theoiv e»f elisticit\ for smt/// 
stiains giving the UMlll results of Gieelis iii\estlgitH'li of tht 
strain eneig\ 

[1002] ^ 07 pioves m a manner diflering slii^hth truin th tt 

of Neumann Ciebseli and kiiehhofl the uniqueness of tin. -niuti. n 
in the else of siin.ll strains when the surf-iee shitt- ue gi'tii '^ee 
oiil Vlts I 10b 12)) l-7b Hid nil 
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§ 68 turos to the like problem when the surface data are those 
of load not shift, or when a force acts on the interior of the 
material In this case the solution is not in general unique — 
configurations of unstable equilibnum occurnng even with infi- 
nitelj small shifts. 

For mstanoe, let part of ihe body be composed of a steel bar magnet, 
and let a magnet be held outside m the same Ime, and with a pole of 
the same name m its end nearest to one end of the inner magnet The 
equihbntim will be unstable, and there will be positions of stable 
equiHbnum witib the inner bar slightly inchned to the Ime of the outer 
hi:, ^e ngidity of the rest of the body exceed a certam limit. 

This conclusion as to the want of uniqueness in the solution 
appears to be deduced fi*om physical considerations and not froir 
the analysis of the problem It depends on the system of appliec 
force itself changing its characteristics owing to the shifts of i 
portion of the body, eg from a simple pressure m an unstabh 
position to, perhaps, a force and a couple in the stable positions o 
equilibrium Such a dependence of the system of applied forc< 
on the shifts is supposed not to exist in a proof like that by whicl 
Clebsch demonstrates the uniqueness of the solution of the elasti 
equations see our Art 1331 

[1663] On the Rigidity of the Earth Royal Society Prc 
ceedings Vol Xli, pp 103-4 London, 1863 Philosophicc 
Transactions, VoL 153, pp 573-82 London, 1864 Glasgow Philc 
sophical Society Proceedings, Vol v pp 169-70 Glasgow, 186^ 
British Association RepoH (Glasgow Meeting 1876), Transactior 
PP 1—12 London, 1877 §§ 21-32 of the Trans memoir wei 
\vithdra\\n by the author and m the reprint of the memoir m th 
Mathematical and Physical Papers, Vol ill, pp 312-36, the« 
sections are replaced by the opening address to Section A m tV 
British Association Repor t referred to above Thus we may loc 
upon the final form of this memoir as Ait xcv of the collect 
Papeis On the Rigidity of the Eaith, Shiftings of the Eartl 
lubtaiitaneoas A ! Lb of Rotation, and Ii regularities of the Ear 
us a Time-keepei 

Must of the import xnt results of the memoir are embodied 
the Tieatise on Natinal Philosophy and will be found pretty ful 
(liscusqrd in our Aits 1719-26 
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[1664 ] Altier eom& resmAB oq vmw Hwi mtA 

caDBoi be a hqmd mam ^a^oaed m a iiifa# aMI ol 
7i0vr witb whicli Sir William Usmiieosi agreea — Ibe pMo» «l 

omse to the ocmsidmrat;i<m of *^||ie {^dbtiTe r$Amm of mmwMMm mad 
m grvms ngidiiy to Urn ewtifb igom*^ A Iwmdft it oov 
mted wbidb maj be obtabood ircm Ibal of nmr Axt IfM (t) Ib Iho 
foliowiiig maimer Pot X » co la liie vtloo of or & dMb 
mass mcompreemde, tiiea we bave by Axk 17S4 (5) 


'*T,i 


1+96-it 

Sfi» 


If Sir William had takeso imi-omistaiit isotr^j tl« nmite wotM 
have hem. vmj laearly 

c' = — & — 

l-OS + 9 

«P« 

Thea follow investigations omrre^xmding to tliOBe of ooar Art 17SA 
See the memoir ^ 4-7 

§ 5—15 of the memoir oovmr m a lees ccmeme aiid Inc&d tibe 

results of the Naiural Phtiasopk*^ epitomised m our AiA 17S4-5 It 
will be noticed that in that article we neglect the self-attradaoa of 
the superhcial coating of water This n^lect is defended in g 12 
the memoir, which thus refers to the result for e m our Art 1725 


It may be regarded as a better expression of the true tidal t^jdency on the 
actual ocean, than the slightly difierent result calculated with allowance for 
the eftect of the attraction of the altered watery fagure nui'^titiiiuig ^e 
equilibrium spheroid, and its influence on the figure of the elabut sohd , since 
the impediments of land and the influence of the sea bottom render the actual 
ocean surface altogether different from that of the equilibrium spheroid 


I do not quite follow the aigument here The neglect of the telf 
attraction of the ocean ma^ be justifiable considering the In |Mji]ictical 
and rough chaiactei of the appi-oximation, but 1 do not cleaih follow 
why it should necessaiily gi\e a better lesult than the treatment which 
includes the self attraction 

16-20 contain suggestlOU^» lor deteimming the iiuount <»f rigidit\ 
of the solid earth bv means of the lortnightlv tide But to enter 
into the details heie would cairy us bc\ond oiu limits 


[1663] ii^21-33 — huiiung part ot tlie7jy</i /< ^ i*itt /^addn-N — 
de il with tlie Ljjects o/ Unstic ^ lA liutf **n It*' i a if i i 3 fU n 
Arguineiitb iieheiecittd igiimt the gtolc^icil lixpaiie n »1 i ilon 
iigid shell lull ot liquid , and tli thtoi> ui a in iinh n >hd in n 

taimng small hollows oi vesicles tilled with Inpiid is siipjMit 1 \ 

numbei of lesults iit cited with legiid to the ctiect ot ml* n«*r liqiiidiiv 
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^ m Udm md on nutation (§ 24-6) the mathematical analysis of 
lias n<^ y^t been published The general conclusions are thus 
xesiisnedi m§28 

m state cl the case IS shordy this —The hypothesis of a perfectly rigid 
ocmtaimng l^uid, violates physics by assummg pretemati^Uy ngid 
mn dynamical astronomy in the solar semi annual and lunai 
fbfftm^tly nutaiaons , but tidal theory has nothing to say against it On the 
<jyierlSiad, the Mes decide agamst any crust flexible enough to perform the 
oorreotly with a hquid interior, or as flexible as the crust must be 
pretOTtaturally rigid matter 

^ 34—8 desd with the iir^ulanty of the earth as a time keeper, and 
although o! much interest, do not touch on the topics of our History 
® ;3$u40 are ai^ndices, the latter bearing upon the formula cited ir 
1 4 see our Art. 1664 Further Appendices deal with the Tida 
and the Th,&rr)%od^na7Jvic Acceleration of the Earth ro 
Ihese are taken respectively from the Philosophical Magazine 
ToL vvTT , pp 533-7 (London, 1866), and the Proceedings of tJhe Eoya 
Secieiy (Edinburgh), Vol xi , pp 396-405 Edinburgh, 1882 

[1 666 ] Ontiie Elasticity and Viscosity of Metals Proceeding 
of the Royal Society, Vol xiv , pp 289-97 London, 1865 Thi 
memoir is incorporated in the Encylopaedia article on Elasticity 
see our Art 1741 

[1667] On the Fractiae of Brittle and Viscom Solids b 
Shearing Proceedings of the Royal Society, Vol x\ii, pp 312-le, 
London, 1869 Philosophical Magazine, Vol xxxviii, pp 7l-[ 
London, 1869 The author noted on a visit to Kirkaldy s testin 
works in Southwark that the rupture of bars of circulai cros' 
section by torsion took place m two different manners Th 
rupture surface of bars of hardened steel 

shewed complicated suifaces of fidcture, winch weie such as t 
demonstiate, as pait of the whole effect in each case, a spiral fissui 
louiid the ciiciimterence of the cylindei at an angle of about 45*^ to tli 
length 


On the otliti hand m suttci oi moie viscous solids tlicic \Vc 
a tendency to break right acioss perpendiculai to the axis of tl 
bar 

Ibcsc evpGiimciits of Kiik ildy s weic couhiineJ b} the ruptui 
surfaces of i\ and hard steel bars, which gave spii 

fractures, while those of steel tempered to vaiious degrees of sof 
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0688 , brass, copper ajid lead were plaaeB peipeodiealar to Isbe a»» 
of torsion (Compare our Art 810). li was ihos deiiionalialiad* 

lliat oontoned ^^sbearmg^ paraBdi to ^aeaeiof pfameeC miiimommIMt 
developes m it a tenden^ to break moca maOj |Murallel la Am plaaae 
jhitr* moA6r<hiectioiig,<y tbatayimQaaelid,atiiA ^ ^ a aq pim 
^^oleaTage planes” paraildi to tlie plamof akmiiig(IVaiwJ^ 

Clearly m a hard elastic solid wi A small stram Ilia dSradioii 
of greatest stretch would be an angle of 45^ to Aa axia of Ilia bai; 
and hence the spiral fissure tends so &r to confirm tha niaxiimm 
stretch theory of rupture On the other hand m tba cm ^ a 
matmal which passes through Ae plastic stage brfore mptnie^ we 
know that it will begin to flow when Ae maximum ahear tmAm 
a certain value (see our Arts. 256, 247 and 1586), and tins fiow 
may lead as Sir William Thdioaon soggests-to tba fbcmatmi of 
planes of cleavage. 

The paper concludes by noticing Fmdies* and Hopkins’s views ae 
to the manner of ruj^ure m the case of glaciers, and Aeir rBoon- 
dilation by means of the above distinctKMi between two kinds of 
rupture 

[1668] Treatise on Natural Philosophy by Sir William 
Thomson and Peter Guthrie Tait Vol i , Oxford, 1867 (pp xxiil 
+ 727) 

A new edition of this hrst volume, Part I (pp x\ii + 508), 
1879, and Part II (pp xxv + 527), 1883 has been lasued by the 
Cambridge University Press Our references \m 11 be to the pages 
of this edition^ A smaller work. Elements of Natural Philosophy^ 
b} the same authors appeared at Oxford, 1873 and at Cainbndgt 
1879, m a new edition It will not be neceb.sar\ to refer howe\er 
to thib popular i e^imie of the more important treUitet. Although 
only the first noIuiiil <>f the Natiuiil Philu^uph^/hns betn piihli^hcd 
and the autlioib announce in the pietut to Pint II oi iht ^e(.<ui«l 
edition thit tht completion ot tin. w**rk dLhnitt,l\ ihandMUtd 
still the tlieon ot tlisticitN iiul inin\ nt it'^ ipplmliniiN nituiallx 
fill into this tiibt \olunK end tht. in»ii app* n iIilc <t th* Iitti 
\oliiines, regietibk is it is duc'> n«>t intli(.l "IkIi i 1 - n 

’ A Cieiman tdition of tlic ^\^nk witli i jutfa 1:\ \ n H li d i ^ ^ 
JBiauuscliNvei^ 1871 — 4 tiitilled Haudl uth d t th i it h 1 > ^ 

Hdmholt mill ]\ ertht im 
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BB it does on students of other branches of mathe^ 
inakcai phjai.<^ 

The foUo^TOg are the portions of the Treatise dealing with 
mx snhjeet Part I, % 119-190, 300-6, and Part II , §§ 573-741 
8®,832r-48 and Apperydix 0 The paragraph numbers are th^ 
ewie in both editions, but the second edition has been largelj 
modified and extended 

[1669 ] Fart L discusses our subject from the standpoint of stran 
Oiify In ^ 119-27 we have a discussion of the curvature and 
totaoeity of flat h&xs or rods The following definitions are oi 


A bent or straight rod of circular or any other form of section bemg given 
a line the oentres, or any other chosen pomts of its sections, may hi 

its otsw. Mark a 1^ on its side all along its length, such that it shaL 
he a slMfci^t line parallel to the axis when the rod is unbent and untwisted 
A Ime drawn fix>m any jwmt of the axis perpendicular to this side line o 
re^renoe is called the transverse of the rod at this point 

********* 

The twist (t) of a curved, plane or tortuous, rod at any point is the rate o 
component rotcUum of its transverse romd %ts tangmt hue, per unit of Imgt) 
(dong %t (§ 120) 

By the tangent line in the last definition is meant the tangent tc 
the aans at the given point Integral twist over any length s of the axi 
= /icfe 

The following proposition is then shewn to hold for the twist in anj 
part of a bai 

Let a point move uniformly along the axis of the bar and parallel to th( 
tangent at every instant, draw a radius of a sphere cutting the sphenca 
surface in a cur\ e, the hodograph of the nio\ mg point i rom points of thi 
hodograph draw parallels to the trans\ erses of the corresponding points of the 
bar The excess of the change of direction from any point to another of the 
hodograph, abo\e the increase of its inclination to the transverse, is equal tc 
the twist in the corresponding part of the bar 123) 

If the hodogiaph be a closed curve and the spheie be of unn 
radius the change in diiection of the hodogiaph is simply the aiec 
enclosed bj it 

[Ib^O] Some instructive examples of the ‘Dynamics of twist ii 
kinks aiegi\eri iii ^ 123, rather bj way of suggestion than proof n 
this stage rims a piece of steel pianoforte wiie being free fiom sties 
when stiaight is guen any degiee ot twist and then bent into a ciicle 
its ends being secure Ij joined This circle can then be twisted 
into a hguie of b, the two paits bemg tied togcthei at the 
Cl ossmg 
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The carcukr which ib alwajB e Sgiixe ct toe e^niEhmiiii wmf lie 
sifthle <ar uaatable, aoccodiegee the nto cf ioremel ioimonl fi#togr li 
more or kes than a certain Ttioe di^Midhiig on the iMtoal 4igiee el tmt 
The tortuous $ form is not (ezoe^ in tiie oaee d whole toet wImmi 
it h&cxmam the plane elastic iemnieoate of f%. 4^ f 610 toe eer Art. I6M1)^ 
a continuous %ire of toe equiiibniun, hut involres a poeilm pmewini of ifii 
two crossing parts on one snowier when the twwi >Sh'» and a mMelifw 
pressure (or a puil on the tie} b^men them when twist <Shr . and ws&lto 
force it IS a of staHe equilibrium (§ iS6^ p. 96)i 

[1671 ] After some examples oi tortuimtj and twwt of a goo- 
metrical chamoter, the anthojcs pass to the curvatnre cl snitoM^ 
imifidas^ and syriclasttc (or ‘saddle-back and ‘dome’) oarratasa 
(§ 128} and have some remarks of special mtmst tor oar 8ah|act aa 
texilde and inextensible surfaces and the eonditiops lor Ihovr darei«|p» 
meat into plane surfaces. Osses of mextenaibiiity la two direottoMl 
only (ihose of the warp and wool) are pmnted oat le existti^ m woven 
matenais. In this case theoretioaUj a stretdi tom 0 up to ^/l — I can 
be given in a diagonal aooompamed bj a sqaeesc tom 0 to - I in the 
perpendicular diagonal It is pointed out how the grace of diapoKy 
iar^j depends on this power of extensohiiitj in oertam doeotone 
(3§ 142-3) 

[1672 ] § 154-90 deal at considerable length with the geometry of 
strain and torm a novel and lucid discussion ot a somewhat tnte t(^pic. 
The authors commence with a definition of strain and then pass to 
homogeneous strain, which they define as follows 

If when the matter occupying any space is strained in any way all pairs of 
pomts of its substance which are initially at equal distances Ironi one another 
in parallel lines remain equidistant, it may be at an altered distance , and m 
parallel lines, altered, it may be, trom their initial direction, the strain is 
said to be homogeneous lo5) 

The magnitude of the strain is thus not m an^ wa} limited. 
The analytical expiessions foi the coordinates ot the point 

X, y, z attei such a strain are 

Cj — c + [•^^y] y + -j I 

Ui = M <- '■ [yy\ y + [y-] (O- 

~i = *• T [:y] ^ + [ ■] ) 

where [a-cj, [xy\ etc, iie lune aibitiai) toiistants 

[1673 ] Clcaily an) plane lemaiiis alter &t lain a plant, an \ line i 
line, and iii} ellipsoid in ellipsoid a sptcial cast ot the last 

lesiilt a splicie will become an ellipsoid ittci ^liaiii ihis is Laucb} s 
ellipsoid see oil! Ait bl7* It is tcimcd the utiuin tUip'^oi ! lo«») 

Its axes aie the puticipal m s of th 

Let the lengths ot the stiiii ixcb ot tlii^ cllip^.uid l>e u /I ; IIil 
ladius ot the uiibtraintJ sphcic being iinit\ liitii u- 1, /3- 1 ^ - 1 



IMOMSON AND TAIT 


[1674 


m Iera3iiw>l<^ the principal stretches ^i, s^, the authorj 

the prtnctpcU elongahons They demonstrate the followini 
3pi>op<»ifeioiis 

{m) The fi^ar^fech Sr of the body in the direction I, tti, ms given by 

a, = (a«? + + ■fn^)* - 1 (§ 164) 

l^e angle ^ after strain between two directions with initiai 
4ireota<»i”(xiem^ n and f n' is given by 

+ P^7rmh' + /s 164\ 

^ {c^l? + {a?P + 

{<y) Tbe an^e x after strain between two planes, the equations d 
whldi «yre and + m'y + = 0 before stiain, is given 

% 



^ {?/a* {PI a? + m'V^ + ^ 

(d) There are two systems of parallel planes in which there is nc 
dMm:tion or the stram is a uniform spread (see our Art 595* and Vol i 
©. 862) These are parallel to the circular sections of the stram-ellipsoic 


[1674] The authors now (§ 169-76) deal by an elegant 
geometncal analysis with the special case ot the strain specified 
by a - 1, 0, and 1/a — 1 as principal stretches This strain corre 
spends to the distortion of a lozenge into an equal lozenge bj 
squeezing its greater axis till it is of length equal to the initiall} 
less axis and stretching the less till it is of length equal to the 
initially greater axis It is shewn that this strain corresponds tc 
the shdmg of one plane in the material parallel to a second, or tc 
what we teim m this History a slide The authors term it a 
simyle shear This is unfortunate, foi that word was introduced 
by George Stephenson to denote the transverse stress in rivets, and 
has been consistently used in this sense of stress by Rankine and the 
majority ol engineers since Its piesent confused use paitly foi 
stress and partly lor strain has been avoided in our own work by 
the iiiti eduction ol the teim slide foi shearing strain 

I he piincipal axes of a slide aie defined (§ 173) to be the 
i\cs ol miMinuin stietch and maximum squeeze a is the 
nitio oj the dide, and the amount of relative motion per unit 
distinct between the planes ol no distoition is the amount 
of the 6lide It IS shewn to equal a— 1/a, or the excess of the 
niaxiniuin stietch o\ei tlie miximum squeeze (§§ 174-3) 
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i l675 ] Ab iBt^^skng problem vppmm, I tbialc, lor llio ifol tuM 
te history oi onr sali^eot m § 177 li is (Aawm » pm «lroMb» 
a slide aad a diktatKm eombtihe to foim Ite ommI mml 

bomogeneods straiii. Thus if tha stnon bo teoiod by «, y, li my 
be considered as oompoonded of (i) a niij^nrai dilalatiOM 4moiM by m 
stretch m ail dmeimuL, mpmetmpmttd m (it) a pm Mfa iofeoii 

in the direction <^thd principal axis ^ snpermpooidi oa a 
simple slide of amonnt s/a/y— ^/y/a in the plane of iJbe odm tro 
principal axes. 

[1676 ] In § 181 the anihes^ carry out an anslytusid inmtifflibion 
of formnl^ (i) of onr Art 1672 They inquire whether thm is a 
in the body which remmns nnaiteied in direction bystimin, or, If rsim 
of as, y, s can be found for whidi say It is esny ie 

see that there results a cubic lor so that one sadi Im always ama 
There may, however, be three real sohitiotis, m whidi ease ihMro will be 
three lines of directional identi^, oldjque to eaedi other m tiai mat 
general case. In the spemal case, however, whm 

= [*»]=[»»]> [*y3 = l>*] (“>. 

these three hues will be always real and rectangular, ocanciding with 
the principal axes of the strain ellipsoid 

In the course of the analysis the equation of the tnoeres Mimit- 
elhpsoid (or the ellipsoid into which a sphere in Uie strained condition 
would change, if the strain were remitted see VoL i , p S82) is given 
If [XX], \^X] etc represent quantities of the types 

[ZA] = [aa:p + [ye\ + [aa:]^ [1 A] = \xy] [jw] + [yy] [ya] + [zy] [=z] 
then the equation is 

[XX] ar + [ YY] if + [^Z] + 2 ([}Z]i/z^ [ZX] zx^[XY]xy)=^ r, 

whei-e 7 IS the ladius of the spheiical surface (p 130) 

[1677 ] The authors conclude 

that any homogeneous strain whate\er applied to a bod\ generallv 
changes a spheie of tlie body into an ellipsoid, and ciuse^ the latter 
to lotate about a detiuite i\is thiougli \ dtfauitc in^de In pmicular 
Cises the splicie ula^ lemun i spheie AKu tlieie iiii\ l>e ii • lotation 
In the generil case, yheii theie is no lotition, then, tn thiee directious 
in the boch (the ixes ot the ellipsuid) \Nhitli itiiiain h\ed, \%hen thtn 
ti> lotation, tlitie tre gt nei ill\ three siieh dinctioii'^ but not reetangulir 
fc»ometiines, lioye\tr, then is but one l^J) 

When the axes of the stixin ellip^tud ne the liDe'> Nsliieh do 
nut ch inge then dneetiuii the ^tiaiii !■> ^iid to bt p<ni nid 
rel itioiis (ii) iiv, the uetessiiv iiid siithcient conditions im i pun. 

sti un 183) 
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[1678 J Sabje^ to (n) of onx Art 1676 tte formulae (i) of our Art 
1673 may be wntten m the form 

asi = Ax + cy + hz, y^ = cx + By-vaai, z^^bx-^ay+Gg (m) 
XiOt & body ^us stramed be stramed further m the maimer 

+ yj- Ci<Bi + ^iS^i+ai»i, + Oiyi + C'j» (iv) 

Oombmmg (m) aad (iv) we find 
x,^{A,A + Oi<J + hfi) X + (A^c + c^B + h^a) y + {A-p + c^a + h^G) z, | 
yt^ipiA-^ BiC + Qrp) X + (ciC + BiB + a^a) y + [c^b + B-^a + «, > (v) 

% =a (b^A + OjC +Cib) X + (biC + OiB + (7ia) y + (b^b + a^a + OiC) z j 

(ui) and (iv) express irrotational strains, they give when 
superimposed a strain (v) which is in general rotational, or two pure 
iMujQs, if supenmposed, may give a pure strain and a rotation 

If the strains be small, we shall have the constants represented by 
nearly unity, and those represented by small letters small 
Heaioe tiie squares and products of small quantities bemg neglected, we 
have the pare stram 

Xz = AiAx +(c + Ci)y+{b + bj) z, j 
2/2 = (c + Cl) X + B^By + {a + aj)zX (vi), 

Zz={b + bi)x + {a'i‘ai)y+ CiGz] 
arising from the supenmposition of the two pure strains (§ 185) 

[1679] Our authors now turn to discuss what they term the 
entire tangential displacement of a curve taken in a continuous solid 
or fluid mass We might speak of it in the teiminology of our woik 
as the integial tangential shift Consider any series of physic-il 
points forming a cuive in the unstrained body Divide this curve 
up into small elements, and let the length of each element be 
multiplied by its shift resolved in the direction of the element If 
these products be summed for the curve the sum is the integral 
tangential shift for the unstrained curve The same reckoning 
carried out for the strained curve is the inteqral tangential shift 
Joi the stunned curve Repiesenting these quantities by / and 1' 
w e Cite the following propositions 
{a) 

wlieie I) and Jj are itbpectively the shifts at the beginning and end 
ot the cui\e as detei mined by the sense in which the arc is ineasuied 
Ihus It follows that the integral tangential shift foi a closed curve is 
the same w hethei i eckoned along the strained oi unstrained curve, and 
that the integral tangential shift is the same reckoned along eithei of 
two coiiteimuious aics 188-9 ) 
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(h) Let Tgyy Lo the twist-components (see our Vol i, p 

882) of a homogeneous strain, le = |- {[isjy] - [ 3 / 2 ;]}, etc in the 
notation of formula ( 1 ) of onr Art. 1672 Then the integral tangential 
shift round a closed curve is given by 


2 {WiTyj5 + '^s'^ooy\i 


wheie -ZD*!, ‘ 23 * 2 , 'zvg are the areas of the projections of the closed curve in 
its initial position on the coordmate planes yzy zx, and xy respectively 

(c) The most general homogeneous strain can be expressed by the 
shifts^ 


d\j/ 


diJ/ 

dx!/ 

where 


i/r = J {(A - 1) + (j5 - 1) ^ 4 - (C - 1) + 2 (ayz + + cxy)} 

Thus for non rotational homogeneous strain, if the mtegral tangential 
shifts be measured from a definite point of the body as origin up to 
any point a?, y, z we have 

Thus the mtegral tangential shifts for the strained and unstrained curves 
depend only on the terminals of the curve (§ 190, {a)) 


[1680] The next stage in our authors’ analysis of strain is to 
consider the strain round any point when a body is submitted to 
a heterogeneous strain They shew that “ at distances all round any 
point, so small that the first terms only of the expressions by 
Taylor’s theorem for the differences of displacement aie sensible, 
the strain is sensibly homogeneous (p 140) ’ 

In other words if w, -y, w be the shifts of cc, //, % lelative to 
any axes 




du , 


du , 

du , 

X,' - 

- x' 

"" d% 

+ 





dv , 


dv , 

dv , 

y/- 

-y’ 


+ 

dyy^ 

dz""^ 



dw , 


dw , 

dw , 

-V ' . 

- ^ 

" d% 

' + 

dy^ 

Tz^ 


1 The expressions foi tzr, p <r in § 190 («) have wionj, signs 
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wfeete a/, y', are tbe coordinates relative to the given point and to 
Ibe sel6(^ directions of any point in its neighbouihood before, 
»od coordinates after strain. Clearly vre have for the 

qiiantefaee [aas], [ys], etc of our Art 1672, 


. ^ . du , ^ dv 



etc 


fl i ift obviously assumes that the second shifb-fluxions 

dhb dhi 


(M^ dydz^ 

can never be infinitely great as compared with the first shift-fluxions 

etc 


du 


du 


[1681 ] If be any element of a surface in the body, I, m, n the 
shreetaon oosmes of its normal, r^a,, the twist-components at the 
point X, y, z of the surface, we easily find 

2//(/t^ + mT«, + nr^) dS=f {udx + vdy + wdz) 

= the integral tangential shift round the perimeter of S 

If 5^ be the resultant twist and ^ the angle its direction makes 
with the normal to the coriesponding element of S, we see that the 
quantity JJT cob <i>dS is constant for all surfaces drawn thiough the 
same curve 

When the twist vanishes, or the conditions 

dvjdz = dwjdy, d'tujdz = dujdz, diojdy = dvjdx 

are satisfied, then udx + vdy + udz is a perfect dififeiential , or when a 
strain is irrotationaJ we must have w, v and w of the form 

dF dF dF 

^"5^’ '^~dy' 

In this case J(udx + vdy + wdz) may be termed the shift function (“ the 
displacement function”) and we see that it represents the entiie 
tangential shift from the fixed point of the body up to the point y, z 
ilong any cur\e whatever (§ 190, (i)-(l) ) 

[1682] Some notice must be taken here of §§ 300-6 which 
kal VMth the impact of elastic bodies The authors, objecting 
strongl} to the teiminology usually adopted in the discussion of 
Vewtun s Law ^ in the text books, yet appear to give their sanction 
0 the V ilidity of that law m one of the woist foims in whicli 

^ i e that the \elocity of itbound is pioportioiml to the velocity of impact toi 
he anie t^\o hodies 
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it IS often stated They say that the results of recent expenmen ts^ 
have confirmed Newton’s Law, bnt they do not say that the 
results of more recent theory are opposed to it They speak 
of Newton’s finding the coefficient of restitution, e, for balls of 
compressed wool to be of iron nearly the same and glass but 
they fail to point out that e probably depends not only on the 
elastic nature of the matenals in contact, but also on the masses 
of the colliding bodies, their shapes and their dimensions* see 
our Arts 941* 1183* 1523* 209, 213, 217 and 1224 

In § 302 the generalised Hooke’s Law (see our Art 8*) is 
cited to demonstrate that Newton’s experimental law is consistent 
with perfect elasticity, but the argument used is not opposed to 
the variation of e with the masses, sizes and shapes of the colliding 
bodies 

[1683 ] §§ 303-4 deal m a very brief manner with the longitudinal 
impact of cylindrical bars The only case dealt with is that of Case (i) 
of our Art 213, it being noted that e in this case is theoietically the 
ratio of the lessei to the gi eater 'inaas This statement ought to have 
saved the writers of elementary textbooks, which have been laigely 
based on the Nairn al Plnlosophy^ from making the ei i oneous statements 
current with legard to the nature of e Thomson and Tait refer for 
further particulars to their discussion of the kinetics of elastic solids 
As that portion of their work has nevei been wi itten a refei ence in the 
second edition (1879) to Saint Yenant^s elaborate memoii of 1867 might 
have been helpful to the writers of elementary works 

[1684] §§ 305-6 refer to the amount of energy lost in vibrations, 
and notice that but a small part of the whole kinetic energy can 
1 email! in the form of vibrations aftei the impact of solid spheres 
of glass or ivory This is the view since taken by Heitz and Boussmesq 
of the collision of massive bodies, and although the theoiy of the 
vibrations of solid elastic spheres has not yet been so fully worked 
out, that its application to the case of vibiations pioduced by 
impact is possible theie is still no doubt that Heitz’s theory thiows a 
laige amount of light on tins ill impoi tant problem see oui Ai ts 151 5-7 

^ The experiments seem fai from conclusive the influence on e of vaiiation of 
mass size and shape have not yet been investigated with the needful acciuacy see 
Fncyklopaedie (le) Natu) iiibseiisiJuiftcn, Ihuidhiuh do Plnjsik Bd i S i%-d01 

^ Even such a great authoiity as Dr Routh speaks of e as a constant ratio 
depending on the mutenal of the balls and does not hint that it miy vaiy with 
their mass and size Flemoitii) ij Rigid Dijnamits 1H82 p 158 In one of the 
most recent Cambridge text books we are told that e depends on the substances 
of which the bodies are made and is independent of the masses of the bodies 
(Loney’s Mtmentaig Dynamics p 203 Cambiidge 18S<)) All the elementaiy 
books seem to go astiay on this point 
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it out m pttjtijcular why in the case of a hollow sphere much 

of the fematec ener^ of the blow is spent in vibrations, while in 
the case of the solid sphere this loss is little 

[1686 ] We now pass to Part II of the Natural Philosophy, 
which deals with the dynamical aspect of strain, ^ e with stress and 
the skess-stram relationa The authors pass from the treatment of 
rigid bodies by the stages (i) flexible strings, (ii) rods and wires, 
and ^i) thin plates to the complete elastic equations for any solid 
body This arraiu^o while certainly carrying the student by 
a graduated course to the more complex problems of elasticity, 
lads, I think, to fully emphasize the transcendent difficulties 
asaocdated with the wire and plate problems, nor does it bnng into 
<ieax relation the elastic coefficients of wires and plates and those 
for extended masses of the same material see our Arts 383-94, 
1236, 1251-67, 1292-1300, 1358-1364 and 1418-40 

[1686 ] §§ 573-87 deal with the general theory of catenaries, 
iwS. of flexible and sensibly mextensible cords hanging freely, or 
constrained to lie on smooth or rough surfaces There is nothing 
so closely related to our subject in this discussion that it need 
detain us here 

[1687 ] §§ 588-626 deal with wires and rods and present many 
points of interest The authors define a luire to be “ an elongated 
body of elastic material bent or twisted to any degree, subject 
only to the condition that the radius of curvature and the reci- 
procal of the twist [see our Art 1669] are everywhere very great in 
comparison with the gieatest transveise dimension '' They suppose 
that ceitain constants termed by them ‘'the constants of flexural 
and torsional rigidity” are known These constants for an isotropic 
wne are the Ecok^ , Ecok and of our Art 1287 The axial 
stittch in the wire is neglected throughout the investigation 
This IS justified in § 592 (see, howevei, our Arts 1592*, 1367, 
1373 and 1425) I do not think, however, that the “conditional 
limits ’, frequently referied to in the discussion as those of 
§ 588, and appaientlj xmounting only to the single one cited 
above in the definition of iuiie are really sufficient They do 
not seem to me to exclude the possibility of set, nor the application 
of such a System of load that m a small portion of the wire axial 
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str^tcli or transverse slide may become of relative importance 
Farther it seems practically assumed that the system of load will 
solely produce curvature and twist, and that the effects of the 
distortion of the cross-sections are ml or negligible This is the 
fact, mdeed, for the cases dealt with by our authors, but some 
word of warning seems very necessary, especially when we 
remember that the constant of torsional rigidity can only be 
ascertained after the form of the distorted cross-section has been 
actually calculated^ 

[1688] Premising that their wire may be isotropic, crystalline, 
fibrous, or lammated m structure, Thomson and Tait state (§ 591) the 
following laws of flexure and torsion 

Suppose the resultant stress of the matter on one side of any cross 
section of the wire on matter on the other side to be reduced to a single 
force through any pomt of the cross-section and a smgle couple, then 

I The twist and curvature of the wire m the neighbourhood of this 
section are mdependent of the force, and depend solely on the couple 

II The curvatures and rates of twist, producible by any several couples 
separately, constitute, if geometrically compounded, the curvature and rate of 
twist which are actually produced by a mutual action equal to the resultant 
of those couples 

[1689 ] In § 592 the line of centroids of the cross sections is defined 
as the elastic central hue This line in our work is spoken of as the 
cent/ral Ivne, the term elastic line being retained especially foi its strained 
form The senes of pomts of zero stietch in the plane of the cross section 
form the neutral axis, and the points of section of these neutial axes by 
the corresponding osculating planes of the elastic line form the neirtial 
hne Now Thomson and Tait write 

the elastic central line remains sensibly unchanged in length to whatever 
stress within our conditional limits [see our Art 1687] the wire be subjected 
The elongation or contraction produced by the neglected resultant force, if 
this IS in such a direction as to produce iny, will cause the line of ngowiisly 
no elongation to deviate only inhmtesirn illy fioin the elastic cential line, in 
any part of the wiie finitely curved 

This amounts practically to siymg that at points of finite curvatuie 
the central and neutial lines deviate only infinitesimally Such a state 
ment is, howevei, incorrect An examinition of the figuie in our Vol 
I , p 403, shews that the neutral line may pass it points of finite 
curvature to a considerable distance from the cential line But, is i 

^ That the flexural rigidity theoretically vanes with the amount ot cuivatiue is 
shown in our Arts 619—20 but this variation is really excluded b\ oui authois 
conditional limits 
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febCife, i^ns ^^TifttKXE do6S not sensibly afibct tb© fl©xur8l ©ffect 
^ ^ ^ress^aples, wbicb is th© r©al point upon which our authors’ 

theory depend 

[16^0] A wire umform constitution and figure throughout, 
natttmiy strai^t” is now taken Two planes of reference are 
^wn through its central axis cutting any cross-section at F in the lines 
FMi mi Fif% and r* are the component curvatures in two planes 
perpendicular respectivdiy to PNi and FI^q, and t is the twist at F 
The authors then proceed as follows (§ 594) 

OcmssHiesmg now the elastic forces called into action, we see that if these 
ecne^l^te a ooi^ervative system, the work required to bend and twist any 
part of the wire from its unstrained to its actual condition, depends solely on 
^figure m these two conditions. Hence if w PF' denote the amount of 
fir ^ infinitely small lei^th FF of the rod, w must be a function 
, and therefore if A,, A 2 , M denote the components of the couple 
reMtet of all the forces winch must act on the section through F' to hold 
the part FF* m its strained state, it follows that 

Law II of our Art 1688, or the principle of superimposition, then 
leads at once to w being a homogeneous quadratic function of I'l, V 2 , t, or 

w = ^ {Av-^ + Bvi + C't® + 2avzT + 26tvi + 2 cvir 2 ) ( 1 ), 

wh^e A, 5, 0, a, 6, c are constants of the wire 

[1691 ] Now it seems to me that this investigation is wanting 
in accuracy in several points First our authors’ definition of twist 
(see our Art 1669) when applied to a material rod or curve seems 
to exclude the possibility of the "transverse’ becoming inclined to 
the tangent, and being itself distorted by the strain Once it is 
recognised that the cross-section of the wire in the cases of both 
flexure and torsion is distorted, it does not seem to me possible 
without an investigation such as that of Kirchhofif’s (introducing 
Saint-Venant’s results) to assume that the work is a function of 

V and r only To do so appears to be only repeating the old 
h\ potlu sis of h uler, Bernoulli and Coulomb under a disguised form, 
le the non distoition ot the cross-sections is practically assumed 
\Mtliout suthcient discussion undei the purely geometrical defini- 
tion of twist 

It cannot be said that this distortion is negligible, foi it plays 
an impoituit part in the determination of the constants G, a and 6, 
tor all but a lod of circular cross-section with elastic isotropy in the 
})lanL of the cioss-section The lesult ( 1 ) is, however, deduced 
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without any limitations of this kmd That it is practically 
correct for a thin wire of any cross-section may, however, be 
recogmsed from the investigations of Kirchhoff, Clebsch and 
Boussmesq see our Arts 1251-66, 1359-64 and 1418-36 

[1692 ] By the well known process for reducmg a homogeneous 
quadratic function, w m (i) may be put into the form 

^ ~ + -^ 8 ^ 8 ^) (^)) 
corresponding to three component couples about three rectangular axes 

<^8 “ ‘^ 8 ^ 8 j 

where are linear functions of Vi, Vg and r Hence our authors 

conclude 

There are in general three detenmnate rectangular directions P§ 2 , 
P§ 3 , through any point P of the middle line of a wire, such that if opposite 
couples be apphed to any two parts of the wire m planes perpendicular to any 
one of them, every mtermediate part will experience rotation m a plane 
parallel to those of the balanced couples The moments of the couples 
required to produce unit rate of rotation round these three axes are called 
the ^incfipal tormn-flexv/re rxgxd%t've& of the wire They are the elements 
denoted by Aj, A^ in the preceding analysis (§ 596 ) 

The corresponding rectangulai directions are termed the three prmctr 
pal ameSy and the form taken by the wire when balanced by couples round 
any one of the three principal axes is a uniform helix havmg a line 
parallel to the prmcipal axis for axis The helices so obtained are the 
three principal helices^ 598) 

If one of the principal axes coincides with the central line of the 
wiie® then the three principal helices become the axis of the wire corre 
spondmg to pure torsion, and two ciicles « i d i.r to pure flexure 
in either principal plane (§ 599) 

[1693 ] Oui authors now demonstrate a numbei of pioperties of 
rods strained into helices, oi of helical springs 

(a) Wantzel’s theorem of the helical foim taken by a stiaight rod 
of which the central line is a prmcipal axis and the Hexuial rigidities 
are equal, when subjected to couples in parallel planes not peipeii 
dicular to the cential line, is pio\ed in ^ 601 see oui Aits 1240* 
and 1606* 

(5) We have alreidy discussed Giulio’s meinoii of 1841 and Saint 
Venant’s of 1844 on helical spinigs se( oui Aits 1219* and 1608* 

^ Thomson and Tait si)eak of litlix in the text and apital in the raaigin Tlie 
latter word seems bettei leseived foi a, plane cmve A watchspiing is tlie tiue tjpe 
of spiral spring not the spiing of a spiing balanec which is i helical spimg 

2 The authors speak of common metallic wires ’ being ‘sensibly isotiopic’ — a 
somewhat tpiestionable statement see oui Aits S 92 and 1271-'! 
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In S authiors^ give Saint-Yenant's expressions for the 

foance and couple^ t^e results of § 605 correspond with those of our 
Art 1608* and those of § 602 with the same results for the special case 
when j?^=’jr/2 A comparison of Saint- Yenant’s method with that of 
and Taat is of value, as bringing out the terms supjvosed to be 
neghgiHe m them investigation, ^,6 the longitudinal stretch and 
Sjont-Yenanfs see our Arts 1593*~1608* Thomson and Tait's 
results are slightly more general than the corresponding conclusions of 
Kirchhoff (see our Arts 1268 and 1283 (c)) which suppose the cross 
seduon of the wire to be circular 


(o) Let I be tfee length of the helix, x the distance between planes 
^hrou^ its two terminals perpendicular to its axis, cf) the angle between 
throu^ its axis and its two terminals in the strained condition, 
Xk ^ the corresponding quantities for the unstrained condition 
with the notation of our Art 1608* aj = ^sm/3, <^ = Zcos^/r, 
and we may write 






F being the force in the axis tending to compress the helix (§ 607) 
The authors then take a? — oJq and <l> — <I>q small, and deduce various 
results bearing on the practical use of helical springs For example 


F=^ + 2/tv) (x, - *) - i (F<ok> - 2/iv) 


Hence if the spiral be of very small inchnation to the axis, or xJl be 
small we have approximately 


p_2/^® 


(x^-x) 


Thus (i) the load is proportional to the compression in the axis, a 
property first determined by Hooke at a much earlier period from 
experiment see our Aits 7* and 260*, (ii) helical spnngs act chiefly 
by toision, a property faret stated by Binet and after him by Giuho 
J Thomson and Kirchhoff see our Arts 176* 1382* and 1283 (c)’ 
(in) if the nurabei of coils be n, I = ijir x ti nearlv, if r be the ladius of 
the helix, and = Ij r, whence 




or, the totil eompiession, {<„-ib), for a given load vanes directly as the 
numbei of coils and as the cube of the ladms of the helical spring 


1 Two misprints of the hrst edition a' 
the second edition 


for a ? and L for 6^ in § 605 remain in 
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This result agrees after proper changes of notation with that of G-iulio 
cited as (vi) in our Art 1220* 

[1694] Our authors next refer to Kirchhoff’s elastico-kinetic 
analogy (see our Arts 1267, 1283 and 1364) and cite as a special case 
of it the Elast%o Gwrve of James Bernoulh (see our Arts 18*-25*) 
A straight wire having one set of piincipal axes of its cross-sections 
coplanar is bent m this plane by the action of two equal and opposite 
forces, - F, acting m any line in the plane taken as the axis of as, 
and connected with the wire, if needful, by rigid bars The correspond- 
ing elastico-kinetio analogy is that of a rigid body swingmg on an axis 
under the action of gravity (§ 613) If 1/p be the curvature we easily 
find FdiH^jp = Fy, whence the equation to the curve is py = a®, a being a 
constant Thomson and Tait suggest that the elastic line for this case 
might be found by drawing successive arcs of circles whose radii vary 
inversely as the ordinate y (§ 611) They discuss somewhat briefly 
the types of solution of the differential equation py — a®, and depict some 
of the forms ^ (traced experimentally from a flat steel spring) which the 
solution may take (§ 611) These forms are of very great physical 
interest and then comparison with various cases of pendulum motion is 
instructive 

A conclusion worthy of remark is, that the rectification of the elastic curve 
IS the same analytical problem as finding the time occupied by a pendulum m 
descnbing any given angle (§ 613) 

[1695 ] § 614 gives general equations for the equilibrium of a bent 
and twisted rod, in some respects slightly more comprehensive than those 
of Kirchhoff and in other respects slightly less luminous as to form 
than those of Clebsch The points to be considered are of a very difficult 
and delicate kind, and tlie difficulty and delicacy are both increased by 
the manner in which Thomson and Tait obtain their expression foi the 
strain energy of a bent rod see our Arts 1687-91 According to 
both Kirchhoff and Clebsch there is a certain ptinciple involved in 
the discussion of the equilibiium of elastic bodies with one oi two 
dimensions indefinitely small see K%rchhqff^s Pi incline leferied to in 
our Art 1253 Kirclihofl on the giound of this piinciple neglects 
the body forces on the rod, he furthei supposes sui face load to be 
applied only at the term 111 il cross sections see oui Art 1259 Clebsch 
also supposes no surface load except at teiminal cross sections, but he 
introduces body forces sec oui Ait 1363 The absence of sin face load 
seems essential to the treatment of both Clebsch and Kiichhoff, fot the 

^ Forms drawn directly om the equation for a spring loaded in a great variety 
of modes will be found in L bialschut/ l)u btlastiU Stub unto 1 inwirkunij ono 
seitlichen Kiaft, Leip/i^ 1880 i most inteiesting woik bailschutz s ciiives agitt 
closely with ihomson and fait s cxpeiimental tojiiib only he gives as a lule a 
smaller piece of the curve placed in i some what different situation Thus compaie 
his Fig 10 with their Fig 1, his Fig 21 with then lig 3, his lig 11 (12) with 
their Fig 5, his Fig 30 with then Fig 2 etc etc 
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bis 6 x;pf' 0 ssioiis for i^e shifte (Art. 1360) and tlie latter 
l^f t oxpressiiC^ for the strain-energy (Art 1287) on the assumption 
^Baint-Tenant that ^ = yi^ = 0 (Arts 1262 and 1286), and accord 
ijpjgij that the stress at the surface of the rod vani&hes iJTow Thomson 
after titeigo, A 7 components of the mutual force, 

if %im those of the mutual couple acting between the matter on 
sides ihe normal section through a?, y, — ju, y, z being axes 
^4^ npt spaoe^-'— proceed to take XSs, TBs, ZBs and LhSy AfSs, NBs as 
components of the applied force, and applied couple, on the 
portaon Bs the wire’* between the normal sections at x, y, z and 
y+% s + fe There seems to me great difficulty about this 
Bo X, J> Zi M, F refer to surface load or to body force, or to both^? 
JPE redser to surface-lcMd, we cannot fall back on Eirchhoff and 
Imt the exacfeiess of the expression of our Art 1690 
Ibr the ^aram-energy If the above quantities, however, 
iSipxossnt n^rely body-forces, the geneiality is not greater than that of 
imveekgataon and the treatment seems in many respects less 
tamnaom Thomson and Tait*s Equation (i) becomes Kirchho:ff*s (xxm) 
in oar Art. 1265, if X, F, X be put zero, their Equations (i) and 
supposing X, F, X, Lf M, F to refer to body-forces, ought to be 
contained m 01eb^h*s (viu) m our Art 1363, but the analysis necessary 
to prove the identity by transformation would be complicated 

Thomson and Tait do not refer, like Olebsch, their force and couple 
components (a, y, |, rj^ of the total stress on a cross section to axes 
fixed m the element of the rod, but to axes fixed m space Thus since 
ihe rod in the general case has finite shifts then method of treating the 
question does not directly bring the bending moments, shears etc , into 
flie equations of equilibrium Further in the application of many 
systems of applied force, the system would be known relative to axes 
fixed m the element, and therefore X, F, X, L, AT, F would be not 
given directly, but only in tei ms of the unknown strained form of the 
rod , the Equations (4) and (5) of Thomson and Tait would thus be 
still more complicated in application than they at first sight appear 
Comparmg the two methods with the corresponding equations for 
the elastico-kinetic analogy, we may say that Thomson and Tait’s 
method leads to difieiential equations corresponding to the motion of a 
iigid body ref ei red to axes fixed in space, while Kirchhoff and Clebsoh’s 
method leads to difieiential equations more nearly corresponding with 
Eulei*s equations foi the motion of a body referred to its piincipal axes 

[lb96] In the iollowmg sections, §§615-9, the lesults are 
applied to special cases of naturally straight wires, but the authors 
pass b} a some^\hat ahiupt transition to “ to a uniform bar, beam or 

^ The conditions undei which a surface load may be practically replaced by a 
body foice are of f?reat impoitance One investigation foi a special case ot continu 
ous loading has been given by the Editoi Qua? teily Juianal oj Mathematics, Vol 
XXIV , pp 87 and 106 Cambridge 1889 
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plajxk*’ and even to continuous beams The need here of a prelimi- 
nary investigation as to the form of the distorted cross-section, and 
as to the real limit‘=< within which the strain energy of this distortion 
may be neglected, becomes very manifest In § 619 it is shewn that 
the problem of a continuous beam is determinate, but the method 
sketched for its general solution becomes m most practical cases 
far too laborious to be workable, and a reference might have been 
expected to Clapeyron’s Theorem see our Arts 603, 607 and 893 


[1697 ] We now pass to, perhaps, the most mteresting part of 
our authors’ treatment of wires, namely, problems relatmg to vires 
of equal or unequal flexibility rotated round their central Ime 
This occupies §§ 621-6 We note the following points 

(a) A wire of equal flexibihty, straight when unstramed, offers 
when bent and twisted in any manner no resistance to being turned 
round its central Ime This is the principle of the equable elastic rotatvng 
jomt, which admits of the rotation about any axis of one body being 
transferred equably to a second body rotatmg about any other axis. 
The wire which acts as the jomt must have the tangents at the 
terminals of its central Ime exactly in the axes of rotation of the two 
bodies If the wire be not accurately of equal flexibility there will be a 
periodic mequality m the rotations of the two bodies having for period 
half a turn of either , if it be not absolutely straight an inequality of 
period equal to a whole turn of either 621-2) 

(fi) Consider a piece of wire oi ribbon which m the unstrained 
state has its central line a circular arc of radius a , the plane of gieatest 
flexural rigidity at each point being inclined at an angle a to the plane 
of the central line Let its cential hue be strained into a complete 
circle of radius r, and let a couple Lhs applied to each element 8^ of 
the wire in the noimal plane ot the central line be required to hold the 
wire, so that its planes of gieatest flexural rigidity make an angle 
with the plane of the central line Then the expression (i) of our Ait 
1690 for the strain energy per unit length of central line, since there is 
no twist, reduces to the foim 

w = \ (Aj// + Bv^ + 2C1/1V2), 

or, transforming this expression by reference to the planes of principal 
flexural iigidities and A 2 , Ai> A ), to 


Clearly 


cos cos a 




Ai sin (/) /cos <f> cos a\ ^ Ag cos </> /sin c/> sin a 


(1) 

H, 


and - A ^ ^ 


cos 2<ji sm sm a' 

7“ 7 a 
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tet <7 1)© the ccmple m tiie plane of the central line, or pia^e 
©f ^duch a<^ between the matter on either side of a cross- 

peeten 

^ . /cos^ ocma\ \ 

GcoBi>==A^{^— 

, \ r 

^ ^ ^ /sin^ sma\ ' 

-) J 

®IJ6 follows from our Ajrt 1692, fmr clearly 

Oooa^ = N’^ and (7sm<^ = -yg 

Tlarf^aywami and ®ait now consider most suggestive special cases of 
40«ere^ts. 


0em (i) EoiaMm of a s^a/tgkt wire hent into the form of a hoop 
fmmi ^ km, 

Hespe a = 00 , therefore 


I = _Air A 


d^w ^ 1-^3 
^ sin2.^, and ^ = ^ 


COS 2</> 


Heooe when ^ = 0, or when planes of maximum flexural ngidity coincide 
wifh the plane of the central line, w? is a maximum, and the equili- 
fenum IS unstable When = 7r/2, we have again equilibrium, but, as to is 
a minimum, it is stable (§ 623) 


Case (ii) A wvre equaUy fkxMe in all directionb is strained from a 

wo of ladius a to a rmg of radius r and then turned round 
' line, 

^ = As, a = 0, therefore 


L = 


Ai sm d^w _ Aj cos 
a/r ’ d4>^ ~ ar 


Hence <^ = 0 and <^ = 7r aie positions of equilibrium, the former being 
stable and the latter unstable (§ 624) 


Case (ill) Suppose A = oo , which coi responds closely to the case of 
a flat band oi metal nbbon — for example “a common hoop of thm sheet 
lion fitted upon a conical -vat, oi on either end of a bairel ot ordinal y 
shape ’ 

Here if the strain energy is not to be infinite we must have 
/ sin (^ = f^'Sin a, oi the plane of inflexibility must make an angle 
sin"^ (k«"‘ sm a) with the plane of the cential line, when the band 
is bent to a radius ? We have fiom (iv) 

^ ^ A^ /cos <j> cos a\ 
cos <t>\o a J 

Hence it ipproaclies neai to ■7r/2, oi if the plane of inflexibility 
appioaches the plane ot the cential line 0 gets extremely large and 
the band must snap acioss 626) 
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The many suggestive points with regaid to pioblems of stability 
which anse from this interesting discussion may justify the space 
here devoted to its reproduction 

[1698] The next portion of Thomson and Tait’s Treatise 
deals with the bendmg of plates (§§ 627-57) Of this §§ 627-49 
give a general theory of such plates, contaming much that is of a 
most instructive character At the same time certam assumptions 
are made which it is needful for us to notice here, and which will, 
perhaps, be brought out best by the independent discussion of a 
special case 

If the plane of xy be taken as the tangent plane to a surface at the 
pomt cc - y = » = 0, then in the neighbourhood of the origin the form of 
the surface is given by 

» = ^{T0(^-^28xy + tf) (i), 

where r = dPzldx\ s=^ dJ^zfdxdy^ and t = c^zldy^ As in the case of the 
rod, Thomson and Tait take the stram-energy per unit area of the plate’s 
mid-plane to be a homogeneous quadratic function of the r, s, and t of 
the bent mid-plane at any pomt The constants of this function are not 
expressed at this stage in terms of the thickness of the plate and the 
usual elastic coefficients (see, however, our Art 1713), and it does not 
appear from the discussion how tar the general equations of elasticity 
are satisfied by the assumptions made I take it that, « = 0 bemg the 
unstrained mid plane of the plate, §§ 634-5 really amount to the Samt- 
Venant-Boussinesq hypothesis that 

^ = ^ = 0 (ii), 

throughout the material of the plate 

Assuming this to be so, I piopose to find an expression foi the strain 
energy at a given point of a plane plate with three rectangulai planes of 
elastic symmetry, one being the mid plane, when (ii) holds and the 
mid plane at the point in question is skghtly bent to the form (i) 

[1699 ] The stress sti am relations aie of the form (see our Ait 
117) _ 

XJC ~ •\-J' by G 

^hSy-\-db^, 

Tz = -{- d'sy + eSp^ 

Absume the following values foi the shifts 

w~\ {rx^ + + ty'^) -h \C% , ] 

u= -ix-- syz +fj {x, y), V (iv), 

o=-bxz-tyz+J- (x, y), J 


yz ^d(Ty^, \ 
zx — 60 "^ , V 
^1/ ) 
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Sip t md C aa*bitcary constants, and /i ,/2 arbitrary functions 
Jl waE be foinoad that u and «? m (iv) have the mo^ general values con 
mle^t ■with the value chosen for w and with ^ = 0 To satisfy 

we must further have G - and ^ ^ ^ 

The value chosen for w gives 

= I (va? + 28Qcy + 

lar ^ fonn of the distorted mid-plane, i e the mid-plane of the plate 
IS best at the origin to the form sugg^ted by Thomson and Tait The 
tem enables us to satisfy the relation = 0 at all points of the 
Further and/j clearly refm: only to strains in the plane of the 
plate uniform throughout the thickness, and these terms are therefore 
not due to bending at alL We may therefore neglect them from the 
Thus we conclude 


Sfr = — ra»— 
w=-aa»— 
Furyier 


M? = J (r{x?+28xy + ty^} + J (v) 


^ efr + d't 

By^-iZp 8^^ — - — 

c 

<r^=0, <r„=0, (r*j, = -2s« 


(H 



,, d'e\ 


\ 

{v-ir^v 

--) 

‘) 

i’ 

5/«j 

= ^ = 0 

\ 

0 

. c / 


i. ^ 


(vu) 


These stresses will be found to satisfy the body sti ess equations 
Forming the expression for W the strain energy per unit area of the 
mid plane of the plate at the origin we have 


(^8!g + ^S^+ ^ CTayy) d%^ 


2€ being the thickness of the plate Thus 



{(« _ + 2 ( 2 /+/- H^(h- 

+ 4/(s2 - r«)| 


T> 


(vm), 


_ > Their 
i^rrrO are 
constants 


most genei^ forms as deteimmed from the body stress equations and 
fi-Gd c + Hji/ and / = - Qt y+J)^, where G, Dj and Dj are arbitrary 
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or with abbreviated expressions for the constants 

F’= g + 2Grt + + ^( 5 ® — Tt)) (vui his) 

1^'ow let us find the couples acting on matter mside an element 
round lines in the mid plane of the plate parallel respectively to the axes 
of X and y on strips of unit breadth and height perpendicular to these 
axes 



Here the couples L and N acting on an elementary strip parallel to 
the plane zy^ tend to turn x to z and y to z, and the couples M and F 
acting on an elementary strip paiallel to the plane zx tend to turn y to 
z and X to z lespectively This is indicated in the accompanymg figure 

[1700 ] Let x' = x+u, y' = y + v, z' ~z + w Then a straight line 
perpendicular to the mid plane before stiain is given bya; = a, 2 / = /3 
After strain this line becomes by (v) 

^ - y' ~ ^ + 2ba^ + t/B^) 

Q (k 6^ SCL + tjB 1 + ^Oz 

This IS cleaily no longer an exact straight line unless (7 = 0, but if G be 
taken zero then ^ will not be zeio and the values of the elastic constants 
in (viii) unll he changed On the other hand, if the plate be veiy thin, 
^Gz will be negligible in the above result and the transverses will 
remain very approximately stiaight lines 

[1701 ] We are now in a position to sum up oui conclusions foi 
a plate with three planes of elistic symmetry, one coiiRiding with the 
mid plane of the plate 
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(i) 131 © steaan-ea©!^ per unit area of the mid-plane required to bend 
'ffitiiont stretching a small portion of the plate to the iorm (i) is a 
qaaidrat»! function of the curvatures r, s and t 

(&) like bending couples are given by the differentials of the strain 
eaexgj with regard to r, « and t 

TSwee agree with Thomson and Tait’s conclusions for the most 
geneial case of aeolotropy in ^ 640—1 But 

(m) A. straight Ime in the material of the plate onginally perpen- 
#BtW to the mid-plane, only remains appioximately perpendicular to 
the mid plane after bending If it be assumed to remain absolutely 
perpendicular, then the value of the flexural rigidities of the plate will 
net be given as the proper functions of the elastic constants h, c, kf , a , 

^ Wm result ib stated by Tbomsoa and Tait in (2) of § 633 


Tbe jpga^dbs in any straight hne perpendicular to the plate when plane, 
resnam m a straight hne perpendicular to the curved surfaces into which its 
site, and pju^el planes of the substance between them, become distorted 
yi^im it ^nt 


l^omson and Tait cite this result as deducible from ‘Hhe general 
theory of elastic sohda” The above investigation by the ‘‘ semi inverse 
method” (see our Art 3) while by no means free from objections, may 
sa6te, perhaps, to suggest that the result m question is an approxima 
taon to be justified for very thin plates by the general theory rather 
than an axiom upon which the theory of plates itself can be based It 
coincides with KirehhoflT’s hypothesis of 1850, the truth of which we 
have questioned in our Art 1236 (see also our Art 1412) The results 
(2) and (3) of our authors’ § 633 may be both true as approximations 
obtained by the general theory, but they will hardly serve as a basis foi 
an elementary theory of plates, for while (3) would lead us to introduce 
the term (2) would cause us to omit it The whole question is, I 
think, on a par with the Bernoulli Eulenan theory of rods The 
postulate that the cross sections of a rod under flexure remain undis 
torted is not an a prion truth It received its first justification m 
Saint-Yenant’s memoir on flexure (see our Art 92), which shewed that 
the Cl OSS sections actually are distorted but that in ceitain cases this 
distortion is negligible Expeiiment on a moderate sized iron bai 
shews clearly the distortion of the cross sections, and the distoition of 
the tmiisverses can be exhibited in moderately thick iron or glass plates 
If it be objected that oui mvestigation depends on the assumptions 
{a) that the sole stress lies in the plane of the plate (i e Equation (ii)) 
and (6) that there is only negligible sti etching of the mid plane (see oui 
Art 1699) we must lemaik that the same assumptions are made by oiu 
authors see then ^ 634 (1) and 633 (1) Hence their lesults may bt 
compared with oui in\ estigation based on a more geneial theory 

The further condition on which Thomson and Tait insist, namely, 
that 
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The deflection is nowhere, within finite distance from the pomt of reference, 
more than an infinitely small fraction of the thickness (§ 632, (3)), 

does not seem involved in our investigation, and it certainly appears at 
first sight to exclude from treatment the most useful and ordinary appli- 
cations of the theory to thin plates^ 

From the above, I think, we may conclude that Thomson and Taat's 
ultimate conclusions are true, but that their axioms aie not absolutely 
necessary, they would, indeed, if tieated as rigidly and not approxi- 
mately correct, lead to erioneous values for the flexural ngidities. 
Further their mode of discussion scarcely enables us to clearly realise the 
nature of the internal stresses in the plate 

[1702] Some valuable remarks and definitions occupying 
§§ 637-40 must be referred to here We have already noticed Ran- 
kine s analysis of umplanar stress (see our Arts 453 and 465 (b)) 
Clearly, since L, if, N are only the ^-integrals of the products of z 
and and Sy, a precisely similar analysis holds for these couples 
Thus let n as in our Art 465 (6) denote the normal to a plane 
perpendicular to the mid-plane of the plate, and let this noimal 
make an angle <j) with the axis of and let, as in that article, t be 
the trace of this plane on the mid-plane then if % be the 
stress-couple in the plane normal to n, tending to turn n towaids 
z and the stress-couple tending to turn t towards Zy we have 
by integrating the results of that article multiplied by z with 
regard to z 

% — L cos^ <!> + M sixi" sin 2<f>, ' 

~ -N cos 2(j> 

Hence clearly there are two directions determined by 
tan = 

for which the stress-couple, whose axis is normal to the plane 
over which we are reckoning the stress, vanishes 

These aie termed by Thomson and Tiit the piincipal axes of 
bending stress (§ 637) Let (p^ be a value of p satisfying (xi) then 
we may write (x) 

IL = ^(L + if) + H cos 2 (0 — 
jg = H sm 2 (<;& - <p,) 

where 12 = JN -h J (A — M) 

1 The pressure ot the finger at the centre of the bottom of a round tin canister 
seems to produce a deflection which is far from being an ‘ ‘ infinitely small fraction 
of the thickness ” and which might I think he fairly discussed by the oidinaiy theoiy 


(Xll), 


(X) 

(xi), 
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Tbow&cm now term ^(L + M) a synclastic stress 

Cfearly this term gives the same stress-couple round every line 
13 ^ t3^ plane of the plate On the other hand they term O an 
oaififccfasfiw stress , clearly the terms in the stress- couples due to 
Bm ^oh that they change sign without alteration of magnitude 
^ is in<^eased by a right angle If the axes of x and y be 
tfee prmcipal axes ci bending stress then clearly the condition 
a ptire synclasteic stress is that L = My or for a pure anticlastic 
^iiat L^ — My%e the principal stress-couples must be equal 
1^101 the same or apposite signs respectively Compare our Arts 
and 453. 


[1703 ] In § 644 our authors deduce from purely statical considers 
- fiyjTiift tike general equation connectmg the couples Z, My N and the foi ces 
to any small element of the plate This amounts in the notation 
# oar Art. 384 to 


die* ^ dxd/y dy* ^ dx ^ dy 


(xm) 


!I!!ltom9on and Tait do not distinguish between body-forces and surface- 
load, nor do they mvestigate how far the existence of the normal force 
Z' IS consistent or inconsistent with the assumptions {a) that the stress 
» IS supposed zero (§ 634 (1)), and (b) that the whole thickness of the 
plate remains unchanged {^ 633 (3)) Furthei they mtroduce sheaiing 
stresses a, jS, perpendicular to the mid plane of the plate, which seem 
directly excluded by their § 634, (1), from which § 639 and equation 
(3) of their piesent mvestigation indirectly flows 

Assummg W a homogeneous quadratic function of the three cutva- 
ture-components r, a and t, we can write down at once the equation foi 
the normal deflection of an aeolotropic plate This is more geneial 
than our result (v) of Art 385, which may be at once obtained from 
Equations (ix) and (xm) above But the authors do not shew how the 
SIX flexural rigidities of the aeolotiopic plate are to be determined in 
terms of the 21 elastic constants 


[1704] In ^645-8 we have a discussion of the boundaiy-conditions 
for a thin plate The authors point out the contradiction between Poisson 
and Kiichhoft and then proceed to reconcile their conclusions This is 
the famous Thomson and Tait “reconciliation” to which we have 
had repeated occision to letei when discussing Poisson, Saint Venant, 
Kirchhofl and Boussmesq see our Aits 488^, 394 and 1239, 1522-4 
It has been so fully explamed in oiii Arts 488* and 394, and the 
precedence of our authors so fully acknowledged by Bonssinesq, that 
there is no need to discuss the subject further here 
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[1705 ] ^ 649—653 deal with the case ot a hzute or mfimte 
plate symmetrically strained round a point The material of the plate 
IS supposed to be isotropic The authors only investigate that part of 
the shift of points on the mid-plane which is perpendicular to the 
plane Their results are therefore far less complete than those of our 
Arts 328-37 They give the couple L per unit length of a cylindrical 
surface of ladius r, whose generators are perpendicular to the mid-plane, 
the axis of the couple being a tangent to the trace of the mid plane on 
the cylindrical surface and they further give the value of the total shear 
S per unit-length of the same surface parallel to the generators They 
do not, however, give the radial shift or the stresses in the material of 
the plate see our Arts 329-31 

Let Z' be the force applied normally to the plate per unit area of the 
mid plane Then for an isotropic plate we have by oui Art 385 

\ d \ dV\ d ( dJwjN-l'i 3 , 

T dr V dr Lr d't V dr / Jj 

Call the right hand side Z'/A, then the solution is 

^ ~ Z j^j f^f r — 1) -L ^(7 V 

+ (7"logr + (7'" (n), 

where (7, C" and O'" are undetermined constants 

Further, L and S are given, if H be the plate modulus of our Arts 
323 and 385, by 



if c = ^ {H- 2jjl\ —and 
o 

S=^-A^l{Vw) (y) 

The expression foi L follows at once by substituting the isotropic 
values of the constants in the lesults (ix) of our Art 1699 and taking 
the axis of % to coincide with the ladius i The expiession for S has 
been previously consideied in our work (see oui Ait 1536) Thomson 
and Tait do not apparently lecognize that with then pievious assump 
tions B ought to be zero They appeil in fact to the “geneial theoiy of 
elasticity” (see 633-4), but on the basis of thxt general theoiy then 
solution i« only accuiatc piovided sti esses like CT, Jz, or in tins case 
^ and aie zero, or negligible as compaied with the othei sti esses 
The relative order of the sti esses and the conditions under which we 
may neglect ceitain of them m the case of a thin plate foim one of the 
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TBcrn^ delicate mTesfeigations m the whole theory of elasticity see our 
Arts. 385-8, 1438-40 Yet after an investigation which really depends 
lor ita accuracy on the neglect of the shearing stress and the normal 
stress we are confronted by the introduction without remark of 



2 md of Z' equal presumably to (^)+e-(^)-e Clearly if ^ and 7z 
aa^ not zero the s^tements § 633 (2) and § 634 (1) are only approxima 
tiOEis, and we must shew in calculating the strain-energy W (see our 
Art. 1699) that t^e terms due to these stresses are negligible This in 
most cases is probably the fact, but the difficulties of the investigation 
do not seem effectively brought out by our authors’ mode of investi 
ga^on For the value of P m a special case see our Arts 329-30 
Assuming our authors’ conclusions to be correct, we have (§ 649) 

L = -^ Irdrj^jTZ'dr + j^jr^dr 
+ ^0{(A+o)logr + ^{A-c)} 

+ rG'^A+0)-0"(A-o)l (VI), 

S = -^jrZ'<ih'-Cj (vu) 

[1706 ] Our authors give an interesting investigation of the 
physical meaning of the various terms in the solution expressed by 
(u), (vi) and (vii), (§ 651), and then work out the following interesting 
problems, for the special analysis of which we must refer our readers to 
the Treatise 

(а) The symmetncal flexure of a circular annulus acted upon by 
any given bendmg couples and shearing forces distributed uniformly 
round the outer and mner edges (§ 652) 

(б) The same annulus acted upon m the same manner with the 
addition of any load symmetrically spread over its area The solution 
IS indicated foi a special case only (§ 653) In § 655 our authors indi 
cate the solution of the circular plate problem for the case of non- 
symmetncal loading This problem had been completely solved by 
Clebsch some years earlier in his Treatise see our Arts 1380-2 

[1707 ] Two fiiither pamgraphs (§§ 654 and 656) in the authors’ 
treatment of plates diseive special notice 

Let Z (a, y) be the load on a plate at the point r, then the form of 
the plate equation for an isotiopic material is 

/d d y 
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A parbcxilar integral, Wg, of this is 

If ^ jjdal'di/'Z' {a!', ^') log S', 


•where E = J(x-x'y + (y-y'f and JR' = J{iZ' - xf + 

Hie solution is thus thrown hack on the complete int^ral of 



w = 0 


[1708] Returning to the results (iv)of our Art 1699, let us suppose 
the material subjected to a uniform anticlastic curvature (Art. 1702), 
obtained by putting L = M=0, and therefore HF * 
Hence if a rectangle with its sides parallel to the axes of x and y 
were to have its edges subjected to the uniform couple IF (see figure of 
our Art 1699), there would be anticlastic curvature and a deflection 
given ((iv), Art 1699) by 

SN 

How by Thomson and Tait’s ^ reconciliation ’ a couple may be replaced 
by a distribution of shearing force S the couple per unit length of the 
edge may be replaced by shearing forces ^2" and - at infinitely small 
distances from each other and such that These will cancel 

each othei except at the corners, wheie from each edge we shall have a 
force JP, or P as a whole Thus we have the case of a rectangular 
plate subjected to normal forces P, P at the ends of one diagonal and 
normal foices —P at the ends of the other diagonal Such a 
system of force therefore produces uniform anticlastic curvatuie in the 
plate and a deflection from the mid point given by 

3P 

In the case of isotiopy, /=/x, the slide modulus 

Clearly the 'shifts m tins case are given by (iv) of oiii Ait 1699 as 


3P 

8/* 


3F 

w = v = - 




3P 

’8/^ 


, xz 


Turning to oui Ait 29, we see that these lesults exactly coiiespond to 
the toision ot a veiy thin lectingular piisin, ^ e if m the lesults of that 
aiticle we neglect c/h, write M~2hP, md theiefoie take t = 
f and € being lespectively /jl and c Thus the bieadth of oui plate 
being 2b, we see tint unifoim anticlastic cui\ature is produced in a 
thin plate bj torsion Thomson and Tait return to this identical case 
of the flexuie and toision pioblems latei (§n^ 719-23 see oui Ait 1713) 
as a means of detei mining the flexmal iigidity of the plate in teiins of 
the slide modulus , — \ detei mi nation winch is necessan in tlun mode of 
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approaching iili€ plate problem see our Art 1698 The investigation 
IS <me of very considerable suggestiveness and great physical interest 

In § 657 ike authors r^arh 

Few probl^ns of physical mathematics are more curious than that presented 
by tiie trai^iiwi from this solution, founded on the supposition that the 
gi^t^ deflection is but a small fraction of the thickness of the plate, to the 
^:^tion for flexures, in which comer portions will bend approximately 
as developable surfaces (cyhndncal, in fact), and a central quadrilateral part 
will remain infinite^ nearly plane , and thence to the extreme case of an in 
flmtely thm perfectly flexible rectangle of mextensible fabric 

TJnfortunatoly, they give no analysis, nor any suggestion for the 
mathematical tr^tment of this case 

[1709 ] The next forty-one articles (§§ 658-98) of the Ti eatise 
li^rm a luminous discussion of the general equations of elasticity, 
irtnch, however, as traversing well-known ground need not detam 
ns long 

We may draw attention to the following points 

{a) If W denote the ‘‘whole amount of work done per unit of 
volume in any part of the body while the substance in this part 
expenences a strain Sy, cTaas, ctj^) from some initial state 

regarded as a state of no stram’’, then 

dW = + Jy cfoy + '^dSg + ‘^ddyg + 

Upon this result our authors make the following weighty statement, 
which I believe had not been clearly expiessed before, and which has 
too often been disregarded smee 

This equation, as we shall see later, under Properties of Matter {alas 
expresses the work done in a natural fluid, by distorting stress (or difference 
of pressure in different directions) working against its innate viscosity , n,nd 
W is then, according to Joule’s discovery, the dynamic \alue of the heat 
generated in the process The equation may also be applied to express the 
work done in strammg an imperfectly elastic solid, or an elistic solid of 
which the temperature varies during the process In all such applications 
the stress will depend partly on the speed of the straining motion, oi on the 
\arying temperature, and not at all, or not solely, on the state of strain 
at any moment, and the system will not be dynamically coiiseivatne 

671) 

An attempt has been made by the Editoi of the present volume to 
form the geneialised equations of elasticity when the speed of the 
straining motion is taken into account see the Proceedings of the 
London Mathematical Society, Yo\ xx , pp 297-350 London, 1889 

{b) Thei e are a number of definitions m these paragraphs which ought 
to be regarded A perfectly elastic body is defined as a body which, 
“vhen brought to any one state of strain, requires at ill times the 
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same stress to hold it in this state , however long it be kept strained, or 
however rapidly its state be altered from any oth^ strain, or from no 
strain, to the strain in question’' Here the effect of vanalaon of 
temperature is neglected in the theoietical ‘perfectly elastic’ body, but 
our authors point out that “ by making the changes of strain quickly 
enough to prevent any sensible equalization of temperature by oonduo- 
tion or radiation,” or again “ by making them slowly ^ou^ to allow 
the temperature to be maintained sensibly constant”, the perfectly 
elastic body of theory finds close approximations among natural bodies 
(§ 672) 

The first clear statement of the relation of thermal effect to strain 
IS due to Sir William Thomson see our Art 1631 

(c) In § 673 we have the expression of W (see (a) above) as a 
quadratic function of the strain components, and the remarks as to 
Boscovich’s theoiy, which we have criticised m other parts of our 
History see Arts 924* 928* 276 and 299 

(d) What we have termed the dilatation and shde- moduli, or the 
F (3X + 2/i), and the fx of an isotropic sohd, are defined as the InUk- 
modulus and the T%g%d%ty in § 680 There seems some objection to the 
latter word as the term fleoMral T%g%d%ty has been widely used in 
quite a different sense, le m the cases of a beam and of a plate, where 
its value has on the multiconstant theory no direct relation to the 
shde-modulus fx The recipiocal of the bulk modulus is termed the 
compressibility Thomson and Tait use the letter n for our fx, the letter 
k for our F=^(^X + 2/x) and the letter m for our X + fx It follows 
that our E = ^nkj{%h n) and our 07, the stretch squeeze ratio, 
= J (3^ — 2n)l(dk + n) Moduli expressed in terms of k and 71 are 
generally more complex than when expressed in terms of X and fx, but 
% has a moie direct physical signification than X Young’s modulus, 
our stietch modulus, is identified in § 686 with “what we also sometimes 
call lo7igitudinal iiyidity^^ ihis I venture to think completes the 
confusion which has hitherto been attached to the word iigidity^ 

(e) The criticisms of uniconstancy in §§ 684-5, for the reasons often 
cited in this History, do not seem to me to can 3 conviction with them 
see our Arts 921 *-933* 192, 196, 1201, 1212 and 1273 

1 In a footnote to this paragiaph occurs the slip concerning the stretch modulus 
of ice to which I have referred in Ait 372*, footnote It should be noted that if 
a perfect fluid might be compaied with an ela»tic solid foi which the slide modulus 
jx is zero but the dilatation coefficient \ finite then the stietcli modulus would also 
be zero , but if a column of the mateiial were placed in a cylindncal vessel with 
rigid sides and stretched by a ti action T the corresponding stretch s would be 
Tj\ In this case, owing to the vanishing of /i the dilatation modulus would 
also be X The phenomenon of the sti etching of such a mateiial is illustiated bj 
the fact that even a column of water will, if air free beai a pull of manj atmospheies 
before rupture If a fluid be compiessible in the least degree then a column 
of it will resist stietching it it be given lateial suppoit The watei lope’ paradox 
thus finds an elastic analogue 

27 2 
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ri710 1 §§ 699-710 deal with Saint-Venant’s Torsion Problem 
Arts. 17—60 Our authors treat of the application of con- 
^te functions to the torsion of prisms and indicate their apph- 
S>n to the case of cross-sections m the form of annular sectors 
S) n>e method iteolf » do. to Olobsch (to. oor Art mS (.)), 
md the toggtotod .pplitotroo h» keen leter folly worked oot by 

Saant-Venant see our Art 285 ^ ^ , , 

In 8 706 a hydrokmetic analogue to the torsion problem is 
eiven, whndi differs, however, materially from that of Boussmesq 
pnhhshed some years later see our Art 1430 
It runs as follows 

Conceive a hqmd of density /i completely filling a closed mfimtely 
MitTr^tic box of the same shape within as fe given elastic pmm 

^ndiciSr to Its length The efecUve moment of inertia of the 
E ^ he equal to the correction by which the tomional rigidity of 
S^listic pnsm calculated by the false extension of Coulombs law 
must be diminished to give the true torsional ngidity 

Further, the actual sheai- [te shde] of the solid, in aiy infinitely 
thm nlate of it between two normal sections, wiU at each point be, 
Xn reckoned as a differential slidmg paraUel to their planes equal to 
Td in the same direction as the velocity of the liqmd relatively to the 
containmg box (§ 705) 

gy « effective moment of inertia’’ the authors understand that oi 
a iigid sohd fixed iMthm the box, which if the liquid were removed 
would make the motions of the box the same as when it contained 

M'ukI mi. 

The reader will find it of interest to compare Thomson anc 
Tait’s analogue with Boussinesq’s, — especially in reference to th( 
insight both throw on the position of the fail-point, as in genera 
the point on the contour nearest the axis see our Aits 23 anc 
1430 


[1711 ] Anothei important matter in oui authors’ discu'^sioi 
of Saint Venant’s torsion problem is contained in the followin] 
^^ords of § 710 

A solid of any elastic substance, isotropic or aeolotropic, bounded b 
any sui faces piesenting i)rojecting edges oi angles, or le entrant angle 
or edges, however obtuse, cannot experience any finite stiess oi btrai 
in the neighbouihood of a pi ejecting angle (tiihedral, polyhedial, c 
conical), in the neighbouihood of an edge, can only experience simpl 



1711] 


THOMSON AND TAIT 


413 


longitudinal stress parallel to the neighbouring part of the edge, and 
generally ex 2 )enences infinite stress and strain m the neighbourhood of 
a remtrant edge or angle, when influenced by any distribution of 
force, exclusive of surface tractions infinitely near the angles or edges 
in question An important application of the last part of this state- 
ment IS the practical rule, well known m mechcmics, that every re- 
entering edge or angle ought to be rounded to prevent nsk of rupture, 
m solid pieces designed to bear stress 

The writers remark that want of space obliges them to leave 
this statement without formal proof A certain portion of the 
proof may be given readily as follows, although the general 
demonstration in the case of a polyhedral angle might be 
difficult 


Considei an edge of a sohd bounded by two planes meeting m a 
Ime taken as axis of z Further let two parallel planes be taken 
peipendicular to the edge cuttmg off a wedge-shaped portion of the edge. 
If the planes be taken very close together and we de^ only with a very 
small portion of the wedge in the immediate neighbourhood of the edge, 
the variation of the stresses with z may be neglected as compared with 
their variations with regard to r and polar coordinates in the 
angular face of the wedge If 2a be the angle of the wedge and 
be measured from the angular bisector, the most general expressions 
for the radial and cross radial shifts and for the dilatation will be found 
to be 


u = % {C^ cos sin m'<^} \ 

+ S {An -2 cos {m-2) sm (m - 2) </>} 

^ = S {Dm cos - Cm sm m'^} 

+ S {Vm-2 cos (m - 2) - A »-2 SlU {lYl - 2) i>)}r^~\ ( 
e = % - (m - 2) cos (m - 2) <#> 

+ - 2) sm (m - 2) <^} ^ 




where Vm -2 = {(^ + 2/a) m - /a (m - 2)} / {(A. + 2/a) {m - 2) - /a??i}, 


and m, A/m iic aihitraiy constants to be deteiniined 

by the surface conditions, ^ e , the values of the sti esses over (i) the 
surfaces (j?> = a and, <^ = - a, and ovei (ii) a cylmdiical surface of small 
ladius about the axis of z, giving the internal sti esses in the body at 
small distances fioin the edge The latter stresses JT, 7$ will be of 
tlie form 


J/ — CO 

? r = tt,) + 2 
2)^1 
2>=oo 

7 <f) ~ Co'q-^ ^ 

P = l 


(«'pCOS^ + b'j, sm j 
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where the \?alties of the constants a^, h^, a\ and h'^ aie supposed 
laown 3he fenner stresses are according to Thomson and Tait 
to he 0®O Jn the aeighbourhood of the edge, i e to vanish with t 

By forming from (i) the expressions for rr and 7$ we find from (n) 

and j»-2 will both be of the form and that accordingly 

bofcli 7? and ^ will involve powers of r of the order ‘^-2 Hence 

m order tha,t the stresses may not become infinite at the angle we must 
have 

pw > 2a, 

<^*5 ^ce from (n) the least value of p will be unity, 

2a<7r 

®iuB the stress at the edge will not be finite if the edge be re entering 
^ takn^ the tangent to any point of a curved edge as axis of », we may 
the above analysis to any small portion m the immediate 
n^hbourhood of its point of contact A very similar proof holds in 
the ca^ of a conical angle 

The condition that JJ and rj, over 4> — ±ol, are to vanish in the 
neighbourhood of the edge, compels us to give zero values to any 
oonstant terms in the expressions for rr and ?? Hence the stram 
vanishes m the neighbourhood of the edge, if it be a projecting edge 
This is the first part of Thomson and Tait’s proposition 


[1712] ^ 711-718 deal with the problem of flexure In a 
marginal note, this treatment is spoken of as “ Saint-Yenant’s solution 
of flexure problem” But the problem to which reference is made is not 
that of the great memoir of 1856 (see our Art 69), but that much 
simpler case of ^‘circular flexure,” or of bending a straight rod into a 
circular arc by couples, which is dealt with m the memoir on Torsion 
(pp 299-304) and m the Legons de Navier see our Arts 9—13, 170 
In this case if the rod be of isotropic material, and if be the diiection 
of the unstrained axis, x% the plane of bending and 1/p the curvatuie 
after bending 

P P P 

^yz — ^za “ ^xy ~ ^ 

Whence we have for the shifts 


u = 



+ ’/(» -y")}, 


and theieloie for the stresses 


1 

v = -rjx^, 


1 

w ~ — %z, 
p 
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The above shifts correspond in the case of a rectangular cross^ection to 
the dLstorted form depicted in our Art 1485* the under-edge of the 
section corresponding to the outer side of the beam after flexure, and 
the axis of x being positive when measured towards the upper edge 
of the section m our figure The anticlastic nature of the curvature 
on the faces of the beam perpendicular to the plane of flexure is 
obvious 

Since the usual mathematical theory of elasticity assumes that 
measured from the same set of axes, the shifts are small, it is clear that 
the radius of curvature must be great compared with x and y, 
with both the depth and breadth of the beam This is a point to 
which we have frequently had to refer in cases where the theory of 
beams has been applied to the case of cylindrical shells see our 
Ar ts 537 and 1655 Thomson and Tait remark (§ 717) that 

Unhappily mathematicians have not hitherto succeeded in solvmg, possibly 
not even tried to solve, the beautiful problem thus presented by the 
flexure of a broad very thm band (such as a watchspnng) into a circle com- 
parable with a third proportional to its thickness and its breadth. 


[1713 ] An ingenious application of the results in Art 17Q8 is 
made m §§719-20 to obtain the flexural rigidities^ of a plate of isotropic 
material Take a square element of the plate of unit side and suppose 
the thickness of the plate to be 2€ Let pairs of balancing couples 
be applied to one pair of opposite sides, and pairs J ^2 to the other pair 
of opposite bides, each tending to produce concavity in the same sense 
Then we easily see that iVi = §Af7p and — Hence by the 

results of the preceding article, if and Vg be the total curvatures 



CO 1 

CO 

1 

II 




nr "^E^ / 

or 

3(1 



If w be the stiain energy of the plate pei unit aiea of mid plane, 
assumed a quadiatic function of v (see our Art 1698) and A and 
c the ‘flexural rigidities we have 


whence 

Thus 


w = +)' ) + 2cViv)}, 

= dwjdvi = A'vi + c V 


2E€^ 

" "3(1-,) 


and c' = 


3(1-,) 


These results agiee with those given by Kiicliliofl by aid of a vti} 
difleieiit piocess see oui Aits 1237 and 1296 


‘ So teimed by our authois notwithstanding that they have pieviouslj defined 
‘ngidity ' with reference to resistance to shearing action see our Ait 1709 (d) 
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[1714] §§ 724-^9 deal with what we have termed 'Hhe 
plastic equivatenee of statically equipollent systems of load”, 
special reference, however, to Thomson and Tait’s recon- 
G&afeLOn of the Korchhoff and Poisson boundary conditions for 
a tiim plata It is shewn that systems of forces in equilibnum 
applied to elementary lengths of the edge of a plate produce 
^nly insensible shifts at a distance two or three times the 
thickness from the edge These investigations take as their 
starting-point Saint-Venant’s solution for the torsion of a flat 
prism of rectangular cross-section They are a necessary part of 
Ihe Thomson and Tait reconciliation and a valuable contribution 
to our knowledge of the exact meaning of the above-mentioned 
j^ncaple of elastic equivalence At the same tune we shall not 
discus them further here, as the whole matter has been investi- 
gated at a later date with rather more complete results by 
Bousamesq, and these results have been already cited in our 
Chapter XIII 

[1715 ] §§ 730-4 deal with the solution of the general body- 
shift equations of elasticity with certain special applications 
Lamd, as we have pointed out, first introduced the potential solution 
into the theory of elasticity see our Aits 1062* and 1489 But 
to Thomson and Tait belongs the honour of having indicated its 
wide applications , — apphcations, which have been earned out with 
great ingenuity by Cerruti and Boussinesq see our Arts 1486- 
1524 

Without enteimg into the elegant analysis by which our 
authors obtain their solutions we may, in our own notation 
and terminology, record their results for the important cases 
with which they deal 

(ft) Let a spherical element (radius a) of an infinite homogeneous 
isotropic elastic solid be subjected to the constant body forces pA, pF, 

so that the type of body shift equation is 

Then Thomson and fait find shifts of the type 

« = T;:::7.~,..^U2X + 5^)pZ(3a-7’) ) 
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{r> a) 


where the centre of the sphencal element is at the ongm and r is its 
distance from the point at which we are measuring the shift. 

(5) From the second of the above results oui authors easily deduce, 
by making a vanishingly small, expressions for the shifts a.t z in 
an infinit e elastic medium subjected to the body forces X', F, Z' 
at a/, y', z' Let R = {x — x'y + (y - y 'Y +{z — }^, and let the body 

forces be such that R^X'^+ Z'^ approaches zero as the pomt 

x\ y', z' moves to an infimte distance from the origin Then the type 
of the shifts IS given by 
_ 1 
24:7ry. (X + 

X IJJ My'd^ {2 (2X + 5/.) (^^)} (lu), 

whei e pF = {pX\x — x') + p T (y — y') + p'X' (z - z')}IR, or is the body-force 
lesolved m the line joining x', y\ z' to a?, y, z The integration must 
be extended over the whole poition of the medium to which body 
foice IS applied (§ 731) 


[1716 ] (c) As the authors pomt out, the above general solutions 

for an infinite solid enable us to reduce the body shift equations foi a 
fimte solid to the type 




wheie the body forces have been removed by aid of a solution of the 
above type and by imposing the needful surface stresses 01 surface shifts 
(§ 732) 

(d) If the body-forces foim a conservative system, or 
p{Xdx+ Ydy Zdz) = dW, 

it IS pointed out in § 733 that they give ri&e to a dilatation 

e = - iF/(\+2/t), 

and that the shifts which lemove the body foices aie then of the type 

1 dx 

A + 2/a dou 


wheie X ^ solution of IF If Tr=2IF,, IF, being a solid 

7 ^ __ 

sphencal harmonic of degree thenx = — S 7 + ' ^ (S 

The remaiks in the aiticle cited on conseivative systems aie of 


gieat interest and should be consulted 
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[1717 ] In ^ 735-9 two important general cases are solved 

(j.) The strain m a solid sphere or sphencal shell subjected either 
to ^ven surfiiice-stresses or to given surface-shifts these problems have 
already been dealtfwith in our discussion of the memoir of 1862 see 
our 1651-5 

(n) The general solution for uniplaiiar stram in terms of polar 
coordinates. 'Hie values given for the radial and cross radial shifts 
i^ree with those of our Art 1711 in other symbols and with other 
^^pressions for the four senes of constants of the solution 

|1718 ] A few remarks must suffice to mdicate the remammg 
Matures of this pmtion of the Treat%8e 

(a) In § 740 a general proposition of importance is stated The 
authom draw attention to the fact that if two elastic solids of like 
substance and similar shapes be taken, and by the application of force 
%ey be similarly strained, then the stresses across similarly situated 
dements either of real boundary or of geometrical surface withm the 
sul^tance will be equal The total stresses across any similar surfaces 
are accordingly as the squa/res of the linear dimensions of the two 
bodies, but any similar body forces or the mass-accelerations are as the 
of the linear dimensions Hence it follows that the greater body 
wdl be the more strained The strams at similar points will be simply 
as the Imear dimensions, while the shifts at similar points will be as the 
squaies of the Imear dimensions 

Analytically we may look at this result m the following manner 
Taking the body-stress equations we see, since the body-foi ces per unit 
volume are the same, and since the bodies are similar, that the stresses 
must be as the huear dimensions Therefore the strains, since the 
bodies are of the same elastic substance, are also m the ratio of the 
Imear dimen‘^ions, while the shifts are as the squares of those dimensions 

(h) In § 741 our authors adopt the term plasHctty for that group of 
phenomena, wherein bodies change indefinitely and continuously their 
shape under the action of contmued stiess This is the sense in which 
the woid has been used m our Histoiy They further describe under 
the term viscosity of solids “a distinct frictional resistance against every 
change of shape” which they say has been demonstrated by many 
expenments (“ on metals, glass, porcelain, natuial stones, wood, mdia 
inibber, homogeneous jelly, silk fibre, ivoiy, etc ”) and has been ‘‘ found 
to depend on the speed with which the change of shape is made ’’ They 
further state that 

A \er} lemaikable and obvious pi oof of frictional resistance to change of 
shape in oidinii} solids ib afFoided by the giaduil, more oi less iipid, 
subbidence of \ibiationb of elabtic solids, marvellously lapid in india riibbei, 
and e\en in homogeneous jelly, less rapid in glass and metal springs, but 
still dcmonstiably much moie rapid than can be accounted foi by the 
resistance of the an 
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The last statement embodies Knpfier^s discovery of 1852 see our 
Art 748 The reference to s%lk suggests Weberns classical experiments 
see our Art 7 07* Yet in both these cases the reduction of the ampli- 
tude of oscillation was attributed to elastic after strain H’ow it seems 
to me dij9&cult to identify frictional resistance and elastic after-straim 
The “ creeping back ” to the original shape which goes on, it maybe for 
minutes, hours or even days after the removal of the load (see our 
Arts 720*, 817*, 827*, 1224*-6* and 1431*), can hardly be due to 
any frictional action^ I have previously referred to the dan^ of 
masking the real nature of elastic after strain by the use of the term 
viscosity see our Arts 708* ftn and 750 I think it would be bettm: 
to hmit the use of the term viscosity to aftefr set 

[1719] The only other portion* of Thomson and Tait’s great 
Treatise with which we as elasticians are concerned is contained m 
§§ 832-48, and deals with the earth as a solid elastic body A great 
deal of this portion is rewritten with supplementary articles by 
G H Darwin in the second edition, which I follow in this analysis. 
The problem itself is stated in the following words 

A few years ago [see our Art 1663], toi the first time, the question 
was raised Does the earth retain its figuie with practically perfect 
rigidity, or does it yield sensibly to the deforming tendency of the 
moon’s and sun’s attractions on its upper strata and mterior mass ? It 
must yield to some extent, as no substance is infinitely rigid but 
whethei these solid tides aie sufficient to be discoverable by any kind of 
observation, direct or indirect, has not yet been ascertained [see our 
Art 1726] §832 

[1720 ] The first point to be dealt with is the limit to the 
mathematical theoiy This is consideied in § 832', but m a 
manner with which the Editor of the present volume cannot 
express himself satisfied The following statements should be 
noted 

{a) Nature, howevei, does impose a limit on the stresses if they 
exceed a limit the elasticity breaks down, and the solid eitliei flows (as 
m the punching or crushing of metals) or ruptures (as when glass oi 
stone breaks undei excessive tension) 

^ A cuiious example ot elastic aftei strain, which some of our leadeis may ha\e 
lemaiked occius occasionally with lazois A lazoi which seems by lough oi 
continual usage to have quite lost its shaipness will liequently if laid aside foi a 
few weeks, be found quite capable of again peifoimmg its functions aftei this lapse 
of time . 

An Appendix lepioduces the Appendix to bii William Tlioinson s memoii of 
1863 see our Aits 1661 and 1250 
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(6) The theory of elastic solids as developed in §§ 658, 663, <fec , 
she^that when a sohd is stressed, the state of stress is completely deter- 
when the amount and direction of the three principal stresses are 
toown, or, speaking geometrically, when the shape, size, and orientation 
o| -Mise stre^-quadnc is given. It is obvious that the tendency of the 
to rapture must be intimately connected with the shape of this 
<|uadnc. 

(c) The precise circumstances under which elastic sohds break have 
not hitherto been adequately mvestigated by experiment It seems 
eettam that rupture cannot take place without difference of stress in 
different directions. One essential element therefore is the difference 
b^een the greatest and least of the three principal stresses How 
mndi the tendency to break is mfluenced by the amount of the inter 
ifB^dlate principal stress is quite unknown 

Now throughout the investigation the stress-difference is 
caioulat^ from the elastic theory, and therefore the very import- 
ant assumption appears to be made that the elastic theory holds 
up to the beginmng of plasticity or even to rupture This is far 
from being borne out, except for very special materials, by experi- 
mental facts see our Vol i,pp 891-3 The stress-quadnc as 
found from “the mathematical theory of elastic solids’" can only 
be used in discussing the hmit to perfect elasticity, ^ ^ to a linear 
stress-strain relation At the same time we have seen in the 
course of our work that it is rather a value of stretch than of 
stress which ought to fix a limit to the application of the 
mathematical theory The stretch-quadnc may determine the 
fail-hmit (see our Arts 5 (e) and 169 {g)) but it is very doubtful 
whether we have any right to associate this fail-limit with the 
rupture-limit 

In the next place the statements quoted do not seem to me to 
clearly mark the distinction between materials which flow pre- 
viously to rupture, and those which do not Nor further, if the 
material be one which flows, is it cleai that it will in all cases of 
stress have the power of doing so It is well known from Tresca’s 
experiments that flow commences in a plastic solid when the 
maximum sheai (or half the difference between the greatest and 
least of the principal stresses) reaches a certain value see oiii 
Arts 1368*, 2o9 and 1586 But the general equations of plasticity 
(see our Ait 250) are not those of mathematical elasticity, and 
it IS the latter equations which are applied by Thomson and 
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Tait and Darwin to the present problem That the equations of 
mathematical elasticity hold up to flow is not borne out by the 
simple phenomenon of stricture in a bar under longitudinal 
traction see our Vol i, pp 889-91 Even if plasticity followed 
at once on linear elasticity, it does not seem justifiable to apply 
the plastic condition to rupture, which follows, if at all, long after 
plasticity has been estabhshed and linear elasticity disappeared. 
Further, the theory that rupture depends only on the maximum 
stress-difference leads us to the conclusion that neither a plastic 
nor a brittle material, if subjected to a strain in which the principal 
stresses are all three equal will ever give way It may be incon- 
ceivable that any amount of uniform pressure applied to the 
surface of a sohd sphere of isotropic material would cause it to 
rupture, but it is also very difficult to believe that a uniform 
tension, if it could be apphed to its surface, would not, were it 
indefimtely increased, produce rupture To hold that such a 
tension would not produce rupture seems to involve the assertion 
that mtermolecular force is not only infinitely great at an infinitely 
small distance, but also at some finite distance If this were true, 
it would be difficult to grasp how even a shear of a certain 
amount could cause the molecules of the material to permanently 
separate by sliding over each other , for such a slide is accompanied 
by a finite sepaiation of the molecules in the direction of one of 
the principal axes of the slide To sum up it seems to me 
that we may legitimately find a “fail-limit” by the condition of 
maximum stretch, and that when the material is such that it 
has a very high-elastic limit (eg hard steel), we may look upon 
the fail-points or fail-surfaces as those at which, in the present 
state of our knowledge, rupture will probably take place I 
think, that the maximum stress-difference does not give a limit 
which can be safely apphed to the mathematical theory of 
elasticity, and, if we are to take it as a rupture limit, it ought 
only to be applied to plastic materials which are being dealt with 
by the general equations of plasticity This is, I think, the use 
which Boussinesq practically makes of it, when applying it to the 
problem of loose earth see our Arts 1568, 1586 and 1594 The 
remainder of § 832 is a risume of G H Darwin’s memoir On the 
Stresses caused in the Interior of the Eaith hy the Weight of 
Continents and Mountains Phil Trans, Vol 173 Parti pp 187- 
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230 Lob4 qt> j 1882 The discussion of the results of this paper 
would carry us beyond the scope of the present chapter 

[1T21] Ohree in a very valuable memoir entitled Some 
AinAviahoiis of Physics and Mathematics to Geology (Philosophical 
Mc^ne, Vol 32, pp 233-52 and 342-53 London 1891) has 
dealt with the application of the mathematical theory of elasticity 
to the problem of strains m a solid earth He states some im- 
portant objections to the application of the theory of an isotropic 
elastic solid to physico-geological problems These must be noted 
here, so far as they qualify the problem of the elastic solid tides 
of the earth The foUowmg causes have to be consideied as 
oontnbutmg to the deformation of the earth’s surface 1° the 
mutual gravitation of its parts, 2° the centrifugal acceleration 
produced by the diurnal rotation about its axis, 3° the gravitational 
influence of the sun and moon 


We may express the action of the last two causes by the following 
force-fuBctioii 


F=p -IlcoV + JuV (I - cos’* <#>) - 1 ^ (I - cos” i/f)| , 




= p (^ - cos“ <j>) - tV (I - cos“ .//)} J 

where a) = the spm of the earth about its polar axis, p = the density of 
the earth at distance 7 from its centre, = the angle the direction r 
makes with the polar axis, ^ = the angle the same direction makes with 
the line fiom the centre of the eaith to the tide raising body, M= the 
mass of the latter body, D - its central distance, and Tj, t, t' are written 
for W W ^<1 respectively Oleaily if the term |(oV be put 

on one' side, as only producing a radial extension, the effects of rotation 
and of the tide producing body can be deduced, the one from the other, 
by interchanging t and -t', and the line of centies with the polai axis 
The solution therefore for the case of the body tides in an isotropic elastic 
sphere can be deduced from the results of our Arts 563 and 568 

The first type of force, that due to mutual giavitation, leads to some 
difficulties in the treatment Suppose the sphere m a state of strain 
owing to spm or tide to be converted into the spheroid r = a{l + SF,), 
Y, being a surface haimonic of degree i Then the internal stiess due 
to mutual giavitation will be partly due to “the attiaction of the 
harmonic inequalities” which produce a potential 


/ 1 \ 
/ r" 1 \ 

2rTT)’ 
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if ^ be the mean value of gravity over the surface rngUGlmg tJhe 8p%% 
and partly due to surface stresses on the spherical surface r = a cai^ 
by the action of the haimonic inequalities In the case of an incom 
pressible viscous fluid these stresses reduce to a surface-traction due to 
the weight of the harmonic inequalities, 'le to a sur&ee-traction 
= — gpci% Darwin has shewn that in the case of an 
viscous fluid, we may replace this surface-traction together with the 
potential due to gravitational attraction of the harmonic inequalities by 
an “effective potential” 

- J 840') 

According to Thomson and Tait, Dai win’s analysis is “almost htefroMm 
apphcable to the case of an elastic incompressible spheroid ” But the 
hypothesis of incompressibility is scarcely justified m the case of the 
earth. Further, this result, unlike the above expression (i) for F, 
necessarily supposes p to be a constant ^ 


[1722 ] Ohree in an impoitant memoir in the Cambridge Fhiloso- 
ph%c(d Transactions (Yol xiv , pp 278-86 Cambridge, 1888) has worked 
out the shifts produced by the mutual gravitation of a neaily spherical 
mass, of which the boundary may be represented by r = a(l +SF<) 
For the purposes of our present discussion it will be sufficient to deal 
with his results (p 280) for the case in which ^=2, and = e (|— cos®^), 
1 6 the boundary of the gi-avitating mass is a spheroid of ellipticity e 
In our notation (Art 568) he finds foi the shifts, 

gpa fr® 5X + 6p,) 

10 (A, + 2/x) w ~ ^ SAT^J 

" 1 Oil (X+ 1 ^) ( + 6^ )|. 

w ^=0 ^ 


(ii) 

The shifts in a peifect spheie due to a foice function of the foiin 
F=p(ror^ + T7‘^F'), if F' = (i-cos 
are easily found fiom our Ait 568, oi bettei still from p 287 of 
Chiee’s Camb Phil Tians paper cited above, to be of the form 


u,-=- 


Jr^ ^ 5X + 6 /ul 


5 (X + 2p,) ta"* 3X + 
rpa^Y' 


2p/ 


w 0 


(in) 
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IL&re Tfy "be pui; 25 ero, t = — r' and <}!> replaced by iff, we have thfe 
m a perfect sphere due to a tide raising body 


[172^5] Now several important conclusions may be drawn from 
■&e above results 

(l) Consider only the term in + 2^2 tending to produce the same 
compression of the body along each radius, % e 

, / -ax f ^ 5\ + djal 

« =(S'--5<“«)iO(\ + 2;^5 V *’3\ + 2/tJ 

g _ may be practically taken equal to the mean surface value 
of gravitational acceleration, and we then have the following results 
^zsu'Jr IS everywhere n^ative, but s^^du'ldn* will be a positive 
i®fepetch at the surface, where it equals say Thus we find being 
the radial shift at the surface 


(a) 


Um-constant isotropy, if 


PoP<»' 


E be the stretch modulus 


^0 




(i) 


Incompressible substance, or /i/X = 0 


15X’ 


_2g^ 

*““T5r 


Kow the very roughest attempt to turn {a) into numbers shews that 
and Sq have quite impossible values, if E be given a value not laigely 
exceeding that of any known mineral As Ohree [Fhilosoph%ral Magaz%ne^ 
loc cbt pp 247-8) has been the first to point out, becomes a large 
fraction of the earth^s radius and the strain becomes immense, both 
suppositions entirely inconsistent with the mathematical theory of perfect 
elasticity, which supposes the shifts and strains to be both small On 
the other hand for a nearly mcompressible substance (for which /x is 
finite) both the surface shift and strain will be vanishingly small It 
IS difficult, however, with our knowledge of the materials which form 
the terrestrial crust to suppose that at any rate at the crust X is 
immensely greater than ju. , those materials approximate more closely to 
iron and stone than to india rubber in then nature It is clear then 
that the strains produced by gravitation are such that peimanent set 
and probably variations in density would be pioduced, if the earth 
weie treated simply as an isotropic substance, compressed undei the 
mutual gravitation of its parts We are therefore compelled to suppose 
that mutual gravitation has pioduced neaily its full effect before we 
pioceed to investigate the effect of a tide producing body in directly 
alteiing the ellipticity of the earth, or in indiiectly altering it by 
altering the foim of its mutually attracting paits But it will then be 
at once noticed, that to treat as homogeneous and isotiopic the sub 
stance of the eaitli which has consolidated under the enormous stresses 
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resulting from the mutual gravitation, of its parts is by no me€His a 
satisfactoiy hypothesis It must only be adopted as a very rough first 
approximation, and until our knowledge of the arrangement of density 
m bodies consolidafcing under great stresses has advanced beyond its 
present stage These points do not seem brought out very clearly in 
Thomson and Tait’s discussion of this matter Thus m ^ 834 they 
only remark of the term %e that its effect ^*is merely a 

drawing outwards of the solid fiom the centre symmetrically all I'ound*' 
But this term may have very considerable influence on the magmtude 
of the stresses Indeed, the rotational terms as a whole, as Chree has 
shewn {Fhtl Mag pp 245-6), lead on Darwin’s hypothesis of the 
maximum stress difference to results, under which it is certainly doubtful 
whether masses of rock or heterogeneous miueial would remain per 
manently in eqmlibrium It seems, therefore, desirable that the reader 
should regard these articles of the Treatise on the distortion of the solid 
earth as replete with suggestions for future investigation, rather than 
as expressing the definite analytical results of an irreproachable physical 
investigation 

(u) So fai as the terms measuring the ellipticity produced by 
rotation directly and indirectly through the change in the character of 
mutual gravitation i e the terms in t, are concerned, these do not lead 
on the maximum stietch hypothesis to results necessarily incompatible 
with the elastic straining of an isotropic sohd They are, however, 
identical in foim with those due to tidal action and thus need not detain 
us here 

(ill) We now come to the terms due solely to the tidal action \ 
and we note that for r = a (1 + Tg)* the radial shift u" - % + ^^2 is then 
of the foim 

= (/3oe-/3ie-^) y, a 
This gives at once for the ellipticity € 

or € is negative, i e the spheioid piolate, and of ellipticity 
£' = /?/(! + 

We easily hud on substituting the values of and /? 

rpa (5A + 4yu,) 

, ju, (19A -f 14ju.) 

' gpa {30A.' + 105X fi + + 36^') ’ 

^ V (>^ + 3/^) (19^ + 14/x) (3A + 2/x) 

rpa (5A + 4/a) 

/X {19A + 14/x) 

pa (lOX. +15A/a+6/x) 

^ 5/^(1 9A + ip.) (3A +^p) 

^ They aie obtained from (ii) ot Ait 1722, and horn (in) of the same aiticle 
putting m the lattei = 0 and - r for r 
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[1724 ] We -vnll consider special cases of this result 

{a) Suppose the indirect gravitational influence to be neglected, 

tiign if «' = <,, , a/Kx A \ 

rpa^ (6X + 4/1.) 

‘’•"/t(19X+14/i) 

If i" be the dilatation-modulus = |(3X + 2/i), this may be thrown into 

tbsform 


Sr'pa® 
‘ 19/t 


1 + 




which agrees with the second result of (20) in § 834 

,(J) Seat let us suppose X=oo and /t = 0, or that we are dealing 
Wi4k a perfect incompressible fluid In this case if e' = tg 

,gJ-0- (i 819 and 839) 


Thus €r and Cg are respectively the ellipticities due to ngidity without 
^Yitation, and to gravitation without ngidity 

(e) Generally we have 

1 1 1 3(10X2+16X/>t+6/^*) 

2(5X+4/t)(3X+2/t) 

If we have uni-constant isotropy (X = fx) 

/ ^ 

6 €r €g 

If we have an incompressible substance (/x/X = 0) 


1 1 1 



The last relation is stated by Thomson and Tait in § 840 as if it 
were universally tine This is only approximately the fact, as is 
indicated by the pievious case of uniconstant isotropy 

{d) For umconstant isotropy, €,. = yt and for mcompressi 

bilit> Smce yt= xV “ ^^32, we see that 

the magnitude of the ratio X/p. does not exercise a veiy large influence 
on the value of c,, 837) In § 838 Thomson and Tait give the value 
of for a steel ball of the size of the eai th They calculate it on the 
supposition that steel is incompressible and find fonts value 77 x 10"* t 
I t would, perhaps, be better to suppose the steel mass to possess uni 
constant isotiopy In that case a closei value would be 79 x 10“* t 
T he value of is found in § 839 to be 162 x lO"^ r Thus from 
(c) we see that the tides have somewhat less effect — supposing the eaith 
as rigid as steel — indirectly thiough the changes they make in giavita 
tional action between the parts of the earth, than directly through the 
gravitational action of sun or moon Approximately for steel — 2e,, 
and c' = \€y For glass ^ about 841) 
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[1725 ] We are now able to estimate the influence of the elastic 
strain of a solid earth of uniform density on the superficud water-tides. 

Disregarding the diurnal rotation the equation to the form of the 
prolate spheroid that would be assumed by the sohd earth is r 
This produces a potential at a pomt outside itself given by 

Thus neglecting the self attraction of the superficial coating of water, it 
will have for its level surface under tidal attraction 

9 ^ -h^dYz- TVr^ = constant 

This IS clearly a prolate spheroid of elhpticity c" given by 

r'a 




= |€ + 


9 


Hence the diflerence of ellipticity between the solid earth and the 
superficial fluid is 


/> - — If? _ 2 ' _ 2 /, 


■ d\ by (J) of Art. 1724 


e = . 


If we write v for the expression 

I (lOX^ + 15X/X + 6/i2)/(5X + 4/x) (3X + 2/x.), 
we find by (c) of Art 1724 

da (v — 1) 

9 

For the case of an incompressible solid j/= 1, and we have 

g ’ 

which agrees with Thomson and Tait^s result in ^ 842 
numbers (Art 1724) for steel €j^-2e,, whence 

, ra 


In rough 


> — 3 
' "" 6 


9 


Thus, if the eaith were as iigid as steel, its elastic yielding would i educe 
the height of the tide to about | of its value as calculated from a 
theory m which the earth is supposed to be absolutely rigid If the 
earth had only the iigidity of glass about), then the tide would 

be decreased by as much as I of its value on the absolutely rigid 
theory Thomson and Tait remark 


Imperfect as the comparison between theory nid obseivation as to the 
actuil height of the tides has been hitheito, it is seal cel} possible to behe\e 
that the height is ni icahty only two hfths of what it would be if, as his been 
universally assumed in tidil theories, the eirth weie peifectly iigid It seems, 
therefore, nearly certain, with no othci e\idenceth in is afioided b\ the tides, 
that the tidal efiettue iigidit} of the eaith must be gieitci than that of glass 
843 ) 


28—2 
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There is a point here which it is important, however, to hear m 
mmd The theory really deals with the ‘‘ equilibrium hypothesis-'', and 
m tot hypothesis there is an admitted ‘ lagging ' of the tides It is 
hardly reasonable to suppose that the water and earth tides will lag 
at the same rate There is no reason therefore why the maior axes of 
the two prolate spheroids corresponding respectively to water and 
earth tides should approximately coincide, unless we are dealing with 
tides of long period, ^ ^ at least with the fortnightly tides It is these 
fortnightly and monthly tides which G H Darwin has considered in 
detaoL 

[1726 ] The remaming sections of the Treatise, §§ 844-8, deal with 
evidence deducible from tidal data in favour of earth tides The evidence 
is chiefly due to G H Daiwm, who does not feel, however, that it justi- 
fies any very definite statements He sums up with the remark 

On the whole we may fairly conclude that, whilst there is some evidence 
of a tidal yielding of the earth's mass, that yielding is certainly small, and 
that the effective ngidity is at least as great as that of steel (§ 848, Part II , 
p 460 of 2nd Edition) 

In a later paper {Lynamicol Theory of the Tides of Long Period 
Royal Society’s Proceedings Tol 41, pp 337-42 London, 1886) 
Darwin raises an obiection to Laplace's equilibrium theory, and he 
concludes from a dynamical theory which neglects friction (p 342) 

1® That it is not possible to evaluate the effective rigidity of the 
earth as attempted in the Natural Philosophy from the fortnightly and 
monthly tides by aid of the equilibrium hypothesis 

2 That the investigation in that work may however be accepted 
as confirming Sir William Thomson's view of “ the great effective 
rigidity of the whole earth's mass" 

3® That Laplace's theory would hold for the minute tide of nearly 
nmeteen years' period, but that this tide cannot piobably be appieciated 

4° That “ it does not seem likely that it will ever be possible to 
evaluate the effective rigidity of the earth's mass by means of tidal 
observations " 

With the words cited at the commencement of this article 
the text of Thomson and Tait*s Ti eatise closes If occasionally 
the analysis adopted does not seem to the present writer free from 
difficulties, yet the work as a whole made mathematical elasticity 
a branch of academic instruction in Great Britain Few works on 
elasticity have been published which present so much that is 
suggestive, and arouse m the reader so great a desire to push 
further the man^ inquiries which the authois pi ice befoie him 
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[1727 ] ^ Note on Mr Qore*h Paper on Electro-torsion. Pkiio- 
sophical Transactions, Vol CLXiv, pp 560-2 London, 1874 
This refers to the twisting observed by Gore, and previously by 
G Wiedemann, in an iron wire when magnetised at once longi- 
tudinally and circularly An explanation of the twisting is 
derived from the alteration of length in magnetised iron bars 
observed by Joule (see our Art 688) The direction of the 
resultant magnetisation is mclined to the axis of the wire, and 
so in accordance with Joules results (for intensities lower than the 
critical points found by Shelford Bidwell, Proceedings of the RoyaX 
Society, Vol L, pp 109-133 London, 1886 and subsequent 
papers) theie is a lengthening of the material in this direction 
and a contraction in a perpendicular direction The two strains 
are equivalent to a torsional strain round the axis This theory 
had been already given by Maxwell though in a less complete 
form {Electricity and Magnetism, Vol ii , Art 448 Oxford, 1873) 
It does not appear to be accepted by Wiedemann (see Annalen 
der Physik, Bd 27, S 381-2), but it fits in well with a 
number of the facts (see Knott Trans Roy Soc Edinburgh, Vol 
XXXVI, p 507 Edinburgh, 1892) At the end of the paper 
it IS inferred troin the effects of loading observed by Joule (see our 
Art 688, (iv)) that with sufficient longitudinal and torsional 
stress the direction of the twist would be le versed A reversal 
has in fact been obtained by Shelford Bidwell in high fields 
{Philosophical Magazine, Yq\ xxii,pp 251-5 London, 1886) 

[1728] Electrodynamic Qualities ofi Metals'^ — Pa? t VI Effects 
of Stress on Magnetization Phil Tians,Vo\ CLXVi, pp 693-713 
London, 1877 {M P, Vol ii, pp 332-53) An abstract is given 
in Pioceedings Royal Society, Vol xxiii, pp 445-6 London, 
1875 {M P , Vol ii, pp 401-3) This deals with the influence 
of longitudinal load on the induced and lesidual magnetisation 
of steel and iron wires The wiie suspended vertically and 
magnetised by a curient in a suiiounding coil, its magnetic changes 
being obseivcd by the ballistic method The earths \Lrtical 
magnetic component lemained uncompensated during the experi- 
ments on residual maguetisation The principal results \ie given 

^ I owe the folio win^^ eleven ai tides to the kindness of Mi C Cliiet. vhobe 
knowledge of the topics discussed in them is fai luoie extensive than 1113 own 

Poi the earliei poitions of this memoii see oui Aits lb44-7 
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in the abstract m the Proceedings and on pp 712-3 of the 
Primaoiions The following are the results given for steel 

(1) The magnetization is diminished by hanging on weights, and 
xtsorea^d by taking the weights off, when the magnetizing current m 
kept flowing 

(2) The residual magnetism lemaimng after the current is stopped 
le also dimmished by hanging on the weights, and inci eased by taking 
tkem off 

(S) The absolute amount of the difference of magnetization produced 
by on or taking off weights is greater with the mere residual 

magnetism when the current is stopped, than with the whole magnetism 
wh^ the magnetizmg current is kept flowing 

(4) The changes of magnetization produced by making the magnet- 
izing current always in one direction and stopping it are greater with the 
weights on than off 

(5) After the magnetizing current has been made in either direction 
and stopped, the effect of making it in the reverse diiection is less with 
the weights on than off 

(6) The difference announced in (5) is a much gieatei difference 
than that in the opposite direction between the effects of stopping 
the current with weights on and weights off, announced in (4) 

(7) When the current is suddenly reversed, the magnetic effect is 
less with the weights on than with the weights off 

[1729] These results refer apparently only to a single field, 
123 c G S units approximately (see p 696), and to hard steel piano- 
forte wire underloads from about an eighth to a halt of the breaking 
load When stating them Sir W Thomson was not awaie of 
the previous observations of Matteucci (see our Ait 705) and 
Villan {Annalen der Fhysik, Bd 126, S 87-122 Leipzig, 1865) 
The latter observer had found the induced magneti^^ation m iron 
and some specimens of soft steel to be increased oi diminished by 
longitudinal pull according as the field was low or high Prof 
Ewing has found similar phenomena even in hard pianotoite steel 
wire {Phil 'Pans, Vol cixxvi, p 625 London, 1886) Thus 
(1) IS true only in fields above the Villarz aihcal field as it is 
called, and theie is a similar limitation with icspect to (2) The 
critical fields or magnetisations, as Ewing h is shewn, depend 
greatly on the nature of the wire, and are lower the larger the 
load The phenomena to which conclusions (3)-(7) refer are also 
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largely dependent on the field and the load (see Ewing, Za, 
pp 623-630) In his experiments on iron Sir W Thomson 
found what seemed very anomalous results. These find however 
a satisfactory explanation in the existence of the Villan entical 
field, which he did not recognise till later 

[1730 ] Effects of Stress on Inductive Magnetism in Soft Iron. 
Proceedings Royal Society, Vol xxiii, pp 473-6 London, 1875 
{M P, Vol II, pp 353-7) This records the rediscovery of the 
Villari critical field for soft iron Observations were made m a 
large variety of fields, and the results are shewn m curves whose 
abscissae represent the fields and ordinates the changes m 
magnetisation due to load, p 475 {M P , Vol n , p 356) The 
exactness of the information as to the fields and the relative 
magmtudes of the changes m magnetisation in different fields 
mark a great advance from the somewhat vague data previously 
existent 

[1731 ] EhctTodynamic Qualities of Metals — Fart VII Effects of 
Actress on tke Magnetization of h on, Nickel, and Cobalt Phil Trans , 
Vol OLXX, pp 55-86 London, 1880 {M F, Vol ii , pp 358-395) 
An abstract occuis m Proceedings Royal t^oaiety, Vol xxvii , pp 439- 
443 London, 1878 (M F , Vol ii , pp 403-7) This commences with a 
refeience to Vil Ian’s disco veiy of a ciitical field It then describes, 
pp 56-63 (i/ F , Vol II , pp 359-69), experiments detei mining how the 
effect of tension on a soft iron wiie depends on the temperature The 
wne, 75 mm in diametei, received a small permanent stretch under a 
load of 18 lbs and was then subjected to cycles of load on and off 
with a load of 14 lbs Experiments weie made in a senes of fields 
up to about 40 c G s units In each field loading and unloading v ere 
repeated until the changes of magnetisation became cychc, and it is 
this cyclic change that is dealt with Observations weie taken at the 
oidmaiy tempeiature and at 100 0 The results are shewn in plate 3 
and on p 61 (if F , plates ii and iii ) The position of the Villan 
pomt was practically the same at both tempeiatures, but the magnitude 
ot the cyclic change of magnetisation in fields both above and below the 
Villaii point was gieatei at the lowei tempeiature P 62 and 
plate 4 \M P , pp 367-8, plates iv and v) describe siinilai lesults 
when the load was 7 lbs oi 21 lbs Ihe statement on p 62 that 
the Villan field was much greatei foi 7 lbs than foi 14 lbs is in 
accordance with the geueial conclusion of Ewing [Flixl Tiavs, Vol 
CLXXVi, pp 621-3 London, 1886) The lesult howe\er that the 
Villan field was highei for 21 lbs than foi 14 lbs seems anomalous, 
unless pel haps the elastic qualities of the wire were alteied by the 
gieatei weight 
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[1732 ] P|L 62-3 and plate 5 (if P , Yol ii , pp 368-9, and plated 
VI and VII ) describe some experiments of the following character 
A load of H lbs or 21 lbs was applied and removed 10 times, and 
with It off the magnetising current was made and the throw of the 
bailee gah anometor observed Then while the current continued to 
flow 14 lbs. or 21 lbs was applied and removed 10 times, and with it 
off the current was broken and the galvanometer throw observed 
Both ti and were considerably greater at an ordinary temperature 
ih^Tv at 100 0 for all the fields tried 

[1733] Pp 64-7 {M P, Yol ii, pp 370-4) treat of the effects of 
^ti^ansverse stress” on the longitudmal magnetisation of iron The 
inner suritoe of a gun barrel of “tolerably soft iron ” was subjected to 
applicatKms and removals of a hydrostatic pressuie 1000 lbs per sq 
moh, and the (cyclic 'I) changes of magnetisation were observed by the 
ma^^metric method. The effect was found to be the exact opposite 

fhat of longitudinal pull, i e pressure diminished or increased the 
magnetisation according as the field was below or above a critical held 
Tie data on p 65, and in corves (2), plate 7 (if P , Yol ii , p 371 and 
plate X ), seem to prove that this Yillari field was much lower for the 
material near the middle of the barrel than for that at the ends This 
may be accounted for in part by the probable hypothesis that the 
intensity of magnetisation was greatest near the middle It would be 
desirable, however, to know the distribution of strain m the barrel, as 
the validity of interpretations of the phenomena may depend largely on 
this Pp 65-7 and plates 8 and 9 {M P , Yol ii , pp 371-4, plates xi 
and XII ) deal with the changes in the induced and residual magnetisa 
tions of the gun barrel produced in each case by 10 pressure cycles 
These changes measure what may be called the norircyckc effects of 
pressure In weak fields the pressure cycles caused a marked inciease 
m induced magnetisation , and the general effect on the residual 
magnetisation was a marked decrease (see Wiedemann Lehre von der 
Elektricitat^ Bd iii , S 666-7) The phenomena were howevei complicated 
by the uncompensated action of the earth’s vertical magnetic component 

[1734] P 67 {M P, Yol ii , pp 373-4) piopounds the theory of 
the development of an “aeolotropic piopeity of diffoient magnetic in 
ductive susceptibility in different directions ’ by all systems of stress 
other than uniform normal tension or pressure Thus in a circular 
cyhndei under toi-sion the stiain consists of equal stietcli and squeeze 
m lines inchned at 45 to the axis in planes oithogonal to peipen 
diculais on the axis, and Sir W Thomson assumes, as the lesult of his 
expel iments in fields below the Villaii point, an mti eased susceptibility 
111 the diiection of the stietch and a diminished susceptibility in the 
diiection of the squeeze This view had been alieady piopouiided by 
Electiicity and Maynetvsm^ Yol ii , Art 447 Oxfoid, 1873 
bn William Thomson thence argues that when the torsion of a wire is 
\eiy small the magnetic susceptibility in the direction ot its length is 
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loitered, aiEtd if finite torsions produce a change in susceptibility, it 
<^must ultimately (for veiy small torsions) vary inversely directly] 
as the square of the amount of torsion ” He apparently considers this 
explanatory of the results of Matteucci, Wiedemann and Wertheim (see 
oxtr Arts 703, 712 and 813 (ii)), viz that in the cyclic state magnetisation 
is diminished by torsion in either direction and mcreased by detorsion 

[1735 ] Pp 67-72 and plates 10-12 {M P, YoL ii , pp 374-80, 
plat^ XIII -XIX ), describe the effects of torsion on a soft iron wire (22 
B W G ) exposed to longitudinal pull of various amounts. The wire, 
whose length was 81 cm , passed through the cycle of twist ^ 0°, + 320% 
0% — 200°, 6 , where the + sign refers to the duection of the first twist, 
the angles referring to the twisted end of the wire Headings were 
taken for every 20 of twist, the magnetizing force being simply 
the earth’s vertical component The general character of the results 
was always the same, viz. that with torsion m eithei direction there 
was a loss, and with detorsion a recovery of magnetisation The effect 
of the torsion varied but little as the longitudinal pull was raised from 
10 to 20 lbs , but as the load was further mcreased the effect of 
torsion fell off rapidly The wire was not m a cyclic state, there being 
always a fall in the magnetisation as the result of the torsion cycle, but 
m some of the later experiments the result of a second torsion cycle 
IS given Attention is drawn, p 72 {M P, Yol ii, p 379), to a 
“lagging of quality”, or what Ewiug has since called Hysteresis 

The necessity for a more exhaustive enquuy, distinguishing between 
the cyclic and non cyclic effects, and varying the magnetic field and 
the torsion cycle, is abundantly shewn by the experiments of G 
Wiedemann (Annalen der Physik^ Bd 27, S 376-403 Leipzig, 1886) 
With a torsion cycle 0 , 210 , 0° in soft iron wire he found in the 
cyclic state that the cuive whose abscissae give the twists, and oidmates 
the changes of induced magnetisation, was nearly syrametiical about a 
maximum ordinate answeiing to the mean twist (see also our Ait. 
813, (lu)) 

Recent experiments by Nagaoka (Philoboiyhiccd Magazine, Yol 
xxvii , pp 117—132 London, 1889) having shewn that the pheno 
mena which accompany the application of twist to loaded magnetised 
nickel wires completely altei in chaiacter as the load and held are 
varied, the sign even of the magnetisation being sometimes leversed, 
fresh experiments were iindei taken by Bottomley and Taiiakadate 
{Philosophical Magazine, Yol xxvii , p 138 London, 1889) on a 
piece ot the non wne used by Sii W Thomson They tried whether 
m a very weak held and with a heavy load the effect of twist would 
change in chai ictei —as suggested by what happens with nickel — , but 
they found no such change, then results being ot the same chaiacter 
as Sir W Thomson’s They do not, howevei, piofesb to regard the 
question as finally settled 

^ Q the leading on the toibiou ciicle when the toibion was nil seems in general 
to have been about + 40^’ 
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Pp 73-4 {M P, Vol II, pp 381-2) refer to the discovery by 
Wied^uiaim (see his LeJwe von dov Elek1/r%<yit(it, B<L in , S 680) of the 
poduiCtioii through torsion of longitudinal magnetisation in a wire 
i^^gn^fcased by an axial current Sir W Thomson refers to his theory 
of *‘aeolotropic susceptibility”, which gives results according with 
Wiedemann's if we assume the magnetisation below the Yillan point 
He believes, however, that explanation to fail, as he supposed Wiede- 
mann's currents so strong as to have given a field above the critical, and 
a footnote he adds that experiments he had made with very strong 
currents gave etfects the same as Wiedemann's A possible explana 
tion has been suggested by Ewing (see his Magnetic Induction in 
Itm. md other M&taU, pp 223-4 and footnote London, 1891) 

[1736 ] Pp 74-9 {M P , Vol ii , pp 382-7) describe experiments 
fej the magnetometnc method on the effects ot longitudinal pull on the 
mag^a^isateion of bars of nickel and cobalt magnetised by the earth's 
vertical compcment, and compare the effects with those in a tolerably 
soft iron bar bimilarly situated. In the nickel bar the non cyclic effect 
^ pall was as m iron to mcrease the magnetisation, the only difference 
beasg the much greater proportional change in the nickel, but when the 
cychc state was reached the effect of pull was the exact opposite ot that 
m iron, 16 m mckel the magnetisation was least when the load was on 

In cobalt the same phenomena were observed as in nickel, but the 
bar broke at an early stage ot the proceedings, and no experiments were 
made in higher fields bubsequent experiments have confirmed these 
conclusions lor cobalt in weak fields A ciitical field however ensues, 
much higher than the ViUari field usually is in iron, and in stronger 
fields the effect of stiess is the same as in iron below the Villaii field 
(see Chree, Phil Tians , Vol clxxxi. A, pp 329-387 London, 
1891, and Ewmg, Magnetic Indmtwnm Iron p 92 and pp 210-2) 
Pp 79-83 (AT P, Vol n,pp 388-93) desciibe fuithei experiments on 
mckel with higher fields With cycles of load the residual magnetisa 
tion always shewed a distinct minimum when the load was on, and the 
cyclic change of magnetisation after stiong fields shewed no tendency to 
dimmish but seemed to tend to an asymptotic hmit W ith the induced 
magnetism theie was imnustakeably the same effect in weak fields, but 
as the field was laised the cyclic change passed blnough a maximum 
and then decreased 

An attempt was made to reach a Yillari critical field with a 
second smaller nicxel bar, and this seems at hist to have been thought 
successful , but a note dated June 4, 1879, says the result had not been 
confirmed by latei experiments There lemains, howcvci, on p 83 [M 
P, Vol II , p 393) an uncontradicted statement that a Villaii ciitical 
field and a distmct ie\eisal of the effects of pull weie obtained by 
altering the magnetometei, oiiginally opposite an end ot the bar, so as 
to bung It moie nearly opposite the centie (ct oui Ait 1733) It 
tliib can be tiusted, a Villari field actually exists liut Ewing, who 
lias expeimiented with nickel under both tension and picssuie i^Phil 
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Trans, Vol CLXXix, A, pp 325-32 and 333-7 London, 1880), 
while coniirming Sir W Thomson’s eonclusians as to the opposite 
behaviour of nickel and iron in weak fields, has found no trace of a 
ViUan field in nickel He appears, it is true, from his p 331 and 
footnote to have looked lor a Yillari point in low fields, so his 
experiments are perhaps hardly conclusive His results and Ihose of 
Sir W Thomson refer to the total magnetisation For the t&mforcmf 
magnetisation — ^ e the magnetisation which disappears on the remov^ 
of the magnetising force — a Yillan field has since been found by 
H Tomlinson {J^ilosojphncal Magazine, Yol xxix., pp 304-400 
London, 1890) The reader should also consult the conclusions reached 
by Shelf ord Bidwell {Proceedings of the Royal Society, YoL xlvil, pp, 
478-9 London, 1890) Pp 84-5 {M P , Vol ii, pp 393-5) describe 
some experiments by the magnetometric method on the effects of pull 
on very soft iron wire The results are m agreement with those ob 
tamed by the ballistic method 

[1737 ] Note on the Direction of the Induced Lonffdudinal 
Current in Iron and Nickel Wires hy Twist when under Longitudirwil 
Magnetizing Force Philosophical Magazine, Vol 29, pp 132-3 
London, 1890 A statement is here given of how the direction of 
these currents may be specified by reference to the directions of 
twist and magnetisation, A specitication had been given for iron 
by Matteiicci (see our Art 701) In nickel under similar conditions 
the longitudinal current is opposite in direction to that m iron 
The rule so far as is known applies for all intensities of magnetisa- 
tion, for though the longitudinal currents diminish in intensity 
when the field is sufficiently raised, a reversal in sign has not yet 
been observed (see Y, , Philosophical Magazine, Vol xxix, 
pp 123-132 London, 1889, oi Ewing, Magnetic Induction in 
lion, pp 225-8) 

In tiacing the complicated relationships between mechanical 
strain and magnetisation the reader will deiive much assistance 
from a study of pp 47-72 of J J Thomsons Applications oj 
Dynamics to Physics and Gheniistt y (London, 1888), but a complete 
explanation of some of these relations will piobably require account 
to be taken of possible permanent ditfei cnees of elastic (and 
magnetic) quality in different diiections, moic especially in the case 
of the magnetic phenomena accompanying toision in wiies, as the 
strain is then fiequently much above the elastic limit 

[1738 ] The Rigidity of the Eaith JSiatuie, Yol v, pp 223-4 
London, 1872 This consists mainly of extracts Irom the inemoii of the 
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title published m 1B62, and from the Treatise on Natural Fhtloso- 
pft/^ our Arts 1663 and 1719—25 

The Internal Flu%dity of the Earth A letter to Mr G Fouktt 
Scrope NaM^e^ Vol v, pp 257-9 London, 1872 This letter brings 
arguments against the internal fluidity of the earth see our Art 1665 
Certain arguments introduced into this lettei based upon the effects on 
^(©c^sion of the d.astic yielding of the Earth’s surface were withdrawn 
by Sir William Thomson m 1876 see Mathematical and Fhysical 
Faper^, Vol m, p 321 

[1739 ] T7ie Internal Condition of the Ea/rth, as to Temperature, 
cmd Bigid/Uy Transactions of the Geological Society of 
Vol VI (1876—80), pp 38—49 Glasgow, 1882 This paper 
h Tieally a r^ume without mathematical analysis of work by Sir 
Wiliam Tliomson, which so far as it relates to elasticity has been 
ah?eady sufficiently dealt with in our History see, especially for the 
arguments relating to the rigidity of the earth, to tides, to precession 
and nutation, our Arts 1663-5 and 1719-25 

£1740 ] On a new method for discovering and measuring Aeolotropy 
cf Electric Resista/nce produced hy Aeolotropic Stress in a Solid A 
paper read before the Physical Society^, Abstract, Nature, Vol xviii, 
pp 180-1 London, 1878 

A diminution of electric conductivity is pioduced by sti etching 
metallic wires see our Art 1647 Now the toision of a wire produces 
slide, which may by Saint- Venant’s Theoiem (see our Art 1570*) be 
resolved mto a stretch and a squeeze in the principal axes of the slide, 
or in directions making angles of very neaily 45 with the axis of the 
wore Thus the electricity m a wiie would tend to flow in spirals, oi 
have a component of flow lound the wire The external effect of this 
flow would be sensible near the ternunals, oi inside the twisted tube 
Evidence of its existence was demonstrated by M'Farlane and Bottomley 

[1741 ] Elasticity This is an aiticle contributed to Vol vii 
(pp 796-825) of the Ninth Edition of the Encyclopaedia Britanmca 
London and i }« 1878 United to the aiticle on Heat 

contributed to the same woik, it afterwards appealed as an 
off print (Edinburgh, 1880) Finally it was reprinted on pp 1-112 
of Vol III of the Mathematical and Fhysical Fapeis (Cambridge, 
1890) The article incorporates two important memoirs by 
the authoi namely Elements of a Mathematical Theo')y of 
Elasticity Fhilosophical Tiansactions, Vol CLXVi , pp 481-98, 
London, 1856, and On the Elasticity and Viscosity of Metals 
Fioceedings of the Royal Society, Vo\ xiv,pp 289-97 London, 

^ The title only IS printed m Vol m ot the Society a Pi ocudinijb 
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1865 These memoirs have a« »r<l'rijr\ not been separately dealt 
with in their proper chronological order The article forms one 
of the chief elementary accounts of the physics of elasticity in the 
English tongue All we can do here is to notice individual ppin^ 
in connection with it, especially where the author’s defimtions (hiflfe* 
or his conclusions add to those already adopted or recorded m this 
History 

[1742] The first 36 sections deal with the definitions of 
elasticity and treat of the limits of elasticity, of viscosity, etc , etc. 

(a) The following definition is given of perfect elasticUy m § 1 

The elasticity is said to be perfect, when the body always requires the 
same force to keep it at rest, m the same bulk and shape and at the ^tme 
temperature, through whatever variations of bulk, shape and temperature it 
be brought 

This dehmtion clearly covers the whole range between the usual 
limits of elasticity”, but this need not necessarily mean the propor- 
tionahty of stress and strain see our Arts 929*, 299 and Vol i , 
pp 891-3 Thus this definition of ‘perfect elasticity’ covers more 
than what the mathematicians include in their treatises on ‘ the 
mathematical theory of elastic solids” The ‘perfect’ m the one refers 
in the first place to a physical conception, and in the othei to a 
simplified set of formulae — % e lineaiity of the stress strain relations 
Hodgkmson’s “defect of elasticity” (see our Vol i, p 891) would 
be covered by Sn William Thomson’s definition ot ‘ perfect elasticity ’ 
In § 37 we read 

But now must be invoked minutely accurate experimental measurement to 
find how nearly the law of simple proportionality holds through finite ranges 
of contraction and elongation The answer happily for mathematicians and 
engineers is that Bookers law is fuljilled, as actuiately as any experiments 
hitherto made can tdl^ for all metxls and hard solids eich thiough the whole 
range within its limits of elastieity , xnd foi woods, coik, mdia iu])bei, jellies, 
when the elongation is not more than two oi thiee pei cent, oi the angular 
distortion not more than a few hundredths of the ladian (oi not more than 
about two 01 three degrees; 

In the light of the lesearches recorded in the volumes of oui History 
it lb impossible to identify generally the lange between the elastic limits 
with proportion ility of stiess and strain (see oui Vol i , ]> 891-3) 
Sir William Thomson himself adds that a small deviation fioin Hooke’s 
law has been found by M‘Farlane for steel pianoforte wiie under 
combined toisional and tensile stiain The exceptions aie wider than 
this isolated example might lead the readei to xnfei and occur e\en foi 
simple tensile tests 
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(h) M m Tbomsan and Tait’s Treatise (see our Art 1709 (d)) the 
important distinction between elasticity of bulk and elasticity of shape is 
emphasised Homogeneous solids such as crystals and glasses are stated 
d 3) to probably possess elasticity of bulk to perfection — ^ e no amount 
of contprea^on would produce set in them It is clear of course that the 
emnpr^sive test is practically the only one to which we can readily 
^Igect such bodies, but theoretically it must be considered a very 
doubtful question whether such bodies would exhibit elasticity of bulk 
to perfection could we submit them to a uniform surface traction of any 
arbitrary amount To assume that it is so, is to reject a pnon the 
maximum stretch-limit to safe-loading Such an assumption leaves us 
indeed m a very vague position as to what the limit of elasticity really 
means when we are dealing with diverse types of strain, or how we 
are t6 apply the results obtained from a tensile test to more complex 
systems of stram Some of the interesting points connected with this 
su%ect are noted in ^ 8 and 21^ On the whole the tieatment of the 
bmits in these sections requires modifying in the bght of the 
splendid researches of Bauschinger and others, to bring the statements 
quite up to the present state of knowledge^ The paper by James 
f^omson incorporated in §§ 10-20 and to which we have already 
referred does not, I think, fully represent the state of our existing 
knowledge on the alteration of the elastic limits see oui Arts 1379*- 
Sl* 709-10 and 767 

(c) The foUowmg defimtions of brittle and ductile solids may be 
compared with those of Rankme (see our Art 466) 

If the first notable dereliction from perfectness of elasticity is a breakage, 
the body is called bnttle,— if a permanent bend [more generally a set?], plastic 
or malleable or ductile (§ 7) 

(<f) In § 23 the elastic limit for shde or change of angle appears to 
be deduced from the elastic limit for stretch If a bar be pulled 
longitudinally till it reaches its elastic limit s, then on the supposition 
of isotropy theie is a slide in planes at 45° to the axis of the bar of 
magmtude s(l but the converse does not hold, namely, that when 
there is a slide of this magnitude then there will necessarily be a stretch 
of magnitude 5 Indeed a fure slide of this magnitude would have foi 
its components a stretch and squeeze each of magnitude J 9 (1 -t-*);), and 
would not therefore on our theory conespond to the elastic limit As 
we have shown m the course of our woik, an elastic limit for stretch s 
corresponds to an elastic limit for slide & = 2s and not =s(l+r;) 

^ The hypothesis of the maximum stretch hmit, supposing the elastic limit to 
coincide with the hmit to linear elasticity, has perfectly definite answers to the 
questions asked in § 21 and there does not seem to me any a pnon leason to 
doubt the physical correctness of the answers it gives 

2 A correction should be made m § 9 where by a slip it is stated that in the case of 
the flexure of a bar of any shape of cross section by opposite bending couples applied 
at the ends one half the substance is stretched the other half shortened — the 
amount of the substance stretched or squeezed depends on the shape of the section 
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Thus for the numencal case taken by Sir William Thomson the hmrt 
to angular distortion would, on the maximum stretch theory, be ^ and 
not of & radian 

[1743 ] §§ 29-36 are occupied with a discussion on maoos^ 
We have already referred to the sense m which Sir WiHiam 
Thomson uses the word ‘ viscosity’ In oui History a matenal is 
termed ‘ viscous when a shear, however small, if applied for a 
sufficiently long period produces set On the other hand a 
material is teimed 'plastic’, if a shear above a certain magnitude 
IS required to produce set The word shear is here used instead 
of stress generally, merely to mark that a uniform surface piessure 
would not give a test of either viscosity or plasticity The dy- 
namical equations for viscous and plastic materials dijfifer very 
considerably see our Arts 246, and 250 Further it is difficult 
to associate the phenomena of “ after-strain” with anything of the 
nature of either viscous or plastic action in our senses of these 
words see our Arts 708* ftn and 1718, (h) The viscosity of fluids 
may be represented by a force of resistance directly proportional 
to the velocity of change of shape Hence the small effects can be 
superposed This superposition does not seem to be true for elastic 
after-strain (see our Ait 717*) Weber, Kupffer and Sir William 
Thomson himself^ appear to attribute the diminution of the 
amplitude of vibiations to elastic aftei-stram Lord Rayleigh in 
his Theory of Sound introduces a Dissipative Function into his 
treatment of the vibrations of elastic bodies, which corresponds 
to true viscous terms (^ e a resistance proportional to the velocity 
of the strain) Without venturing an opinion as to whether the 
subsidence of vibrations is due to true fluid viscosity or to elastic 
after-strain, it seems to me most important to keep the two 
notions distinct until their real nature and possible relationship 
have been cleaily ascertained The ‘cieeping back’ in elastic 
after-strain seems to distinguish it fundamentally from molecular 
friction or viscosity see our Art 7 50 

[1744] At the same time Sii William Thomson does not 

1 “It was in fact as it would be if the result weie wholly oi paitially due to 
imperfect elasticity oi elastische nachwirkung — elastic alter woikmg — as the 
Germans call it (§ 86) We may remaik that imperfect elasticity may mean 
either an elastic stress strain relation which is not linear oi a stresb accompanied 
by a set strain In neither case does it correspond to elastic after strain i e 
introduce a tme element 
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suppose like Lord Rajleigli that the resistance which he tem^ 
^^QSity in sohds is simply proportional to the velocity of change 
of shape, he only suggests that this molecular friction is some 
function of this velocity of change of shape 

After dismissing the thermodynamic dissipation of ene^y; 
which occurs with every strain in an elastic solid, as in many case$ 
too small to account for the loss of energy observed (§ 31), he 
oontiniies 

The fnctioTial resistance against change of shape must in every solid 
4e infinitely small when the change of shape is made at an infinitely 
alow rate, since if it were finite for an infinitely slow change of shape, 
there would be infinite ngidity, which we may be sure does not exist lu 
nature. Hence there is m elastic solids a molecular friction which may 
be properly called viscosity of solids, because, as being an internal resis 
tance to change of shape depending on the lapidity of the change, it 
nmst be classed with fluid molecular friction, which by general consent 
called viscosity of fluids (§ 32)^ 

Sir William Thomson’s experiments were made upon the 
torsional vibrations of round wires supporting different vibrators 
and his first conclusion § 34 (a) runs 

It was found that the loss of energy in a single vibration through 
one range was greater the greater the velocity (within the limits of the 
experiments), but the difference between the losses at low and high 
speeds was much le^s than it would have been had the resistance been, 
as Stokes'* has proved it to be in fluid friction, appioximately as the 
rapidity of the change of shape 

The expeiiments were not however sufficient to determine 
any simple law of relation between viscous lesistance and strain- 
velocity 

[1745 ] Sir William Thomson’s second series of experiments relate 
to the alteration of the torsional viscosity of wires owing to increase m 
the longitudmal traction They may be compaied with Kupffei’s lesults 
cited m our Arts 735 (in) and 751 (d) It is not quite clear how far 
Sir William Thomson’s vibiators were sufficiently heavy to produce by 

^ If like Sir William Thomson and others (see our Arts 928*, 192 (a) and 299) 
we apply Maclaunn s Theorem to deduce Green s expression loi the strain energy, 
there seems precisely as much or as little, reason foi applying it to the pioblem of 
\iscosity If we do apply it, howevei, we only leach Lord Rayleighs Dissipative 
Function, or fluid viscosity 

The leference is I suppose, to Stokes’ memoir of 1845 Poisson in 1831 and 
Saint Venant in 1843 had anived at the like conclusion, the latter by a method 
which appeals to be as satisfactoiy as Stokes 
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Biere tensioai aitlier sensible elastic affcer-stram or sefr in lihe wmm 
ijsed. He found that when the weight of the vibrator was increased tiie 
viscosity of the vibratoi was always at first much increased, but that it 
drminisWi day by day and ultimately became as small in amount as it 
had been with the lighter vibrator (§ 34 (5)) Here again no gen^ 
law was ascertained 

[1746 ] The third senes of experiments relate to the sutodenoe 
vibrations in aluminium wires Sir William Thomson found iJiat the 
nlimber of vibrations during the subsidence from a higher to a lower amph- 
tede (say 20 to 10) was less when the vibrator was started at 40, and 
fdiowed before counting to sink first to 20, than if it were started at 20 
itself (§ 34, (c)) The author does not appear to have noticed the effect 
remarked on by Kupffer that the period of vibration was a function of 
^e amplitude (see our Arts 735 (m), 709 and 751 (d)), nor is it dear 
whether the drag of the air on the vibrator was allowed for see 
our Art 735 (i) The remark as to the air-resistance on a spring in 
§ 31 does not seem to entirely cover this difficulty Possibly it was tested 
and found to be negbgible Kupffer, however, endeavoured to measure 
and then eliminate it 

[1747 ] The third senes of expenments seemed to indicate that 
‘viscous’ action depends on previous molecular condition, namely on 
whether the wire is started from rest, or has immediately beforehand 
been subjected to still larger repeated strains A fourth series of 
experiments was accordingly instituted in which two equal and similai 
wires with equal and similar vibrators were dealt with, — one being kept 
in as far as possible a continual state of vibration, the other being 
vibrated only for the sake of one daily experiment It was found 
in the case of two copper wiies that the quiescent one subsided through 
the same range of amplitudes only after loagei time and more vibrations 
with a shorter mean period than the frequently vibrated one^ (§ 34 (d)) 

[1748 ] Finally series of experiments with much smaller maximum 
distortions were made in order to determine (i) the law of subsidence of 
range in any single series of undisturbed oscillations, and (ii) the relation 
between the laws of subsidence for two sets of oscillations with the 
same elastic body performing oscillations of difFeient peiiods, owing not 
to a change of weight, but to a change of the moment of mei*tia in the 
suspended vibiator 35) The answer to the fiist question “so far as 
the irregularities depending on pievious conditions of the elastic sub- 
stance allowed any simple law to be indicated’’ was that 

The difieiences of the log^Ilthms of the ranges were pioportional to the 
intervals of time (§ 36) 

1 Thus while the amplitude was reduced a half the quiescent wire made 98 
vibrations with a mean period 2 4 secs , while the frequently \ibrated one made 59 
vibrations with a mean peiiod 2 45 secs A possible reduction in the period with 
the change of amplitude is not referred to 
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fordfetotton WJL<k smaller than the palpable elastie hart 
She resa^ resembles that dae to a true fluid viscosity, or that produeed 
hy the drag of the air on a vibrator 

The onfy approach found to an answer to the second question wafe 

ike proportionate losses of amphtude in the different cases are not such as 
ithey woeid be if the molecular resistance were simply proportional to the 
yejooity of change of shape m the different cases (§ 36) 

Here agam it seems as if Kupffer’s experiments and results might 
have been tmmd su^estive On the whole the experiments, especialfy 
last three senes, appear to suggest the influence of that ^ creeping 
back ^ which is pecubaa* to after strain and seems quite masked und^ 
t&tm msccmty Sir William Thomson speaks of these later results as 
shewing a very remarkable ‘^fatigue of elasticity (§ 30) It would be 
fnterestang to know whether this fatigue was only of kinetic or also of 
fetafe rfasticity, and further whether the distortions being below the 
eiaatio limit, the elastic limit and even the absolute strength were affected 
it ffhe term ffitigue although appropriate has been used by engineers 
m such a definite sense, namely the lowering of the absolute strength of 
a material by repeated strain below the rupture strain, that it is perhaps 
unadvisable to give it a new meaning in reference to elasticity It is 
clear that Sir William Thomson’s ‘fatigue’ is a phenomenon differmg 
from that dealt with by Braithwaite or Wohler see our Aits 970 and 
997-1003 

Sir William concludes his remarks on viscosity by suggesting an 
elastic vesicular solid, the vesicles being filled with a viscous fluid like 
oil Such a model solid would, he holds, suffice to elucidate some, but far 
from all, of the pioperties noted in the above series of experiments (§ 36) 

[1749 ] §§ 37-72 repi oduce matter from the author’s memoirs or from 
the Treat%se on Natural Philosophy which has already been amply dealt 
with m our E%story The arguments in favour of bi constant isotropy from 
the action of cork and jellies are again referred to We have already 
pointed out that they will only become valid when it has been demon 
strated experimentally that cork and jelly are true isotropic elastic 
solids, %e can have all relations between stiess and stiain expressed by 
aid of two constants see our Art 192 (J) In this mattei we must bear 
in mmd what Sir William Thomson himself (§ 37) says of such “elastic 
or semi elastic ‘ soft’ solids” as cork, india rubber or jellies 

The exceedingly imperfect elasticity of all these solids, and the want of 
definiteness of the substance of many of them, renders accurate experimenting 
unavailable for obtaining any very definite or consistent numerical results 

In fact the elastic action of cork on the one hand and of gelatinous 
substances on the other would probably be best exemplified theoretically 
by ti eating them as porous elastic solids, the pores cont lining air and 
liqmd lespectively The aigument used in ^ 48 for multiconstancy 
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based on a jointed bar mechanism wd shall deal with in onr Ar^ 

It IS really an appeal to the principle of “modified actaon.^’ Tke 
articles on Ee8ihence\ §§ 52-56, are reproduced from the Treatise 
They conclude in the reprint in the Matheymtioal Pampers (VdL 
p 47) with a table of the elastie resiliences and the slide- and stretch- 
moduli of a variety of wires This table is based on experiments earned 
out m the Physic^ Laboratory of Glasgow Gniversity In § 62 (1) 
note that Sir William Thomson adopts the Bresse Samt-Vewit mdde 
of dealing with the flexuie of beams when the stretch modulus va^es 
from point to point of the cross section see our Arts. 169 (e ) — (/) 
and 615 


[1750 ] §§ 73-6 deal with the thermo-elastic relations, and of 
course draw laigely on the memoir of 1855 see our Art 1631 
Turning to Equation (vi) of our Art 1633, or 

^ JUt^ 


where t is measured in the absolute scale, let r be the increase of 
temperature due to the sudden apphcation of a stress S corre- 
sponding to a strain — 5, % the strain produced by an elevation of 
tempeiature of one degree when the body is kept undei constant 
stress, — this strain being measured in the opposite sense to that 
of the constant stress ^ AT the specific heat of the substance per 
unit mass under constant stress, p the density, and J Joule's 
equivalent, then 


a=Ki,r. s* 


dt 


dt’ 


, ds 


whence we deduce 


T 


~JKp 


(0 


With regard to this formula Sir William Thomson remarks 


The constant stress for which K and x leckoned ought to be the 
mean of the sti esses which the bodj expeiiences with S and without 
Mathematically speaking, S is to be infinitesimal, but practically it may 
be of any magnitude modei ate enough not to give any sensible difference 


^ The historical statement that Lewis Goidon fiist intioduced the word resilience 
to denote the work done by a spiiug or othei elastic body returning to the unstrained 
state from some strained limit is eironeous He only adopted the word fiom Young 
see our Vol i p 875 

^ That IS X must be an expansion if S denotes a pressure unifonn in all 
directions or x must be a stretch if 5 denotes a longitudinal compression etc 

29—2 
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5a a® ■vaioe of eiaer or x. whether the “ constant stress ” be with 8 
or wxaont S, or wi^ ae mean of the two (§74) 

' ' '[1^51 ] ^ 76 deals with the important distinction between 
static and kinetic elastic moduli This distinction appears first tp 
^ve been pointed out in a clear scienhfic manner by Sir William 
Thomson himself 


When change of temperature, whether in a solid or a fluid is 
produced by the application of a stress, the correspondmg modulus of 
^sticity will be greater in virtue of the change of temperature than 
what may be called the static modulus defined as above, on the under 
standing that the temperature if changed by the stress is brought back 
to its pr^mltl^ e degree before the measurement of the strain is performed 
The modulus calculated on the supposition that the body, neither losing 
nor gaming heat durmg the application of the stress and the measuie 
ment of its effect, retains the whole change of temperature due to the 
str^s, will he called for want of a better name the kmetic modulus, 
because it is this which must (as in Laplace’s celebrated correction of 
Newton’s calculation of the velocity of sound) be used in reckoning the 
elastic forces concerned in waves and vibrations in almost all practical 
cases 

Let Jf be a static, M' the corresponding kinetic modulus Clearly, 
if a body is not allowed to either lose or gam heat, then the stram will 
be, smce there is a change of tempeiature t, equal to 

S 


but this equals S/M' , equating the two we have by using (i) 

M' 1 
M~ 

JKp 


( 11 ) 


Further if K and K' denote thermal capacities of a given quantity of the 
substance under constant stress and constant stram respectively then 


M ~ r 


(m) 


The values of the ratios M'jM or KjK' are tabulated m two ‘‘Thermo 
dynamic Tables^” for a temperature of 15 0, the quantities J, p, M 
and X being the experimental data Thus Sir William Thomson gives 
for the ratios 


^ In the first Table we find “^=42400 centimetres’ and the slip is repeated m 
the reprints Heie is a chance foi the foot pound that unhappy “no system to 
have Its levenge ’ 
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Dilatation Modulus F'jF 

Stretch Modulus B'/F 

Glass (flint) 

1004 

Zinc 

1 0080 

Brass (drawn) 

1028 

Tin 

1 00362 

Iron 

1019 

Silver 

1 00315 

Copper 

1043 

Copper 

1 0032^ 



Le^ 

1 00310 



Glass 

1 00060 

Water 

1004 

Iron. 

1-00259 

Ether 

1677 

Platinum 

1 00129 


We have tabulated these values here because they throw considerable 
light on a point often referred to in our History, namely the difference 
between the kinetic and static moduli As Sir William Thomson points 
out, the difference between the values obtamed by Wertheim for these 
moduh cannot be explained by thermal influence, they must be due to 
errors of observation A similar opinion had been expressed by Clausius 
see our Arts 1297*, 1350* and 1403* 

[1752 ] In § 18, Tables Y , YI and YII , will be found recorded a 
number of results for the dilatation modulus, stretch-modulus, slide- 
modulus, tenacity, elastic stretch, and resilience of a variety of materials 
These results are taken from the memoirs or tables of Wertheim, 
Rankme, Everett, Gray, and others' They are heie convemently 
brought together and i educed to common units At the same time 
such results are only roughly approximate The elastic moduli and 
limits are physical quantities which vary very widely with the form, 
exact process of manufacture and individual workmg of each test piece of 
a given type of material, and as it is of course impossible m tables of this 
kind to give mfoi matron with regard to the actual specimen of each 
material to which the results refer, the data given cannot be of very 
great service in accuiate physical investigations It must ever be 
lemembered that the elastic properties of a body are chamcteristic 
and peculiai to the preparation of the specimen itself, and aie not 
solely determined by the material of which it is made 

[1753 ] §§ 78-81 deal with the important problem of the effect of 

working, oi of permanent molecular changes, on the elastic moduli of a 
body They cite the results of experiments made by D M‘Farlane and 
A and T Gray Sii Williini Thomson refers to Wertheim and others 
who have investigated this problem, “but solely” he writes “with 
lefeience to Young’s modulus” 78) The elaboiate researches of 
Kupffer appear to hive escaped his notice see our Arts /52— 6 

^ The error by which ice is given double the stretch modulus of *111} other 
material is repeated in the Pape}s see oui Ait Sll* Jtn 
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(а) In § 78 and TMe VIII we have results of expenments by 
M^Farlane on the results of a set^tretch m wires upon their slide 
modulus. The effect of a set-stretch was partly decrease of density with, 
as a rule, decrease of the slide modulus The results may he compared 
with those of Kupffbr see our Arts 735 and 741, (6) 

(б) Eesults for the change of the stretch modulus with the tem- 
perature w^e in the earher issues of the paper cited from Wertheim’s 
memoir of 1844 (see our Art 1292*) hut they are removed from § 79 of 
the reprint m the Mathematical and Physical Papers (Vol in , p 80) 
as “ vcrv far \vroiig ” The sole result cited m the latter work is oue for 
a steel tuning-fork due to Madeod and Clarke^, from which it would ap 
pear that- the stretch modulus for steel diminishes at the rate of 23 2 x IQ-** 
of itself per degree centigiade of elevation of temperature 

Results for the influence of temperature on the slide moduh of iron, 
copper and brass are cited from P Kohlrausch and F E Loomis® 
There is no reference to the results of Kupffer see our Arts 764-6 

[1754 } § 80 records some expenments by J T Bottomley on soft 
iron wire, from which ifc appears that the gradual addition of stress 
durmg a long mterval increases the ultimate tensile stiength This 
point had been previously noticed by several technical elasticians An 
iron bar tested to the beginning of stricture, will after being left 
quiescent for a period suffer striction at a different section and a higher 
load, and m this manner the ultimate stiength may be raised very 
considerably In some of Bottomley's experiments, the increase of 
tensile strength amounted to as much as 15 to 26 p c see our Arts 1503* 
and 1125 


[1755] Finally in § 81 we have the effect of permanent tort on 
the elastic nature of wires Thus it developed seolotropy in the sub- 
stance of the wire, and altered both the stretch and slide moduli For 
example, the slide modulus of copper permanently toited decreased with 
the increase of tort even to 1/6 of its oiigmal value, and then slightly 
mcreased again before rupture Steel pianoforte wiie shewed a dimi 
nution and then a slight augmentation of the slide modulus under tort 
Thus it fiist sunk from 751 x 10® grammes per sq centimetie to 414 x 10® 
and then lose to 430 x 10® lion wire shewed a diminution of 14 p c of 
the original value befoie rupture 

In copper wire the stretch modulus on the other hand was increased 
10 pc by a permanent tort In steel wiie no sensible alteration due 
to tort was noticed in the stretch modulus 

Theie is no reference to the experiments of G Wiedemann on the 
subject of tort see oui Aits 708 and 714 

1 Phil Tram Vol clxxi Part i , pp 1-14 London 1881 
Annalen dei Physik, Bd cxli , pp 481-608 Leipzig 1870 
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[1756] As an appendix to the article we have the mathe- 
matical theory of elasticity to which reference has been made m 
our Art 1648 All but the last Chapter, ^ e xvii , appeared in the 
Phil Trans for 1856 Several important pomts m this memow 
must be noticed 

Chapter I Def I A stress is an ^ 7 apphcaiion of 

farce to a body 

This definition of stiess appears to identify it rather with load 
or body-force than with stress m the sense of this History It 
does not readily suggest the idea of stress across a plane in the 
matenal” The vagueness of this use of the word is, I think, 
exemplified bv Def I of Chapter II 

A stress is said to be homogeneous throughout a body when equal 
and similar portions of the body, with correspondmg lines parallel, 
experience equal and parallel pressures or tensions on corresponding 
elements of their surfaces 

If a cylindrical shell or part of a spherical shell were turned 
inside out, it could hardly be described in customary language as 
having m its new state an application of force, but it is very clearly 
in a state of stress It seems better to preserve the primitive use 
of the word stress, as adopted by Rankine and sanctioned m the 
Treatise on Natural Philosophy 

Chapter III Ooi 3 Here the following ellipsoid is introduced 

(1 - 2el\) + (1 - 2eT^) f + 2eT,) ^ = 1, 

where the axes aie the principal axes of the stress, T,, aie the 
principal tractions (see our Art 603*), and e any indefinitely small 
quantity This repi events the stress in the following manner 

From any point P 111 the surface of the ellipsoid diaw a line in the tangent 
plane, half way towards the point where this plane is cut by a perpendicular 
to it through the centre, and from the end of the first mentioned line diaw i 
radial line to meet the surface of a sphere of unit radius concentric with the 
ellipsoid The tension at this point of the suiface of a sphere of the solid is 
in the line from it to the point P and its amount pei unit of surf ice is 
equal to the length of that infinitely small line, divided b} e 

The construction does not seem so simple as that of the usual stiess 
quadric, and, given the diiection of any plane, it is not cleai how we 
should find fiom the above construction except b} a tentative piocess 
the diiection and magnitude of the stiess acioss it 
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Qha^t^r lY Pr(^ 3 An ellipsoid of the following type is given 

(1 - 2si) 0^ + (1 - 2 S 2 ) + (1 - 2ss) ^ 

where the axes are the principal axes of the strain (or, as is well known, 
A& stress see our Art 614*) and 8^, are the principal stretches 

^ »the position, on the surface of this eUipsoid, attained by any particular 
poont the scOid, is such that if a hne be drawn in the tangent plane, half- 
Wy to the point of intersection of this plane with a perpendicular from the 
^tre, ^ radial line drawn through its extremity cuts the primitive sphencal 
surfece in the primitive position of that pomt 

[1757 ] We now reach on the basis of the preceding ellipsoids the 
fellowing definition {Chapter lY , Prop 3, Coi 1 and Def 2) 

Por ev^ stress, there is a certain mfinitely small strain, and conversely, 
|c^ ev^ mfimtely small strain, there is a certain stress, so related that if, 
the stom is bemg acqmred, the centre and the stram normals [=prm 
<apal axes of strain] through it are unmoved, the absolute displacements of 
particles belonging to a sphencal surface of the sohd represent, m intensity 
(according to a defimte convention as to units for the representation of foice 
by hnes) and m direction, the force (reckoned as to intensity, in amount per 
umt of area) expenenced by the enclosed sphere of the sohd, at the different 
parts of its surface, when subjected to the stress 

Such a stress and the infinitely small strain related to it are termed 
of the mm type 

This type requires five quantities to define it, two ratios between 
principal tractions (or principal stretches) and three angular directions 
defining the position of the prmcipal axes 

Purther defimtions of what is meant by orthogonal stresses and 
strains are given m Chapter VI , Def 1-3 

A stress is said to be orthogonal to a stram if work is neither done 
upon nor by the body in virtue of the action of the stress upon it while it is 
acquinng the stram 

Two stresses [or strains] are said to be orthogonal when either coincides 
m direction with a strain [or stress] orthogonal to the other 

[1758 ] Chapter VIII is entitled Specijication of Strains and 
Stresses by their Components according to chosen Types 

Six sti esses or six strains of six distinct arbitrarily chosen types may be 
determined to fulfil the condition of having a given stress or a given stram for 
their resultant, provided these six types are so chosen that a strain belonging 
to any one of them cannot be the resultant of any strains whatever belonging 
to the others 

This follows from the fact that six independent parameteis are 
lequired to specify any stress or strain whatever The six arbitrarily 
chosen types of stresses or stiams are termed types of reference 

Definition An orthogonal system of types of rcfeienco is one 111 


1759—1760] 


SIR WILLIAM THOMSON 


whuch the six strain or stress components are all six mntns^y ortho^ 
gonal (OJiapter IX ) When the "types of reference expressing the 
strain constitute an orthogonal system then the component skes^ may 
be expressed by the differentials of the strain energy with regard to the 
six component strains 

This principle is deduced in Chapters XI and XIIL by a considem- 
tion of what is defined as comyarrence between stress and strain. 

[1759] We now turn to the contents of Chapters XIV- 
XVI which form perhaps the most important portion of the 
under consideration 

Let ^ 1 , ^ 2 , ^ 4 .) specify a strain by means of one sys^m 

of types of reference, and Sjjj fs, Sa, the same strain by 
means of another system Then any strain will be a lineew: 
function of the f-system and the relation will contain six constants. 
In general there will be 30 constants connecting the and 
^-systems Now the strain-energy is a quadratic function of the 
strain-components and involves 21 constants We can accordingly 
always make use of 15 out of our 30 disposable constants to 
ehmmate the product terms of the stram-energy by a Imear 
transformation Thus in an infinite variety of ways the strain- 
energy can be expressed in the form 

^ + As^,^) 

In this case a strain of any one of the ^ types, if impressed on the 
solid will be accompanied by a stress orthogonal to the five others 
of the same system The stress will be proportional but not gene- 
rally equal to dwjd^ 

[1760] The investigation of the previous article has left us 
with 15 disposable constants and we can employ these to make 
the SIX strain types f mutually orthogonal , for the condition that 
two strain types shall be mutually orthogonal involves only one 
relation and theie are just 15 pairs in 6 things This follows 
from the algebraic theoiy of the linear tiansformation of quadratic 
functions, associated with the condition foi orthogonality see 
Chapter X, Cor 1 and 2 

Thus we reach the following impoitant proposition 

a single system of six iiiutiially orthogonal types may be determined 
foi any homogeneous elastic solid, so that its potential eneigy when 
homogeneously stiained in any way, is expressed by the sum of the 
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pTodp^olB ^ ’tilo# s^uar^ of tlt6 coBttponeiits of th© strain, acQording t© 
t 3 * 0 s© typ©s^ respectively multiplied by six determinate coefficaents 
(flkiupter XV Prop 1) 

' Defirnmn. The six strain types thus determined are called the 
Principal Strain-T^pes of the body 

[1761 ] If ?i, ^ 2 , ?8, ? 4 , ? 5 , denote the six principal strain 
types, and 8:^, 8„ 8^, 8^, 8^^, 8^ the corresponding stresses we have 
die strain-energy of the form 

W^^(A i^i + ^2^2"* + -dgfs^ + A^i + Ajs^s^ -b 

and generally 8 = d/wjd^^^A^ 

' It Miows that the stress requiied to maintain a given amount 
^ stiain IS a maximum-minimum if it be one of the six principal 
^qpes (Prop 4) 

We can now return to § 41 of the article on Ela8t%c%ty for the 


ilasticity is the number obtained by dividing the number 
by the number expressing the strain which it produces 
d a prmcipal modulus Tmen the stress is such that it 
)f its own type 

An aeolotropic sohd has in geneial six principal elast%cit%esy namely, 
the A-coefficients of the above value for the strain energy Sir William 
Thomson appears in § 41, (6) of the article on Elasticity to identify the 
six prmcipal elasticities with six principal moduli I am not certam 
how far this is consistent with the definition that a modulus is the latio 
of the number expressmg stress to the number expressing the strain 
which It produces My point of difficulty is whether a ‘ piincipal stress 
type ’ is always capable of being expressed by a single numerical stress, 
or whether it will not often consist of a system of stresses Thus the 
bulk modulus in Sir William Thomson’s sense (see oui Art 1776 and 
footnote) might be a prmcipal elasticity, but, as it coriesponds in some 
cases to a system of sti esses, is it always a principal modulus *2 

[1762] Sir William Thomson gives in Ghaptet XV Prop 2 
the following examples of principal elasticities 

(a) Foi cubical ceolot^opy (see our Arts 450, (v) and 1639) 

Modulus of compressibility, the rigidity agiinst diagonal distoition 
in any of the prmcipal planes (thiee equal elasticities), and the ngidity 
against lectangiilai distortions of a cube of symmetiy (two equal 
elasticities) 

In the notation of oiu Arts 1203 {d) and 1206 these moduli would 
be ^ (a + 2/'), d and ^{a- f) lespectively 
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(b) For perfect isotropy 

Modulus of compressibilitj and the rigidity (five equal elastieik^) 
In our notation these moduli are ^ (3X + 2 /a) and /a 

Further statements as to principal moduli will be found tn § 41 of 
the article on Elasticity, but I do not clearly comprehend their meann^^ 
thus it IS said that a crystal of the rectangular parallelepiped (or 
^‘tesseral”) class has six distinct principal moduli — “Ihree, of ^ 
three (generally unequal) compressibilities along the three axes, and 
three, of the three iigidities (no doubt generally unequal) relabvely to 
the three simple distortions of the parallelepiped ” I do not follow 
what IS meant by the “three compressibilities along the three axes” — 
they cannot refer to the three stretch moduli as these are not prvnc^pcd 
moduli 

The whole discussion would have been much clearer if the strain- 
energy, for a tesseral crystal say, had been written down in terms of 
the principal moduli aud the six principal straon-typ^, these principal 
moduh being then given as functions of the usual nme elastic coefficients 
and the principal strain-types in terms of the usual stretch- and slide- 
components of stram I have not succeeded in accomplishmg this' 
I am mdeed m doubt as to how to apply the condition for “orthogo- 
nality of strains ” , — nor if a dilatation can be. a principal stram am I at 
all clear what is the corresponding principal stress , it certainly cannot 
be like most stresses a dvrected quantity 

[1763 ] In Chapter XY , Prop 6, Sir William Thomson lemarks 
that 

A homogeneous elastic solid, crystallme or non crystalhne, subject to 
magnetic force or free from magnetic force, has neither nght-handed nor left- 
handed, nor any dipolar properties dependent on elastic forces simply proper 
tional to strains 

Hence he argues that the elastic forces concerned in optical pheno 
mena such as occur in quartz or tartaric acid cannot depend on the 
magnitude, but can solely depend on the heteiogeiieousness of the sti’am 
in the portion of the medium through which the wave passes Polar 
piopeities of crystals whethei crystallographic, optical or electrical, can 
have no coi responding characteiistic in elastic forces which are simply 
proportional to the stiain 

[1764] Chapte') XYII is entitled Flam Waves %n a Homogeneous 
jEolotropic Solid It does not go furthei than demonstrating that in 
general three pairs of plane waves aie possible in such a medium — m 
the case of an mcompiessible solid reducing to two pans in which the 
motion IS parallel to the wave fiont The thiee velocities of these three 
pairs of waves aie determined neither in teims of the 21 elastic con 

1 It IS easy Sir William Thomson tells us to investigate the pimcipal strain tjpe 
and piincipal elasticities foi a ciystal of the tesseial class {Chapte) \VI Coi ) 
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starts, Bor of the direction of the wave front The problem had horn 
previously discussed by Blanohet (see our A.rts 1 166*— 78*) and has been 
exhaustively dealt with by Ohristojffel see AnnaU d% Matermtica^ T vni,^ 
f-B 193-24S Milano, 1877, and Love Treats on th^ mathematiml 
o/* Vol I , pp 134—40 Cambridge, 1892 

[1765.] Notes of Lectwres on Molecular Dynarmcs and the Wme 
Theory of Light Delivered at the Johns Hopkins Ui ' / f / Balti- 
more Stenographically reported hy A S Hathaway Baltimore, 
1884 This IS a shorthand report reproduced by papyrograph of 
Sir William Thomson sard in twenty lectures delivered at 
Mtimore before a distinguished audience of physicists and mathe- 
niatocaans in 1884 The preface to Vol ill of the Mathematical 
md Physical Papers announces that Vol IV will contain a prmted 
^&Lon of these lectures That volume not having yet appeared, 
our references will be to the pages of the papyrograph (pp 1-328 + 
Index) The report was not revised by the lecturer, owing to 
his departure from America 

We shall put on one side the large portion of these lectures 
devoted to molecular theories, treating only of those points which 
rplfltp to the theory of elasticity, and briefly of some problems m 
hat theory is applied to the luminiferous ether 

[1766] Lecture I (pp 1-20) is chiefly historical and intro- 
ductory The position of the lecturer at that time is indicated 
m the following words 

In the fiist place we must not listen to any suggestion that we must 
look upon the lummiferous ether as an ideal way of putting the thing 
A real matter between us and the remotest stars I believe there is, and 
that light consists of leal motions of that mattei, motions just such as 
are desciibed by Fiesnel and Young, motions in the way of transverse 
vibrations If I knew what the magnetic theory of light is, I might be 
able to thmk of it m i elation to the fundamental principles of the wave 
theory of light But it seems to me that it is rather a backwai d step 
from an absolutely definite mechanical motion that is put before us by 
Fiesnel and his followers to take up the so called electro magnetic theoiy 
of light in the way it has been taken up by seveial writeis of late In 
passing, I may say that the one thing about it that seems intelligible to 
me, I scaicely think is admissible What I mean is, that there should 
be an electiic displacement peipendiculai to the line of propagition and 
a magnetic distuibance perpendiculai to both It seems to me that 
when we have an electro magnetic theoiy of light, we shall see electric 
displacement as in the diiection of propagation — simple vibiations as 
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described by Fresnel witb lines of vibration perpendicular to the line of 
propagation — ^for the motion actually constituting light I merely say 
that in passing, as perhaps some apology is necessary for my insisting 
upon the plain matter of fact dynamics and the true elastic solid as 
giving what seems to me the only tenable foundation of the wave thecay 
of hght m the present state of our knowledge 

The lummiferous ether we must imagme to be a substance which so 
far as lummiferous vibrations are concerned moves as if it were an 
elastic solid I do not say that it is an elastic solid That it moves as 
if it were an elastic solid in respect to the luminiferous vibrations, is the 
fundamental assumption of the wave theoiy of light (pp 5-6) 

In the last eight years Sir William Thomson has without doubt 
modified his view as to the respective merits of an elastic sohd 
and an electro-magnetic theory of light see m particular his papers 
referred to in our Arts 1806-16 But the emphasis laid on the 
"real matter” and "real motion” of the luminiferous ether seems 
to the Editor of this History a grave danger m this method of 
speaking of the ether The ideal nature of geometry mvolves the 
ideal nature of kmematics and ultimately of mechanism, and the 
"luminiferous ether” is only an intellectual mode of bnefiy 
summarizing certain wide groups of sensations The advantage of 
the electro-magnetic over the elastic solid theory of light appears 
to he in the wider range of phenomena it enables us to epitomise 
under one conception 

The diflSculty of the passage of the stellar bodies through the 
ether is explained by aid of the principle first indicated by Sir 
G G Stokes (see our Art 1266*), ^ e that as m the case of 
cobblers’ wax, which vibrates to rapidly alternating forces, long 
continued but very small forces sufiBce to produce permanent 
change of shape ^ 

Whether infinitesimally small foices pioduce change of shape oi not 
we do not know , but very small foices suffice to pioduce change of 
shape All we have got with respect to the lummiferous etliei is that 
the exceedingly small forces lequned to be bi ought into play in the 
lummifeious viLiations do not, in the times duiing which they act 
suffice to produce any sensibly peimanent distortion The come and 
go effects taking place in the period of the lummifeious vibi-ations 
do not give use to the consumption of any laige amount of energy, 

^ Glycerine is also suggested as an example dlustiating the ethei on p 119 
and Maxwell s experiment in which the sudden turn of a stick in Canada Balsam 
gave the medium a double refractive power, which giadually disappeared is leterred 
to on pp 119 — 20 



45^ 


^lE WILLIAM THOMSON 


[1767— 


not IttTge enough an amount to cause the light to be wholly absorbed m 
say its piopagation from the lemotest visible star to the earth (p 8) f 

|17I7 ] leckt/rell (pp 20-5) opens with a brief elementar\ theory 
&keity eontaanmg, however, nothing beyond what is given m tie 
Mno^dopaedm article on see our Art 1741 Lecture HI 

{pp Bl-3) indicates the general solution of the equations of vibration for 
a hennc^eneous isotropic solid Lectv/re IV (pp 38-48) develops this 
solution, chiefly in reference to the sound vibrations represented by an 
^equation of the type 

^P^mjre tl (pp 67-66) continues the discussion of these sound vibra- 
&ns. 

[1768} Lecimre Till (pp 77-91) deals with distortional waves, 
qr mose fm which the dilatation ^ = 0 Consider the function 


G 2ir / 
<f> = — sin -Y 
^ r I 


\ V p / 


whidi satisfies the equation 

r being the distance from the origin, G and I being constants 

(a) A solution of the body shift equations, subject to ^ = 0, is given 


^ d(j> d<fi 

u^O, 

At a considerable distance from the origin the solution takes the 
approximate form 

- n2Trz ^ 2'7r y 

= 0, = - (7 - j- ^ cos g', ic = C7 y- ^3 cos q, 


where q is written for ^ ^ 7 - ^ 


Further the twists at a consideiable distance are given by 


^ 47r2 /of 1\ 


^47r® xy 
= -psmg', 


^ 4:71^ XZ 
= Oy—^Bmq 


Thus there are rotations proportional to — (sin q)/7 round the axis of cc, 
and to (sm q) xjr^ round the radius vector 


If you think out the nature of the thing, you will see that it is this 
a globe, or a small body at the origin, set to oscillating about Ox as an axis 
You will have turning vibrations everywhere , and the light will be everywhere 
polarized m planes through Ox The vibrations will be everywhere perpendi 
cular to the radial plane thiough Ov (p 79) 
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(b) Besides this solutLon for a torsional vibration, Bit WiMja^ 
Thomson gives (p 84) the solution for a small to and-fro motion m fte 
axis of £tJ, VIZ 

4^ ^ (PS (PS (PS 

Jr doP dydx d%dx 


^ having still the value 
G 


sin 


27r / /a \ 

I V^\' pV 


At a considerable distance from the ongm we have approximately 

^ — as® ^ 4'iP xy ^ 4 :tP xz 

— amq, v = -G w = -C-^^smq, 




where q has the same value as above, and clearly the resultant of these 
shifts is perpendicular to the radius-vector Further at a great distance 
theie IS no appreciable shift at points in the axis of a; at all In the plane 
of yz we have -y = = 0, or the shift is perpendicular to this plane, % e. 

light would be polarised in this plane (p 86) 

Sir William Thomson refers with regard to this solution to Sir 
G G Stokes’ theory of the blue hght of the sky He further deals at 
considerable length with models of vibrators which would produce 
vibrations corresponding to either of the above cases It is clear that 
the solutions given by Sir William Thomson aie special cases of those 
due to Yoigt and afterward dealt with by Kirchhoff see our Arts 
1309-10 


[1769 ] While Case (h) of the preceding article deals with the to-and 
fro motion in the axis of a; of a single small body at the origin, Lecture 

IX (pp 92-4) considers the case of a doublet of such motions at the 
ongm Such a motion might be considered as given by discs attached 
to the two ends of a tuning fork, neglecting the prongs, or by two small 
balls connected by a spring and pulled asunder so as to vibrate m and 
out (p 94) The expressions foi the shifts may be found fiom those 
given in Case ( 6 ) above by simply differentiating them^ with regard to 

X and introducing a new constant into ^ Thus, at a considerable 
distance from the vibiatoi the shifts will be approximately of the 
forms 

n,oP-r u uPz 

u = C - X Qoaqj y = C cos 5 ^, io=C cos q 

It is easy to prove that the complete solution lepiesents a distortional 
vibration (0 = 0 ), and that the ladial component of shift at a considemble 
distance is zeio Theie is zero shift in the plane of yz and along the 
axis of X Further treating the motion as that of light, we see that light 

^ The papyrograph has a slip at this point it speaks of diijclXf dijdij and du^L 
as the shifts (p 93) 
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he ^Jkxknzed m tlie plane through the radius of the point consi- 
dered and perpendicular to the radial plane through Ox (p 93) i 

Sir William Thomson holds that “ This is the simplest set of nbrar 
tions tliat we can consider as proceeding from any natural source ctf 
hght^ (P 

Much of the remamder of this Lecture, dealing with the simplest 
conceivable form of elementary vibrator in the case of light, is of great 
interest, but it would lead us beyond our legitimate subject to discuss 
the lecturer’s suggestions here 

[1770] Ledwre XI (pp 124-37) treats of seolotropic 
elastic solids The first nine pages (pp 124-32) deal with the 
' constant’ controversy After referring to the meaning of the 
term mloi/ropiG, and ^'the somewhat cloud-land molecular be- 
ginning” of the theory of elasticity, Sir William Thomson remarks 
that 

we have long passed away from the stage in which Fathei Boscovich 
IS accepted as being the origmator of a correct repiesentation of the 
ultimate nature of matter and foice Still, there is a never-ending 
interest in the definite mathematical problem of the equilibrium or 
motion of a set of points endowed with inertia and mutually acting 
upon one another with any given force We cannot but be conscious 
of the one grand apphcation of that problem to what used to be called 
physical astronomy but which is more properly called dynamical astro 
nomy, or the motions of the heavenly bodies W e have cases m which 
we have these motions instead of the appioximate equilibriums or m 
fimtesimal motions which form the subject of the special molecular 
dynamics that I am now alluding to (pp 125--6) 

It IS then pointed out that those who have treated the theory 
of elasticity from the standpoint that 

matter consists of particles acting upon one another with mutual forces, 
and that the elasticity of a solid is the manifestation of the force required 
to hold the particles displaced infinitesimally from the position in which 
the mutual foices will balance (p 126), 

have been led to rari-constant equations This statement should, 
I think, be modified by the addition to “ mutual forces'’ of the 
words “which act in the line joining the particles and are functions 

^ This statement is modified m Lecture XII (p 145), where the lecturer points 
out that the condition for the centroid of a molecule remaining stationary while 
the molecule acts as a vibrator, would be satisfied not only by the double to and fro 
motion of our Art 1769 but also by Case (b) of our Art 1768, if the vibrator were a 
Thonibon “ shell spring ’ molecule — le one with a massive nucleus carrying an 
external shell surface of extremely small mass by means of connecting springs 
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only of the mutual distances The statement of the Lectmes does 
not exclude the hypotheses of modified action and of aspect, 
either of which being admitted lead to multi-constant equations * 
see our Arts 276 and 302-6 

Sir William cites Sir G G Stokes as having first called attention 
to ‘^the viciousness of this conclusion (^e uni-constaney) as a 
practical matter in respect to the realities of elastic sohds.'^ 
Jelly and mdia-rubber, our old jfriends, are referred to as examples 
of elastic solids which do not fulfil the um-constant condition, but 
no attempt is made to complete the validity of the argument by 
demonstrating that they are true elastic solids at all, %e that 
two elastic moduli will sufl&ce to determine absolutely the relations 
between all types of small stresses and strains m these materials. 
For example, in the case of these matenals are the stretch and 
squeeze-moduli practically the same, and if the shde-modulus and 
the dilatation-coeflScient (A, see Vol i, p 884-5) be determined 
from torsion and pure traction experiments, are the values of the 
dilatation-modulus (\+|/i),the spread-modulus 
and the plate-modulus [4ifi(fjb-\-\)l{X + 2fjb)] calculated from these 
results m agreement with experiment ? These points require very 
careful consideration before the argument from jelly and india- 
rubber can be recognised as conclusive see our Arts 1636 and 
1749 

[1771 ] Sir William Thomson now raises a more interesting 
argument against rari-constancy He introduces it with the 
following remark 

Stokes also referred to a promise that I made, I think it was in the 
year 1856, to the effect that out of matter fulfilling Poisson’s condition 
[le ran constant matter] a model maybe made of an elastic solid, which 
when the scale of parts is sufficiently reduced will be a homogeneous 
elastic solid not fulfilling Poisson’s condition Stokes lefeis to thxt promise 
of mine which was made very nearly 30 years ago I piopose this moment 
to fulfil it never having done so befoie It is a very simple affan (p 127) 

The following is the model suggested 

Take a geometiical light six face as our element and suppose 8 particles 
at its angles These may be connected by the 12 edges, the tour internal 
diagonals and the 12 face diagonals Each edge will howevei belong 
to foul such light SIX faces, and each face diagonal to two light six faces , 
hence we are left with only 13 disposable links for each element 
Suppose these links leplaced by 13 springs of diffeient elasticities 

30 
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giYOQ, tt 0 13 gtrbitrfiiFy constants Two further constants coi^e 
from the ratios of the three edges, and three from the arbitra^^^ 
diiections which we may take for our coordinate axes of reference. 
Thus we have at present 18 arbitrary constants To get three mor^ 
cemstants Sir William Thomson places bell cranks at each corner and 
them by pieces of wire, so that the wire, thought of for 
Ijfco as contmuons through the bell cranks, passes twige 

retold the edges of the nght six face This can be done in a variety 
of ways. These pieces of wire connecting the bell cranks can be 
feken of different elasticities in the directions of the three prmcipal 
ax^ md we thus have three more disposable constants, or 21 in all 

Wdlmm Thomson speaks of this arrangement as “ a model of a solid 
^ ying the 21 mdependent coefficients of Greenh theory’’ He draws 
atttoUpn to the fact that for the case of an isotropic solid if the bell 
crank wires are inelastic, the nght six face can suffer no dilatation In 
we might place smooth nngs at the corners and take a continuous 
mextensible string twice round the edges , for small strains the soh^ 
would then be mextensible (if not mcompressible) ^ 

[1Y72 ] Now there seems to me to be grave difficulties about this 
model It consists really of a space framework with a considerable 
number of supernumerary bars, besides a binding of wire and bell cranka 
These involve 18 disposable constants But why stop at 18? We cannot, 
indeed, put m any moie straight supernumerary bars, but there is nothing, 
I think, to hinder us lunnmg ware and bell cranks round the diagonal 
bracing bais in a great variety of ways I see no reason why the dis- 
posable constants should stop at 18 Yet no one will assert that because 
we can build up a frame with supernumerary bais, bell cranks and wires 
which has 24 or perhaps 30 disposable constants, that theiefore we can 
have an elastic solid with 24 oi 30 disposable coefficients Clearly there 
is a portion of the argument which is veiy far from completed by the 
lecturer Out of material obeying ran constant conditions, we can build 
up a frame with 18 (or possibly 80 disposable constants), but it has yet 
to be proved that the relations between stress and strain foi such a frame 
will contain tJie same number of independent coefficients The complexity 
of the supernumeraiy bars in Sii William Thomson’s model fiamework 
renders it difficult, if not impossible, to work out the relations between 
the elasticities of the vaiious membeis and the elastic coefficients of the 
corresponding elastic solid Till that is done, however, we have no evi 
dence that ceitain inter constant relations may not after all hold for this 
model® 


1 An mextensible string alone would not answer the purpose m the case of an 
aeolotropio medium, for \i a 6, c be the edges of the right six face the condition of 

mextensibility gives + + but that of incompressibility ~ + ~ + ^=0 

The further conditions a = &=c are necessary and sufficient 

® Sir William Thomson remarks on p 131 ‘ We have 18 available quantities 

'VNhich will make by solution of lineai equations the lequiied 18 moduluses ’ This 
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Even tlie particular case of isotrc^y is by no means easy of analysis m 
tbe model, we have of course straight off only one edge ela^catty, one face 
diagonal elasticity, one internal diagonal elasticity and farther (me €Sas* 
ticity of the binding wire, four constants m all Sir William Thomscm 
tells us (p 129) that without the binding wire the three oth^ eksticittes 
for isotropy reduce to a single one and that “ an isotropic? sohd made up 
in this way will have an absolutely definite compressibihiy, we canned 
make the compressibility what we please ” It would be an mt^^esto^ 
but I fear complicated piece of analysis to ascertain even in this ca^ the 
relations between the elasticities of the three bars and to determine 
whether the stretch-modulus is or is not -I of the slide-modulus. 

[1773 ] Since Sir William Thomson introduces mpermimemry hm 
into his frame, it is clear that the action between any two particles 
depends on the action between other pairs, for a stmin in one bar 
produces strain in aU the others, which strains of course infiumce 
the stress in the first bar Thus he is really constructi^ a modd 
which introduces the hypothesis of modified action. This hypo^diesis 
IS expressly excluded by the assumptions of ilTavier and Poisson, and 
we have already recognised that it may lead to multi-constancy Whether 
it leads in the case of the model described in this lecture to compleie 
multi constancy, I do not think we have evidence enough to determine 
Clearly the model does not carry us farther than, if indeed as far as, the 
statement, that modified action leads to multi-constancy see our Arts 
1529* (and ftn ), 27 6 and 305 The remainder of the Lect'wre (pp 132-7) 
IS devoted to a discussion of wave motion in an aeolotropic medium and 
covers practically the same ground as the Encyclopaedia article on 
Elasticity see our Art 1764 

[1774 ] Lecture XII (pp 1 37-43) discusses the differences between 
aeolotropic and isotropic solids m the matter of wave motion It mdi- 
cates rather by suggestion than analysis what is the probable solution for 
waves in the former case, and also the nature of the conditions which 
must hold in order that condensational may be separated from distor 
tional waves As to indications of the former wave Sir William 
Thomson savs 

The want of indication of any such actions is sufficient to pio\e that 
if there are any in natuie, they must be exceedingly small But that there 
are such waves I believe, and I believe that the velocity of propagation of 
electrostatic foice is the unknown condensational \elocity that we are 
speaking of I do not mean that I belie\e this as a matter of religious 
faith, but rather as a matter of strong scientific probability (p 14^) 

[ 1775 ] Lecture XIII (pp 154-62) contains some mther disconnected 
but still suggestive lemarkb on aeolotropy and wave motion in aeolotiopic 

does not I think mean that the 18 coefticients aie linear functions of the 18 
moduluses They come out I think, very complicated functions ot the 16 elasti 
cities and the two length ratios, but I do not see n pi lot i why these functions mmt 
be independent 
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poljds. On p 156 th^ form qi tlie equations for wave motion in an meowr 
pr^ssvhle isotropic solid is generally indicated, and tlie nietliod of obtaining 
^osefor n »i pt< - o i awiw r )p'< solid is suggested Franz and Carl 
Neumann bad de^lt previously at some length with these problems see 
our Arts. 1215 et seq The lecturer then turns to Rankine’s nomenclature 
and deals especially with cyboXd or cubic aeolotropy see our Arts 443^ 
62, especially Art 450 (v) He points out that Eankine had remarked 
according to Sir David Biewster this soit of variation from isotropy 
was to be found in analcune' He then quotes Sir G G Stokes to the 
effect that no optical phenomenon observed in cubic crystals gives any 
evidence in favour of the existence of this sort of aeolotropy, and that not 
even Brewster’s experiment is a true instance Thus we are thrown back 
physical elasticity rather than on optics for examples of cyboid aeolo 
tropy, and the lecturer illustrates it from woven material and basket work, 
where Ihe elasticity may be the same in the direction of the two (or three) 
principal axes, but the resistance to shear may vary widely with the 
direction of the shear He refers on p 159 to the error of Rankine 
noticed m our Art 421 

Starting from cyboid aeolotropy, Sir William Thomson, supposing in 
compressibihty and annullmg the ‘^difference of rigidities for the pnn 
cipal distortions in each of the three pnncipal planes,” reaches an elastic 
solid with three pnncipal moduli and giving Fresners wave surface For 
a fuller discussion of the details of this investigation, which is only m 
dicated in the briefest manner m the Lectures, we may lefer the reader 
to the memoirs cited in our Arts 917*-18*, 148—50 and 1214—15 As 
in Neumann’s investigation the shifts lie in the plane of polarization 

(pp 161-2) 

[1776] Lecture XIV (pp 173-78) has some interesting 
remarks and results beanng on various features of aeolotropy 

(a) The first elastic problem is to find the bulk modulus, ^ e the dila 
tation modulus for an aeolotropic solid (p 174) We take the bulk 
modulus* to be the elastic constant by which uniform piessure on the 
surface of any portion of a homogeneous aeolotropic solid must be divided 

^ SeeHerschelsI/i^?it Art 1133 hncyclopaedia MetropoUtana London, 1854. 

2 Sir William Thomson here defines the bulk modulus to be the mean normal 
pressure divided by the compression when the solid is compressed equally in all 
directions t e when the strain denotes a pure chan^,e of size This however, 
does not give the relation between pressure and dilatation for the case which 
we can actually experiment on, namely a uniform surface piessure Further 
making an aeolotropic body incompressible for the stress which produces pure change 
of size does not insure that the body is really incompressible tor every form of stress 
The bulk moduli in Sii William Thomson’s sense and in oui sense of the word 
coincide only for cubical ciystals and isotropic bodies In other cases it is difficult 
t ) see how this modulus m Sir William Thomson s sense satisfies his definition of 
a modulus of elasticity see our Art 1761 It is the ratio not of an actual but of an 
average stress to the ilatation This bulk modulus cannot be ascertained by any 
simple experiment and no arrangement of load capable of being practically applied 
would pi oduce such a pure change of size in an aeolotropic body 


1776 ] 


SIR WiLLtAM THOlVtSOl? 


mt 


in arder to obtain the compression per unit volume of the solid. |f 
this be so, the proper method of procedure seems to be to equate th& 
three tractions in their most general form to the pressure with its 
changed (- p), and further to put the three shears zero From the ai^ 
equations so obtained the slides must be elimmated and Ihe three sfe^tdms 
found The sum of the three stretches then gives the dilatation the 
compression) in terms of the prebsuie, and so determines the dilatati<m- 
modulus The answer can be at once wiitten down in the form ^ 
determinants, but to expand them for the most general case of an 
aeolotropic solid is very laborious For the case of three planes of 
elastic symmetry, we find for the dilatation modulus F m the notataon of 
Art 117 

abc + - ad'^ - 

^ ^ he- + ca- e '2 + _p ^ 2 {d'e'-cf) + 2 {fd'-hd) + 2{ef-~ad) 

This agrees with Neumann’s result m our Art 1205 for a special case 
and also with the value of F for isotropy 

Sir William Thomson, with the definition of the footnote to our Art. 
1776 deduces from the expression for the strain-energy that (p 168) 

F {\xa!xx\ -f \yym\ + \zzez\ + 2 (\yyzz\ + \zzxx\ + kwl)} 

for the general case of aeolotropy, the notation being that of our Art. 
116, ftn This result does not involve like the previous one the direct 
slide coefficients nor those of asymmetrical elasticity 

For the case of three planes of elastic symmetry it becomes 

F=|{a + 6 + c + 2(d:' + e'-f/)}, 

which differs fiom the lesiilt given above It agrees with that result 
and with the usual value (X + -|/x) in the case of isotropy 

This value of F given on pp 168 and 174 leads me to believe 
that the second pioblem treated by Sir William Thomson, namely 
the value of the strain energy foi an incompressible aeolotiopic elastic 
solid, IS erroneously worked out^ 

(b) The thud pioblem is entitled To annul skewnesbes relatively to 
Ox, Oy, Oz This amounts to equating to zero the coefficients of asym 
metrical elasticity see our footnote p 77 

(c) The fourth problem is 2^o annul wehlike aeolotropy, the bkeio- 
UPSbes being annulled (pp 175-8) By “aiiiiulliiig the weblike aeolo 
tiopy” Sir William Thonibon understands introducing a condition of the 
following kind 

Take a plane perpcndiculai to any one of the axes, sa} that of Ox, 
and suppose lines in the diiection Oy to leoeive a stretch md hues m 

^ I have used the woid ‘erroneous’ here although the matter is lathei one of 
definition We are dealing with two bulk moduli (tasmomic and thlipbinoinic) 
difieiently defined But it seems to me impossible to consistently define a solid, in 
which some systems of loading do produce compies&ion, as incompresMble 
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tke direction 0» a scj^^ — ^8, tlien the work done in this strain is to 
be eqoal to the work done m giving a face perpendicular to a slide 
parallel to » of magnitude 8 Geometrically the slide and the stretch 
and squeeze are equivalent, and Sir William Thomson introduces an 
isetropy with regard to slide in the planes perpendicular to each of the 
coordinate axes Thus the condition is 


to express that there is such a deviation from aeolotropy as would be produced 
if we were to annul the differences of rigidity relatively to a shear ^ produced 
bv pulling out one diagonal and shortenmg the other compared with the shear 
of sliding one face past the other (p 177) 


The stram-energy for an aeolotiopic solid m which the “skew 
nesses are annulled ” is easily seen to be 

=! + C8g 2d 8y8jg + 26 + 2/* + d(Ty^ + 

ttence for 8y = we have, all the other strains bemg zero 

2^ = i(6 + c-2c^') 8 \ 

and for o-yj, = s, and all the other strains zero 


Thus the condition for annulling weblike aeolotropy is o?= + c - 2o?'), 
or 

^(b + c)== (2d + d') 

Similarly 

1 (c + a) = (26 + e'), 

1 (^ + 6 )= ( 2 /+/) 


Now these are piecisely Saint Venant’s ellipsoidal condition^ of the 
second kind (see our Art 230), or “ weblike aeolotropy is not consistent 
with the aeolotiopy produced by permanently stiainmg an isotropic elastic 
solid so as to have three planes of elastic symmetry see our Art 231 


[1777 ] There is another way of looking at the results of the 
preceding aiticle, which is not without mstiucti\ eness Consider a 
strain confined to the plane xt/, \nd defintd by the three strain 
components *//? ^nd cr^ Let r' be a line in this plane which makes 
an angle 6 with the axis of x and let r be a line perpendiculai to it 
Then we easily find foi a solid with the skewnesses annulled 

= (sy - s^) sm 29 + (T.y cos 29, 

and (/ ■“ ^) + “/')} cos 29 

See (vi) and (vm) of oui Ait 133 

The second re«iult holds in the case of weblike aeolotropy Now give 


^ Shea) IS here used for sUain, in the sense ot our slide 
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aay muplanar strain -without dilatation, <» such that «a+8y=0 
if there is to be isotropy of slide, we must have 

??=/cr,y, 

or ^{(6 -/)-(/'-«)} = 2/ 

^ e -j (a + 6) = 2J^ +y*' 

or the same condition as before This method of obtaining the result 
brings out more clearly that absolute iso-ta*opy ot slide does 
when weblike aeolotropy is annulled m each prmmpsd plane for sferaams 
without dilatation m that plane 

[1778 ] Sir William Thomson uses (pp 169, 177-8) the results of 
the previous article to obtain an expression for the strain energy ^ of an 
elastic solid without either ^ skewnesses’, or ^ web-like aeolotropy ’ and 
strained without dilatation He takes to insure the latter condition 

We then find^ 

= Jd (a + <r„;) + ^ (^ + arj‘) + J/ (y* + 

-k («+/- e)ya—i {d + e-/) afi 

Thus we have the sfciam eneigy expressed ni terms of the three slide 
moduli alone, and so in a foim suitable for discubsing waves of 
distortion 

[1779 ] In Lecture XV pp 182-93 aie devoted to the subject of 
elasticity and the elastic theoiy of light The lemarks on pp 182-3 
as to the conditions for incompiessibility seem to me doubtful, owing to 
the use of the particular value of the dilatation modulus befoie lef erred to 
see our Ait 1776 Sir William then passes to the thlipsmomic co 
efficients Adopting the notation for these coefficients suggested in our 
Art 448, we have as types 

8^ = (actaa) Ll + (aabh) Tif + (fiacc) z2 + {aahc) T + (aacn) '7 + (aaab) 7?, 
(Ty - (bcaa) Ix + (bcbb) 7^/ + (6ccc) ^ + {bcbc) T + (bcca) zi i- (bcab) Tv 
Oleaily we must then write 

(cittaa) Tx 4- {aabb) Tv + {ancc) '7 + (aahc) j 7 -v(aaca) "T ■\-(aaah) Tv 
’{'(aabb) ■^(bhhh) +(bhcc) ' ■{■(bbhc) ' +(bbca) +{bbah) 

+ (aacc) -\-(ccbb) -{•(cac) | + (cchc) , + (ccca) +{ccab) 

1 The papyiogiaph (p 169)appeais to ha\e the tactoi 2 instead of ^ in the tliiec 
last terms 
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Haice -^e h&re the following six conditions for complete incompress^ 
bility under all forms of stress 

(aam) + {aabh) + (aacc) = 0, {aabb) + (bhbb) + (ccbb) = 0, 

{aacc) + (bbcc) + (cccc) = 0, (aabc) + (666c) + (cc6c) = 0, 

(aaca) + (66ca) + (ccca) = 0, (aaab) + (66cj6) + {ccab) = 0 

Sir William Thomson remarks (p 184) 


It IS starthng to think of six equations to express mcompressibihty, I have 
reaHy noticed it before, but it is quite right 


In tMipsmomic coeflSlcients it is clear that the conditions of m 
compressibility can only be expressed by the above six relations , but it 
not so clear that in the case of tasmomic coefficients six lelations 
%iilb© neoessarv 

^ For example, we have, in the case of three planes of elastic 
symmetry ^ when the plagiothliptic coefficients, ^ e those of un- 
symmetrjcal pliability, vamsh (see our Art 448) 


. hc-d'^ . ..V c?V-/'c , , f'd'^db 

(aaaa) = — — , (aabb) = — , (aacc) = — — , 


( 6666 ) 


ca-e'^ .rr X ef'-d'a . . ab-/'^ 

— , (66flc)=-i-r — , (ccoc)= 


A 

where A = abc + 2dldf' — ad'^ — - cf'^ 

Hence the conditions for incompressibility reduce to 


hc-d’^ + dd-fo+fd’-dh 


= 0, 


ca + d'a + d'e' - f'c 


= 0, 


ah ^fd! - e'6 + e/' - da 

A 


= 0 


Now we can satisfy these by making all thiee numerators zero, wliicli 
does not involve any of the tasmomic coefficients being infinite (and 
certainly not all six, a, 6, c, c', /' infinite, as seems to be suggested by 
the lectuiei on p 175), oi we can take A=oo , without making the nu 
meiators infinite Foi example, if we take a and d' infinite, oi 6 and e' 
infinite, oi c and /' infinite, the conditions of incompiessibility will be 
satisfied To judge from this special case the geneial lule seems to be 
the following which is not in complete agieement with that stated by 
Sir William Thomson For incompiessibility it suffices that six 
lelations be satisfied among the tasmomic coefficients, none of them 
becoming infinite , but in special cases the becoming infinite of a number 


^ The leadei must caiefully distinguish between the a, h c of the symbols foi 
the thlipsmomic coefficients which denote merely diiectiom, and the a, h, c which 
are the direct stretch coefficients (tasmomic constants) of an elastic solid with 
three planes of elastic symmetry 
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less than six of the tasmomic coefficients will suffice to ensure incomp«»- 
jsibihty 

The further condition for the vanishing of the “ skewnesses ’’ m 
thlipsmomic coefficients is discussed on pp 186-7 It is of course 
merely the vanishing of Rankine’s plagiothhptic coefficients. Bir 
William Thomson speaks of them here as well as of the plagiotatic 
coefficients as ‘‘ side-long coefficients ” They are the coefficaents such as 
\xyyx\^ \xxxx\j (abhc), {aaoc) etc, which contain an odd number of any 
subscript letter 

The remainder of Lectwre XV (pp 187-93) and the hrst part of 
Leotv/re XVII (pp 209—13) contain a criticism of Green’s ^'extraneous 
pressures ” The ciiticism misses, I venture to think, the real point of 
what Cauchy, Green and Saint Venaut denote by these ''extraneous 
pressures,” or by what we have by prefeience in our Etstory termed 
%mtial stresses see our Aits 616*, 1210* and Vol i , p 883 It is of 
the very essence of such imtial stresses that the principle of tlie super- 
position of small strains does not apply Compare our Arts. 129 and 
14.45^6 with Sir William’s remaiks on p 192, notmg, however, his 
p 212 The footnote p 189 together with the addition on p 213 must, 
I think, be taken as probably marking a withdrawal after further con- 
sideration from the standpoint of the lectures see also our Art 1789 

[1780] The only other part of Lecture XVII (which is mainly 
occupied with considerations as to the reflection and refraction of light 
at the interface of two media, and as to the plane of polarisation) relating 
closely to our subject is the further discussion of aeolotropy on pp 
213-6 Sir William Thomson refers in paiticular to 'web like asym- 
metry’ and refers to biaced structures having only one set of diagonal 
bracing bars as representing something analogous in framework He 
refei'S also to the probability that crystals of the cubic class possess it, 
and suggests the importance of experiments Clearly were we to 
annul 'web like asymmetry’ in legular crystals, they would become 
isotropic elastic bodies^, and they would cease to be ciystals fiom the 
elastic standpoint Klang as eaily as 1881 and Voigt in a senes of 
memoirs have determined the constants a, / and d for regular ciystals, 
and shewn that the lari constant lelation is very far from 

holding see oui Arts 1203 {d\ and 1212 How fai then experiments 
iiispiie lull confidence will be discussed later 

[1781 ] Ledure XV III (pp 227-49) deals with the lellection and 
lefraction of light at the inteiface of two media on the elastic solid 
theoiy The method adopted is veiy close to Loul Rayleigh’s treat 
ment of Green’s theoiy see the Phdobophical Mayazme, Vol XLii , pp 
81-970, London, 1871 The discussion is very suggestive on a number of 
points, but thfy belong rathei to the theoiy of light thin to tint of 

^ This follows at once if we introduce the annulling condition 01 a = 2cZ + / into 
the stress stiain relations of our Ait 120d (d) 
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elftsteitj The first sttggestian, I have come across of usmg an elastic 
medium loaded with gyrostatic molecules, as a mode of explaining 
tiiie rotation of the plane of polarisation by quartz, etc is given on 

242-5 

Lecture XIX (pp 256-69) so far as it concerns elasticity deals 
farther with the sulyect of the reflection and refraction of light at an 
interface It discusses chiefly from Lord Rayleigh’s standpoint the 
« condensational wave The language used (p 267) as to Neumann’s 
work — especially if we consider the latest form of his researches — seems 
to me both in the present and previous lectures too severe 

i 

Ze&fum XX (pp 270^) concludes the body of the work It deals 
papjncipaRy with the theory of light, but one or two points are 
^ose to oui subject to be noted here 

{a) Sir William Thomson refers on p 270 to Rankme^ as the 
qx^igmator of the idea of “ aeolotropy of density ” in the medium which 
tpmdcers hght m a crystal This idea was deduced by Rankine from 
h^ hypothesis of “molecular vortices” see our Arts 424 and 440 
SpeaJ^g of this hypothesis the lecturer says (p 270) 

I do not think I would hke to suggest that Rankine’s molecular hypothesis 
IS of very great importance The title is of more importance than anything 
^se m the work Rankme was that kind of genius that the names were ol 
enoimous suggestiveuess , but we cannot say that always of the substance 
We cannot find a foundation for a great deal of his mathematical writings 
and there is no explanation of his kind of matter I never satisfy myself unti 
I can make a mechanical model of a thing 

The hypothesis of aeolotropy of density has been furthe] 
investigated by Lord Rayleigh see the Philosophical Magazine 
Vol XLi , pp 519 — 28 London, 1871 

It leads to equations practically identical with those adopted b 
Sariau and Boussinesq to explain double lefraction seeoui Aits 1476 
1480 and 1483 The hypothesis itself is lejected by Sir William o 
the ground of a paper by Stokes m the Proceedingb of the Royal Societf 
Vol XX, pp 443-4 London, 1872 Stokes had veiihed Huyghen 
construction as the tiue law of double lefraction for Iceland spar withi 
the limits of errois of observation and had lemaiked 

This result is sufiicient absolutely to disprove the liw resulting from tl 
theory which makes double refraction depend on a difference of ineitia 
diffeient directions (p 444) 

(b) Some further considerations on the difficulty of the motion 
molecules through the ethei occur on pp 277-80 see our Ait 1766 


1 Philosoyhual Magazine, Vol i , pp 444-45 London, 18 
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Here we have the particles goiag with a velocity of half or a quaa*te a 
kilometer per second m the kinetic theory of gases, and yet we have the 
molecules creating waves of light by vibrations of a velocity which 
not be more than one kilometer per second, and cannot probably be as 
much as a thousand kilometers per second (pp 277-8) 

Sir William, however, falls back on the analogy of ^ye^^ 
namely that it is not the velocity of the vibrations, but the shortness ipf 
their period which enables the ether to act as an elastic sqhd ^ 

Why does a colhsion between molecules in the kmetic theory of gases 
give nse to velocities of one or two kilometers per second, or change the 
velocity one or two kilometers per second ? Answer, hec&me ^e whde tee 
of collision IS enormously greater than the four hundred rniUion milhonth of 
a second or than the slowest of vibrations that Langley has found 
medium’s being perfectly elastic for the to and fro recoverances of mofeons m 
the 20 milhon millionth of a second is perfectly consistent, it seems to 
with its being hke a perfect flmd in respect to forces acting perhaps one 
milhonth of a second (p 279) 

See our Arts 930* and 444 

(c) On pp 288-9 will be found Tfie Lament of the 21 Coeffioum^, 
this deserves, perhaps, a passing reference here as the one occasion m 
the histoiy of our subject on which a poet (Piofessor G Forbes) has 
condescended to touch such a senous theme as elasticity 

[1782 ] Certain appendices to this volume of lectures may be 
briefly referred to here 

(а) On pp 290-3, 320—327 and 328 will be found an Appendix 
entitled Improved Gyrostatic Molecnle This Appendix not only 
discusses the dynamics of two types of gyrostatic molecule, but applies 
the theory of an elastic medium in which an infinitely great number 
of such molecules aie imbedded to explain the lotational effect of certain 
media on the plane of polarisation of transmitted light To discuss the 
details would lead us beyond oui piopei sphere , the subject has been very 
fully treated by J Larmoi lu a paper entitled The eq^iations of propaga 
txon of dibtiirhanteb in (j yi ostatioally loaded media Proceedings of the 
London Mathematical Society, Yo\ x\iii,pp 127-35 London, 1891 

(б) The second Ajipendix deals with Metallic Reflection and 
occupies pp 294-313 It starts with a development of the Green 
Rayleigh theory of tin leHectioii and lefi action of waves at the 
interface of two elastic media, ind endeavours to apply the lesults to 
metallic lefi action by making the square of the index of lefraction 
negative The little chromatic dispeision in reflection at metallic 
surfaces forms a difficulty in the theory 

We aie thus foiccd to idmit th it oui dynxmical theory of metallic leflectioii 
IS a failiue for the ])reseiit, but it is not unsiiggestu e md it ma} possibl} help 
to the true dynimiexl ex:pUm.tioii which is so much desiied Tint it does 
indeed contain part of the essence of the tiue dynamical theory, can scarceh 
be doubted after we have considered the next two subjects on which we aie 
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gomg to try it the translucency of thin metallic films, and the effect of 
magnetism on polarised hght mcident on pohshed magnetic poles, or travers*- 
mg liun of magnetised iron, mckel or cobalt (p 313) 

(c) The third Appendix entitled Trcmslucency of Th%n Metall%Q 
iWw, occupies pp 314-9 Here we require an application of the Green- 
Bayleigb conditions at each of the two faces of the plate or film Sir 
Wfiliam agam puts the square of the refractive index negative, and 
obtains an expression for the intensity of the wave transmitted throng 
the film and for the advance of the phase in the two cases of vibrations 
in and perpendicular to the plane of the incident and transmitted rays 
The results although suggestive are not in accordance with the expen- 
of Quincke (p 317) The theory explains Kerr's results for 
the normal reflection of polarised light fiom magnetic poles, but not 
Kund^s for Ihe transmission of polarised hght through thin magnetised 
iron ^eets Being unable to abandon a pure imaginary value of the 
rd&uctive index for metals. Sir William hopes 

that extmctivity on a true dynamical foundation in connection with our 
molecular theory b which it must be remembered is due origindly to 
Sellmeyer, may serve to solve the numerous difficulties in connection with 
metalhc reflection and transmission, which give us so much anxiety (p 319) 

As a last remark on the elastic theory of hght we may cite the 
remaining words of this Appendix 

Extmctivity, however, cannot help to solve the great difficulty as to re 
flection at the interface between two transparent mediums, m the case oJ 
vibrations in the plane of the three rays Green’s attempt to explain thi'= 
difficulty by gradualness m the transition of physical quality from one 
medium to another seems to me most unpromising if not utterly hopeless 
There remains Green’s other suggestion of “ extraneous force,” by which aj 
we have seen he opened a door for explaining how the velocity of light in 
crystal can depend on the direction of the line of vibration irrespectively o 
the line of propagation If this suggestion becomes realised it must modifi 
the circumstances at the interface which determine the reflection Is i 
possible that it can lead to the true law for reflection of waves consisting o 
vibrations in the plane of the three rays '2 (p 319) 

[1783 ] Sir William Thomson’s Balt%more Lectures are undoubtedl 
a most suggestive and interesting study— such a study as brings th 
reader into the creative workshop of a great scientist But the 
are a study which should be undei-taken after rather than before tb 
perusal oi what other leading physicists — Green, Neumann, Lor 
Rayleigh, Sairau, Boussmesq etc -have achieved in the same fieh 
This seems to me the sole method of faiily weighing the stiengt 
of the authoi’s ciiticisms and of duly appieciating the importance < 
Ins ideas A caielul study of this kind would go a long way i 
con\ince the student that the elastic theory of light cannot in tl 
foim of ‘‘the mathematical theory of peifectly elastic solids” (wha 

1 See pp 246-7 ot the 7 ect)iu<i toi considerations on the storm of lummifero 
eneigy by the attached molecules, especially in relation to anomalous dispersion 
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ever be their degree of aeolotropy) prove serviceable as a djnjaaical 
explanation of optical phenomena. 

[1784 ] Eldsticity mewed as possibly a Mode of Mottm Pro- 
ceedings of the Royal Institution of Great Britam^ Vol ix., pp, 
520-1 London, 1882 Popular Lectures and Add/resmsy VoL L, 
1st Edn , pp 142-6 This is a brief r^sumd of a lecture given on 
March 4, 1881 Numerous examples are cited, — spimung-tops, 
hoops, bicycles, chams, etc , m motion — where a stiff elastic-lifce 
firmness is produced by motion The lecturer suggested that the 
elasticity of every ultimate atom of matter might be thus explained 

But this kinetic theory of matter is a dream, and can be nothing 
else, until it can explain chemical affinity, electricity, magnetism, 
gravitation, and the inertia of masses (that is, crowds) of vertices. 

[1786] (a) Oscillations and Waves m an Adynamic Gyro- 
static System (1883) 

(6) On Gyrostatics^ (1883) 

The titles of these papers only are given in Proceedings of the 
Royal Society of Edinhurgh, Vol xii, p 128 Edinburgh, 1884 
Their contents relate probably to ' elasticity as a mode of 
motion ' Some slight account of them will be found in Nature, 
Vol xxvii, p 548 

[1786 ] Steps towards a Kinetic Theory of Matter Report of 
the British Association (Montreal Meeting, 1884), pp 613-22 
London, 1885 {Nature, Vol xxx , pp 417-21 , Populai Lectures 
and Addresses, Vol i, 1st Edn, pp 218-52) This paper still 
further develops the gyrostatic theory of elasticity, i e elasticity as 
a mode of motion In particular the author indicates how a model 
spring balance might theoretically be constructed from a four-link 
frame, each link carrying a gyrostat so that the axis of rotation of 
the fly-wheel is m the axis of the link which carries it (pp 618-9) 
He further extends the conception to the constitution of elastic 
solids and to the model of a solid which would piesent the 
magneto optic rotation of the plane of polarised light (pp 619-20) 
The paper concludes by shewing that perforated solids with fluid 

^ On the general tlieory of gyiostatics see Arts 319 Example (G) and 345 ‘ — 
345 of Thomson and lait s Natinal Philosophy Part i Cambridge, 1879 
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circctlatitig through them might, if linked together, be made to 
replace a system of linked gyrostats 


[1787 ] On tlie Bejieotwn omd Refraction of Light Philosophical 
Mag&^nkne, Vol xxvi , pp 414r-25 London, 1888 

The expression for the work of an isotiopic elastic medium is given 
hj the int^al 

/{X^ + 2fi (Sa,® + sf + sf) + fx {(Tyi + <T^ 4- cTyf)} dxdydz 
If T be resultant twist this is easily thrown into the form 

r.j V) ^ V {{% S- V.) . 

dv du 
dx dy 




Integrating the teim m curled brackets by parts we ha^ e 
11^?= |//J{(X + 2/a) ^ + 4/at*} dxdydz 

.[[ f dr dv\ / dw ^dw\ f^du du\ 


where l^m^n are the direction-cosines of the normal diawn outwards 
from the element dS of the bounding surfaces Now if the medium be 
ngidly fixed at the bounding surfaces {le u=^v = w = 0 there), then the 
surface-integrals vanish Further, the medium may change its density 
at any surface, provided that at this surface u, v, w are functions of the 
same function of x, 3 /, z and t (Glazebrook Philosophical Magazine, 
Yol XXVI , p 523 London, 1888), and lastly there be equality of /a 
on both sides of the surface' Subject to these conditions, if there be a 
fixed boundary or boundaries, TF will always reduce to 


r- + 2 /a) dxdydz 

Sii William Thomson now notes that this expression for the work 
will be positive if X + 2/jl is positive, or even zero, provided /a be 
positive Thus the medium as a whole will be stable Accoiding to 
our Yol I p 885, the dilatation modulus = ^ (3X + 2/a) , hence if X = - 2/a, 
this dilatation modulus is negative, or the medium would collapse if not 


^ The interfaces between two media being either closed surfaces or extending to 
infinity, the surface integrals may be thrown into the form 

4jufJ { hi (s^ -ff) + inv (Sy -$) + mo (s^ - 0) } dS 

2 ~ - dS-2(\ + 2fjL) JJ d{lu + mv->r nw) d 9 

Hence for media for which \- i - 2 / a = 0 , we must have at an interface lu'^-\-mv‘^ + nwn 
the same for both, if these surface terms are to disappear Sufficient conditions 
would be (a) u V w the same and the tractions « the same foi both media, 

or fb) u I w the same, fi the same and the stretches Sy, the same for both 
media (^ase {a) does not appear to involve the sameness of ^ 
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fixed to ngid boundaries As an example of this kind of medmm, Sep 
V iUiam Thomson cites “homogeneous air-less foam held irom collapse 
by adhesion to a containing vessel, which may be infimtely distant all 
round ^ (p 414) Such a medium “ exactly fulfils the condition of zero 
velocity for the condensational-rarefactional wave , while it has a Mtmbe 
ngidity and elasticity of form, and a definite velocity of distortional 
wav 0 , which can easily be calculated with a fair approximation to 
absolute accuracy” (p 415) 

[1788] Unlike Green, who made his ether absolutely mcmn- 
pressible, Sir William Thomson suggests a “contractile ether,” fiir 
which X + 2 / 1 , = 0, fixed to an infinitely distant contaimng v^?sel He^ 
then, in a manner very similai to Green’s, investigates the intensities of 
the reflected and lefracted rays at the interface of two media, and finds 
rresnel’s sine law for vibrations perpendicular to the plane of mcidence 
and his tangent-law for vibrations in the plane of mcidence (pp. 421 
and 425) 

In the paper itself the aufehoi takes jx the same for both media with 
a view of simplifying his results In a I^ote added on pp 500-1 of the 
same volume of the Fh/dosophical Magazine^ Sir William Thomson 
states that Glazebrook had pomted out to him that the equality of ji 
for both sides of the mterface of two media for which X + 2/i = 0, is 
needful for stability Glazebrook himself extends Sir William Thomson’s 
hypothesis of a contiactile ether to double refraction, dispersion, etc. 
m a papei which will be found m the same volume of the Phlosophical 
Magazine, pp 521-40 


[1789] On Cauchy's and Gheen's Doctinne of Extranem^ 
Force to explain dynamically Fresnel's Kinematics of Double 
Refraction Proceedings of the Royal Society of Edinburgh, 
Vol XV , pp 21-33 Edinburgh, 1889 This paper was read on 
December 5, 1887 It is also printed m the Philosophical 
Magazine, Yol xxv,pp 116-28 London, 1888 Our references 
will be to the pages of the latter journal 

This IS an important paper in that it gives an expression for 
the energy of an incompressible elastic medium initially isotropic, 
but subjected to a finite homogeneous strain, when a small 
uniform slide is given to it in any direction It then applies this 
result to the elastic theory of light, the ether in crystals being 
supposed incompressible but subjected to a surface stress which 
produces a homogeneous strain throughout the mteiior 


[1790 ] Let S\ - 1, S - I, S^ - I be the piincipal stretches of the 
homogeneous initial strain, and let a slide cr, whose cube nra) be neg 



SIR -WILLIAM THOMSON 


472 


[179® 


W. 


lieetedj b© gi'^n to the material, so that the plane -with dim hoo pomiks 
If m', n' reemves a shde in the direction I, m, n Let the directions of 
lie imfentl prmcipal stretches be taken as axes of *, y, z Then the pomt, 
whose coordinates are before initial straan x, y, z, aftei the initial strain 
and the slide is gi\en by the coordinates y', *' where 
a^ = xSi + apt, 2/' = y'S's + ojim, ' 
fi=z8f¥<Tpn 

where p = I'xSj, + m’yS^ + n'zSi, and W + mm' + w»' = 0 

Let the principal stretches after the slide tr be 5'i+ 8<7i- 1, 1, 

+ then they are to be found by making x'^ + y'^ + z'’‘ a maxi 

mam or minimum for variations of x, y, z, subject to the condition that 

a!® + 2/® + »® = l 
As typical result we find, neglectmg or® 

= 1 + 2<rZP+ o^ {r - ini' + In'f - (hn' 


“Wlience 


= OB' + ^ {r - W - K ^ In'f - )®} (ii), 

with similar values foi and SS’s/jS’s 

Now let M+W be the strain energy in the condition S-^ + SS 
Si + BSi, S, + BS„ then it must be a function of S^ + 8Si, S^ + hS^, Sg + bS 
or, (neglectmg cubes of the small quantities bSi, BS^, BS^) BE must b 
Taylor’s theorem be of the form 

BS, , A . W 

-Sa 


8^ = A + (7=^» + «x 6,^ + c; 


Si 


S^ 


Si^ 


BSiSSi ^ BSiSSi BSM 
+ ai-^ + bi-rhr +ei- 


sj)\ SiS^ S,Si 
wheie the quantities A, B, C, bi, Cj, Wg, c are functions 
Bi, ^2, S 2 

Now since the medium is mcompiessible 
and theiefore 

BS 2 SiS'a BS,BS2 SS,SS ^ 

S.S7* sS--" 

Hence still neglectmg cubes we have lelations of the type 

, ^ (Bs^ i^s_y 

" S^i " -Si® A’® S,^ ’ 

which enable us to throw ( 111 ) into the form 

where A, B, C, /, are functions of the initial sttams -S,, S , 


(IV) 
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ri791 ] Noting that (wm' + mW)*=1 — + 2 

ffflnM IC + »»»»' + nw' = 0, m® + w® = 1 and l'^ + m'®+w'® = 1) mth amilar 

relations for (nl' + In'f and {Im' + mlJ, we find by tranrforming (u), 
substituting in (iv) and neglecting o^, that 

= (T {AUf + Bmm' + Own!) +\<^{L + M+N-LJ^- i/m® - Nn^ 

+ (^A-L)r + (B-M)m!^ + {G-N)n'^ + ^(fix + L-M-N'-\A)Pl'* 
+ 2 (fii + M- N-L-]sB) m®m'® + i{Ix-¥ N-L-M-\C) mV} (t), 

, BSi-GSi ,, GSx^-ASi „_ASi-BSi 

where L= ’ S^^-Si 

This result agrees with Sir William Thomson’s on p 124, if we put 
2G*, 219", 2/ respectively for our Gx — \A, Hx-\B, Ix — \G 


[1792 ] A physical meaning can be found for the constants A, B, C 
The work done per unit volume m producmg a change S/Sj, hS^, 8-S»<rf 
infimtesimal magnitude m Sx, S„ S, mav, if 7\, T,, am the normal 
forces per ‘unit area in tlie diiections of Si^ o^ 2 > ^s) written 


TxS^^Sx + WxhS^ + ^ 5 


ZSx , ^ IS, 

^~S, 


since SxSA = 1 Hence by (m) clearly Tx, 
or the latter aie the initial principal stresses 

IS incompressible , „ rv 

i4 + j5 + C = 0 


are equal to B, C, 
Cleaily since the material 


ri793 1 Sir William Thomson now supposes a finite plate of the 
medium ot thickness h and veiy laige area a to be displaced by the 
shear o-, the medium being initially m a state of stiain given by b. 

The bounding faces of this plate aie supposed unmoved and all the sohd 
exteuor to the plate undistuibed by o- except some slight stram lound 
its edge If o- be given as some function of p the distance fiom one face 
of the plate, =/(?;) say, then clearly 

f"'(rdp = 0 M 

IQ 

Furthei neglecting, since the aiea of the plate is very gi eat, the work 
done at the edge of the plate as small compared with the stiain eneigy 
due to slides, we have foi the total -u im > t ( i .n of the plate 


W 


= aj dp&F 

M + X'- - A"u 

i.{A-L)l +{B-M)m"^ + {G-K)n' 

+ 2 (6'. + L- M- N-\A) in'‘ + l{Ih + M-N-L- \B) m m 

^ 2(/,+ V-L-Af-jG)'/’» ] I <^^h‘ ('“) 


i L PI U 
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By wayertiieory t^e problem is now to find the values of I, m, n which 
make the coefficient of j o^dp a maximum or minimum This reduces 
to finding the principal diameters of the section in which the ellipsoid 

+ {2 (Ji + iV"- Z - ilf- 1^7) w, 2 - itT} ;52 ^ eonst 

IS out by the plane 

Vx + m'y + vi!z = 0 

These two directions of Z, m, n are those for which the force of restitution 
and the shift coincide in direction The magnitude of the velocity V of 
the two simple waves with fronts peipendicular to Z', n' is then given 

F-={/}/p (viu), 

where p is the density of the medium and {/}^ is the maximum or 
minimum value of the factor in curled brackets on tlie light of (vii), 
such value being obtained from the values of Z, m, n found for the 
principal axes of the section of the above ellipsoid (p 125) 

[1794] Taking the case of a wave-front perpendicular to the 
prmcipal plane yz, we have Z' = 0 and the factor in cuiled brackets 
in (vii) will then be a maximum or mimmum (p 125) either for 

Z = l, m = 9^ = 0, 

(vibration perpendicular to prmcipal plane) 

or, for Z = 0, n~ m' 

(vibration in principal plane) 

In the first case 

FV = {M+N)^{B-M) m'^ ^{C-N)n'^ (ix), 

and in the second case 

F> = Z; + + Cn'‘^ + 2 (ZTi + A - 2Z - (x) 

Accordmg to Fresnel’s theory V^p in (ix) must be a constant, and 
the coefficient of w'V’ m the value of F p m (x) must vanish These 
results, taking into account the symmetiical lesults foi the othei pnn 
cipal planes, lead to 

= 2L-U, I, + G, = 2if- JZ, G\ + IT, = 2^- 
since A + Z + C = 0 

1 {J} IB clearly the elastic modulus foi the strain when the shift and the force ot 
restitution are concuiient 
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If fjL be a function of aSj, /S'a, we find from these equations in the 
mannei indicated by Sir William Thomson on p 126 that 

^ =/*' ~ 

and B, G, M, ffi, Ii, are given by proper interchanges 


[1795 ] Substitute (m) in (iv) and we find 
-S', 


oB-- /J. 1^3 + + 7i?i) 


3 /( 8 ^,)* ( 8 ^ 3 )= 

^ -S3‘ S,* )] 

r W 4. w , Wm 

-Sn-Si S, ^ S, + Jgi ^'WJi 

To terms of the third order the coeflicient of fi/S^ vanishes owing to 
the considerations stated in Art 1790 above To the same order the 
coefllcient of jjf is equal to 

01 to |8 

Thus we have 

= (XU) 

Thus, if jjf be constant, we have (p 127), 


If in the value (iv) of 8 A we put Si = 82 = Si=l, SaS'i = 0, we find, 
since A = J3=O=0j and /x' by (xi) 

hE^^'{{hS,y-^{hS2f} 

Hou for a pure sliding strain {S + 3 * 5 ^ 2 ) (^3 + ^*^ 3 ) = whence it may 
easily b( shewn tbit neglecting teims of the cubic oidei, the slide <r is 
given by 

cT ^2{{hs.Y^{hs,y) 

Thus S^=^/iV, 

or, if IX be consid< k d is a constant, we see that it is the slide modulus 
ft of the isotropic niatciiil Ixfoic initiil stiaiii 


[1706 ] If the value of { /} m (viii) be calculated by aid of (xi) we 
have (p 12H) 

✓ PA \ 

(xm) 


/ 71^ \ 


31—2 



4T6 sir william Thomson [1797—1798 

Clearly the velocity of a wave for vibrations parallel to any one of three 
diiections of initial principal stietch may be found by dividing the 
velocity of transveise vibrations in the isotropic material by the cone 
spending ratio of elongation Sir William Thomson indicates that the 
results are entirely in agreement with FresneVs Kinematics of Double 
Refraction, and therefore of course with the view that the vibration n 
perpendicular to the plane of polaiisation If we take the vibration 
the plane of polarisation, V in (x) must be constant, for this would nov 
be the ordinary ray But this involves A=B = 0 = 0,oi perfect isotropj 
without of course double refraction 

[1797 ] The general method indicated in this memoir of cal 
culating the strain-energy when there are initial strains seems o 
great value So far as it relates to the ether the assumption 
made are that m a crystal (i) the ether is incompressible, (ii) v 
in a state of homogeneous initial strain, and (iii) that the quantity 
jjf of our Arts 1794-5 is a constant for all values of the initia 
strains The investigation seems in several important respect 
superior to that of Green see our Arts 917* and 1779 (p 465) 

[1798 ] Molecular Gonstituhon of Matter P? oceedmgs of tJu 
Royal Society of Edinhii'ighyNol xvi,pp 693-724 Edinburgh 
1890 M P, Vol III, pp 395-427 This paper although o 
very great interest only explicitly touches on the topic of ou] 
Histoiy at one or two definite points and then, alas ^ without th( 
mathematical analysis which must be deferred for a futnn 
communication” see the final sentence of the memoir On( 
of the chief results of the memoir is that Sir William Thomsoi 
withdraws the repioach he had pieviously cast on Boscovich' 
theory see our Art 924* He remarks 

Without accepting Boscovich’s fundamental doctrine that the ulti 
mate atoms of matter aie iioints endowed each with iiieitia and witl 
mutual attractions or lepulsions dependent on mutual distances, am 
that all the pioperties of matter are due to equilibrium of these foices 
and to motions, or changes of motion, produced by them when thei an 
not balanced, we can learn something towaids an undei standing of th( 
real moleculai stiuctuie of mattei, and of some of its theimodynaniK 
properties, by consideration of the static and kinetic ])ioblems which i 
suggests Hooke’s exhibition of the foinis of ciystils by piles of globe«) 
Navier’s and Poisson’s theory of the elasticity of solids. Maxwell’s am 
Clausius’ work in the kinetic theoiy of gases, and Tait s moie leceii 
woik on the same subject — all developments of Boscovich’s theory pui 
and simple — amply justifr tins statement 14 ) 
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Sir William Thombon’s increased respect for Boscovich’s theory 
may possibly have arisen from his discovery that it will suffice to 
explain multi-constancy We shall consider below the conditions 
by which he attains this result, while avoiding the hnutations of 
Cauchy and Poisson 

[1799] The memoir opens with some introductory remarks 
which belong so essentially to our subject that they may be 
quoted here 

The scientific world is piactically unanimous m believmg that all 
tangible oi palpable matter, molar matter as we may call it, consists of 
groups of mutually interacting atoms or molecules^ This molecular 
constitution of matter is essentially a deviation from homogeneousness 
of substance, and appaient homogeneousness of molar matter can only 
be homogeneousness in the aggregate ‘‘A body is called homogeneous 
when any two equal and similar parts of it, with conesponding hues 
parallel and turned towards the same parts, aie undistmguishable from 
one another by any difference in quahty ** [Treatise on Natmal Philosophy^ 
Part II , §§ 67 5-8] I now add that unless the *‘part'’ of the body referred 
to consists of an enormously great number of molecules, this statement 
is essentially the definition of ciystalhne structuie It is, mdeed, very 
difficult to imagine equilibiium, static or kinetic, in an inegulai random 
crowd of molecules Such a crowd might be a liquid, — I can scarcely 
see how it could be a solid It seems, therefore, that a homogeneous 
isotropic solid IS but an isotiopically macled crystal, that is to say, a 
solid composed of crystalline portions having then crystalline axes oi 
lines of symmetry distiibuted with landom equality in all directions 
The proved highly peifect optical isotiopy of the glass ot object-glasses 
of great refracting telescopes, and of good glass prisms, seems to demon 
strate that the ultimate moleculai structure is fine grained enough to let 
theie be homogeneous ciystalline portions, which contain verj laige 
numbers of molecules while then extent thioughout space is very small 
in comparison with the wive length of light 1) 

Sir Williiin 'lliomson’s icinaiks as to the “isotropically macled 
crystal” seem to suggest Sanit-Yenant’s amoiphic bodies 

These bodies (see oui Aits 231 and 308) have elastic constants 
satisfying iditioiis eitlici ot the type ld-\-d -Jhc, oi of the type 
ld->rd' + In both eases ibotiopic ‘amoiphie bodies ’ have a 

single Intel eoHst lilt ulition 2d + d~a, which leduces then stiess 
lelitions to tlu tyjies 

1 1 (^Id + d 'j b d (sjy "H *’ )j = da y , 

^ ihb 1 ditui ot tills 1 1 isloHf ti\u liudlyjDihb thib sentence \Mtliout a ^^old of 
icspectlul piotLst WJi it scitiicL stems to him to have dchieNeJ ib the desciiption 
(111 bome iLbpectb vciy iccuiutc) ot the seiiueuces ot the peiceptual woilc] (or woild 
ot senbe impiessions) by aid ot a conceptuil model ul item's and moleculess— hieh 
corpuscleb have not uecessiiily equivaleiitb in the mxteiial umveise 
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or, to the usual bi-constant types Ou the assumption of laii constancy 
we should further have d = d On both these hypotheses therefore there 
IS no distinction in the elastic constants between an absolutely homo- 
geneous isotropic sohd and an isotropic amorphic body 6 an isotropi- 
cally macled crystal) The reason for this apparent paradox seems to 
lie in the fact that the elements, the action between which we consider in 
our elastic theories, are supposed to contain an enormously great number 
of the individual crystals, and so are dealt with as if they were essentially 
homogeneous If the element does not contain this great number, then, 
I think, the above stress strain relations must not be considered as 
holding for the stress across any individual element but only for the 
mean of the stresses across a great number of individual elements 
subjected to the like stiam I think this idea might be used to throw 
some moie light on the question of bi constant isotropy Such bicon 
stant isotropy may be physically due to amorphism, such amorphism 
not being so fine-gramed as to admit practically of the application of 
that pnnciple of absolutely homogeneous distiibution to which the 
rail constant elasticians appeal in calculating the stresses fiom their 
molecular hypothesis 

[1800] §§ 3-13 deal with Space-Penod%c PaitiUomng and 
homogeneous distributions of assemblages of points To consider 
these matters would lead us beyond our limits They are 
still further discussed in §§ 45-61, 'which contain a Summa'Ky 
of Bravais Doctrine of a Homogeneous Assemblage of Bodies^ 
and deal generally with what Sir William Thomson calls the 
molecular tactics” of crystals Attention may be drawn to 
the explanation given of H Baumhauer’s discovery of the artificial 
twinning' of Iceland spar by means of a knife in §§ 58-61 The 
structure of Iceland spar is here built up as suggested by Huyghens 
(see oui Art 836 (a)) of oblate ellipsoids of revolution, and the 
twinning is described on eithei of two hypotheses by aid of the 
turning and sliding of these oblates, accompanied by a shrinkage 
and an elongation of their figuies The explanation is thus based 
on a geometrical change in certain rather artificial elements oj 
which Iceland spai is assumed to be built up, and it presentt 
to my mind the old difficulty as to what is the exact physical 
equivalent of these closely packed geometrical globes and ellipsoids 

[1801] ^ 14-44 entitled On Bo6Covic]t^s Tlieo'iy^ and 62-71 

On the Equihhiiiuti of a Homogeneous Asbemhlage of mutually Attiactinc^ 

^ The subject ot the aitificial U\ inning of ciyst ils is tieated with ample leteieuct 
to the ongmal memoiis of Baumhauei and otheis in Th Liebisch Phystkaliuhi 
K) ystaUo(/iaj)Jiu^ 8 104-18 Leipzig 1891 




ADDENDUM to Arts 1801-5 


On June 15, 1893, Lord Kelvin communicated a paper to the 
Royal Society entitled On the Elasticity of a Crystal according 
to Boscovich 1 owe to the courtesy of the author the sight of a 
brief abstract of a portion of this paper Its contents refer to the 
following topics (i) Demonstration that the simplest Boscovichian 
system leads to rari-constancy, (u) Demonstration that a homo- 
geneous group of double points enables us to give any arbitrarily 
assigned value to each of the twenty-one coefficients by assigning 
very simple laws of variation to the forces between points, (iii) 
Determination of the values to be assigned to the twenty-one 
coefficients so as to render the medium incompressible The 
discussion seems based on action between nearest neighbours 
The paper may remove some or all of the difficulties felt by the 
Editor in the paper of 1890, and the reader is accordingly re- 
quested to consider our Arts 1801-5 in conjunction with this new 
paper Models illustrating the ‘‘moleculai tactics ’ of crystals 
discussed in oui Arts 1798-1805 were exhibited at the annual 
soiree of the Royal Society, June 7, 1893 A brief account of 
them (as well as of a model of an incompressible elastic crystal 
with twelve arbitrarily given rigidity moduli) will be found in 
Natu7e,Yo\ 48, p 159 London, 1893 


-lo lacc p 47 ') of Pent 11 
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Points deal more closely with our subject They begin by describrn^- 
the construction of various homogeneous assemblages of pomts A 
homogeneous assemblage of points having been defined as ‘‘an assemblage 
which presents the same aspect and the same absolute orientation when 
viewed from dififeient pomts of the assemblage” — such an assemblage 
as the centies of equal globes piled homogeneously (§§21 and 45), 
Sii William Thomson tells us that he has mvestigated the moduh of 
elasticity produced by a homogeneous stram in such an assemblage He 
finds that the solid so constituted is not elastically isotropic if we 
deal only with forces between marest neighhoms, and suppose, as on 
Boscovich’s theory, that the forces act in the Imes between pairs of 
pomts and are functions only of the distances between mdividual pairs 
of points {% e admit no mod/ijied ogUor) The solid possesses m fact the 
properties of a cubic crystal, %e its stress-stram lelations may be 
expressed m terms of the three moduh — dilatation modulus F, shde 
modulus for a face /ij, and for a diagonal plane ^ 

Extending the mvestigation to include forces between next neaiest 
neighbours, the moduli still remam unequal, but can be equalised by 
certam hypotheses as to the forces between points If they aie equahsed 
then we find uni constancy results — 

it will no doubt be found that this restriction is valid for any smgle 
equilibrated homogeneous distribution of pomts, with mutual forces according 
to Boscovich, and spheie of influence not limited to nearest and next nearest 
neighboms, but extending to any large, not infinite, number of times the 
distance between nearest neighbours (§ 65) 

[1802] In §27 Sir William Thomson seems to indicate that loi 
any single homogeneous assemblage of Bosco\ ichian atoms he finds the 
relation 

SF= 3/1-1+ 2/X2 

It this be so then in § 65 the cubical i 60 t)opy of which he speaks — 
le the elasticity of a cubical crystal — is not the cubical isotiopj of 
multi constancy, but as we see fiom the footnote to the pie\ious aiticle, 
it involves d=-f\ or |u/u//i - the i an constant condition see oui 
p 77, ttii Hence the single homogeneous assemblage ah\ays leads to 
1 a')%-conbtancy, vhethci or not we cause it to lead to uni constancy 
by taking /^i ^ /x Thus Poisson^s lestiiction is essential to such a s} stem 
apait j'iom the qncbtion oj isotiopy 

[1803] Sir Willi un Thomson tells us (§ 28) that the urn 
constant relation is not obligitoiy when 

the elastic solid consists of a homogeneous assemblage ot double, oi 
tuple, 01 multiple Boscovieh itoms Ou the conti iiy, m\ aibitiaii]\ 
chosen vilues may be given to the bulk modulus and to the iigiditj, bv 

^ With the notation of oui Aitb 120S (d) and 1 = + 2j ), jx =^(a-j } fx^ = d 
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propel adjustment of the law of foice, even though we take nothing 
more complex than the homogeneous assemblage of double Boscovich 
atoms above described 

The two-atom system here referred to consists of two simple 
homogeneous assemblages of points 

reds and blues, as we shall call them for brevity ^ so placed that each 
blue IS in the centre of a tetrahedron of reds and each red in the centre 
of a tetrahedron of blues (§ 69) 

Such an assemblage “the next-to-the-simplest-possible mode 
of arranging an assemblage of points” — Sir William tells us — 
produces an elastic solid realising Greenes ideal, and is of course 
much easier to conceive than the model of the Baltimore Lectures 
see our Arts 146 and 1771 Unfortunately the mathematical 
analysis is not as yet published, so that it is difficult to realise 
whether the statement made depends in any manner on (1) a 
difference between the forces between two blues, two reds and a 
red and a blue, or on (2) the extent of the sphere of mtermolecular 
action That a very great number of intei molecular actions 
should go to make up the stress across any elementary plane in 
an elastic solid and that these actions should be distributed 
practically uniformly in all directions seems essential to our 
notion of a practically isotropic elastic solid It is certainly 
involved in the principles from which Poisson and Cauchy deduced 
rari-constant elasticity on the basis of Boscovich s theory When 
the condition that a very gieat number of mtermolecular action^ 
cross an elementary plane is not satisfied, then it is difficult to 
treat the assemblage of points as situated in a like manner with 
regard to every elementary plane of section, and we thus lose the 
notion of an isotropic medium 

[1804 ] Failing the mathematics of the multi const int Boscovichian 
system, aie thrown back on a mechanical model, described by Sii 
William in 5^ 67~b, as a means of elucidating the double atom homo 
geneous assemblage 

Suppose SIX equal and biinilar bent bows taken and iiecly jointed 
togethei so as to toim a tetiahedroii Take foui equal l)arb ind joint 
them to a boss to be placed at the centie of this tetiahedion, ind let 
the bais connect the boss with the angles of the teti ihedioii If the 
bus aie just the distance fiom the centie to the angles in tlie unstressed 
condition of the tetrahedion the rigidities (le the two slide moduli as 
in oiu Alt 1802) lemam unaltered by the mseition of the bais 
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If the tie struts are shorter than this, their effect is clearly to augment 
the rigidities , if longer, to dimmish the rigidities The mathematical investi 
gation proves that it dimimshes the greater of the rigidities more th^ it 
diminishes the less, and that before it annuls the less it equalises the greater 
to It (§ 67) 

Looked at from the standpomt of a Boscovichian system it would 
seem that the forces between the points at ihe tetrahedron angles 
might thus be of a different sign to the forces between the pomt at the 
centre and those at the angles m the case where the two rigidities are 
equal or there is isotropy The model is evidently a fi-amework with 
supernumerary bars (see oui Arts 1772-3) What would be the nature 
of the force between two centre-pomts in the Boscovichian system is 
hardly suggested by the mechanical model, nor does the model mclude 
actions other than those of nea/rpst neighbours 

[1805 ] § 71 concludes the memoir as follows 

Leavmg mechamsm now, return to the puiely ideal mutually 
atti acting points of Boscovich ^ and, as a simple example suppose 
mutual forces to be zeio at all distances exceedmg something between 
^ and 2t 

Let the group be placed at rest in simple equilateral homogeneous 
distribution — shortest distance ^ It will be m stable equilibiium, 
constituting a solid with the compiessibility, and the two rigidities 
referred to in ^27 above [ye those noted m oui Art 1802] Condense 
it to a ceitain degree to be found by measurements made on the 
Boscovich curve^, and it may become unstable Let theie be some 
means of consuming energy, oi cauymg away energy, and it will tall 
mto a stable allotropic condition The Boscovich cmve may be such 
that this condition is the conhguiation of absolute mmimum eneigy, 
and may be such that this conhguration is the double homogeneous 
assemblage of leds and blues desciibed above Though marked led and 
blue, to avoid cii cumlocutions, these pomts are equal and similai in all 
qualities 

According to the above statement it would almost appeal as if 
uni-constant isotiopy were the normal condition and bi constant 
isotropy a special allotiopic condition which might be pioduced 
m uni-constant substances by a pioccss of condensation At any 
late it seems in irked by inteunoleeulai fuice being attiactive 
between ceitain molecules and lepulsivc between otheis Until 
we have befoie us the })iomised matliematical i ^ i h it will 
be impossible to fully lealise the natuie of the aiiangemeiit b} 

^ The cuive which coiincctb mtcimoleculai foice with mteimolticulai dibtdnce 
and which is maiked accoidiUo to Boscovich by iiumeiouib tian&itiunis lioui atti action 
to repulsion 
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which Sir William Thomson has deduced bi-constant isotropy 
from a Boscovichian system of points, nor till then can we clearly 
recognise the features in which the homogeneity of this system, 
and the extent of its sphere of intermolecular action differ from 
those of the systems from which Poisson and Cauchy start then 
investigations 

[1806 ] On a Mechanism for the Gonetitution of Ether Pro- 
ceedings of the Royal Society of Edinburgh^ Vol xvii, pp 127-32 
Edinburgh, 1890 The author describes a model consisting of 
telescopic rods connecting ‘‘ an equilateral homogeneoub assemblage 
of points” and further of rigid fiames built up of three mutually 
rectangular bars each of which carries four liquid gyrostats ” and 
rests on a pair of the telescopic rods which go to form a tetrahedron 
of the equilateral homogeneous assemblage Such a model 

has no intrinsic rigidity, that is to say, no elastic resistance to change of 
shape , but it has a quasi iigidity, depending on an inherent quasi 
elastic resistance to absolute rotation It is absolutely non resistant 
agamst change of volume and against any irrotational change ot shape 
Or it IS absolutely incompressible (p 131) 

A homogeneous assemblage of ponits with gyiostatic quasi rigidity 
conferred upon it in the mannei described would, if constructed on a 
sufficiently small scale, transmit vibrations of light exactly as does the 
ether of nature And it would be uicapable of transmitting condensa 
tional raiefactional waves, because it is absolutely devoid of resistance 
to condensation and rarefaction (pp 131-2) 

[1807] This paper is reprinted as §§ 7-15 of Aiticle C, 
Vol III, pp 467-72 of the Mathematical and Physical Papeis 
§1 1-6 of this Article (pp 466-7) contain the translation of a 
Note fiom the Gomptes Rendus, T oix, pp 453-5 Pans, 1889 
This Note describes a gyrostatic model of the ether It is built up 
by bars tciniinating in little cups resting on a system of spheres, 
these bars carrying gyrostats Befoie the gyiostats are “energised” 
the model repiesents a perfectly incompressible quasi liquid 
When they aie “eneigised” the model possesses a rigidity not 
like that of ordinary elastic media, but which depends directly on 
the absolute rotations of the bars This relation between quasi- 
elastic forces and absolute rotation is akin to what we require for 
the ether as it offers resistance to “irrotational distortion ” It is not 
howevei such a complete representation of the ether as the model 
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referied to in the preceding article, for the irrotational distortion of 
the structure requires a '‘balancing foicive” or system of force 

[1808] Motion of a Viscous Liquid , Equilibrium or Alotion 
of an Elastic Solid, Equilibrium or Motion of an Ideal Substance 
called for brevity Ether , Mechanical Represeyitation of Magnetic 
Force This paper was published for the first time, May, 1890, in 
the Mathematical and Physical Papers, Vol iii, pp 436-65 
Cambiidge, 1890 

It compares the analytical expressions in the form of equations, 
which represent the physical properties of nscous hquid, elastic 
solid and ethei 


[1809 ] ^l-ll aie devoted to the viscous liquid Assummg that 
stress IS pioportional to speed of strain (see oui Aits 1264* and 1744) 
the sti esses are of the following type 

dv\ 






/dw 
\dy dz) 




wheie ju, IS a constant termed the ' viscosity,' p is the mean piessuie, and 
V, v,w are the speed components of the point x, y, z of the fluid If p 
be the density, and X, Y, Z the body forces per unit mass, then the 
type of the equations of motion is 

fdu du du du\ ^ dp 

p [ -r + n--r + v , +w — ) = pv u + p2L - 

^ \dt dx dy dzj 

where if the motion be slow we need letaiii only p ~ 
side 


dx 




on the left-hand 


[IblO ] 12-1 5 deal with the cquilibiium oi motion of an ibo 

tropic elastic solid 

The btiess equations an now of the foiiii 


3X 
3A + 2p 




du 
di ’ 


^ /dw di\ 


(i) bib, 


when A IS LIk (lilititioucocfhciuit, /jl is now the iigidity and m, i, w 
the shifts and not tlu '-pi ids The ‘ piessme ’ p will be given by 

„ /du dv dw\ . , 

^ + . + j-j (ill). 


ihj d. 


wheie A' IS Ur dil it ition modulus oi bulk modulub 
Fin illy till bliitt Kiuitions will be of the type 

P -p.Vu+pX- 3 ^^ 2 ^;^ 


(IV) 
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When X//i=oo the sti esses in (i) bts become identical in form with 
(i), and the body shift equations are of the type 

dhi XT dp 


Sir William Thomson speaks of (iv) h^s as being true for any elastic 
solid (§ 13) This IS certainly not the case if the constant in (iii) be the 
bulk modulus and the ‘ pressure ’ as he supposes The constants of the 
pressure in the stiess relations (i) bis and in the body shift equations (iv) 
aie only equal to unity as in the case of a viscous fluid if X/fx = oo 
Oui authoi draws attention to the case of = oo , 


or 


du dv dw 
dx dy dz 




^ e that of an incompiessible elastic solid, spoken of as Si. jelly fx being 
hnite, equations of the types (i) and (iv) bis now hold 

We have then always four equations to find w, -y, w and p Their 
solution for the case of equilibrium is easily written down 
The three equations of type (iv) by aid of (m) lead to 

/dX. d7 dZ\ X 4“ 2^ 

P te ■* l^j'^Tz) T' 


Thus p IS the potential due to an ideal distiibution of mitter of 
density 

/dX ^ 

X + 2fx^ \dx dy dzj 


-)l 


47r, 


and b} aid of (iv) u, Vy w aie also at once expiessible as the potentials 
due to ceitain distiibutions of matter see oui Arts 1653 and 1715-6 
fell William Thomson teims that distribution of body force on 
matter continuously occupying space foi which 

^ dY^ dZ_ 

dy'^di~ 


a 01 ) cuital J O') owe, and says that in this case p = 0 and uby v, /o aic the 
potentials due to distributions of matter ot densities 

pX/iirp, p 1 / Itt/x, pZj 4:7rfx, 

Since fx^ho + pX = Oy piVv + pY — O, fxV w a pZ~0 (vi) 

Thus il the toici\e be ciicuital, the shifts will bt the sinu wliatevci 
the degiee of incompiessibility ot the inhnitc body may be (^36-8) 


[l8ll ] ^^14-20 deal with the J^jquilibi iU))i o7 motion o/ an idtal 

buhstance tailed Jo) hemtyy Mlie) 

This cthei is described as follows 


Whit 1 am loi the pieseiit eilhii^ tthny is tu idoil siibst iiiee iisdul loi 
extending the ‘Mechniieil lepiesentation ot eleetiic, m ignetie ind galvanie 
toices” [see oui xlit 1027] hoi the piesent 1 suppose it absolutely 
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incompressible It has no intrinsic rigidity (elastic resistance to clianee of 
shape) , blit it has a qnas^i rigidity depending on an inherent quan elastic 
resistance to absolute rotation This qucm rigidity may be called simnlv 
rigidity for brevity , but when it is to be distinguished from the kno^ 
natural rigidity of an elastic solid it will be called gyrostatic rigidity (§ 14) 

Sii William Thomson accordingly introduces shears proportional to 
the twists (see our Yol i , p 882), besides which there may be somethme 
of the nature of fluid pressure He thus has the following system of 
stresses 



These lead us at once to equations identical with (iv) and (v) 
above for an incompressible elastic solid 

We may then ask what is the difference between this ether and a 
jelly ^ Sir William Thomson answers 

No difference whatever in respect to the eqmlibnum displacement, or the 
motion, throughout any portion of homogeneous substance of either kind, if 
the position and motion of every point in the bounding surface of the portion 
considered aie the same for the two But m respect to the traction on the 
bounding surface of a detached portion and therefore also m respect of the 
interfacixl rehtioii between portions of the substance having different rigidi 
ties, theie is an essential difference between the two, of vital importance foi 
the inclusion of magnetic induction in our mechanic il representation (§ 17) 

When there is equality of iigidity on eithei side of an interface, 
while there is discontinuity due to a diffeience of body force oi of 
densitv, then all the interfacial conditions are the same for both jelly 
and ethei, and inxy be best expiessed by saying that and the nine 
differential cocflicunts of v, w must have equal values foi the two 
media at tlu intc i f iC( {% 20) 

[1812] d( il with Kne'tq')! of ^fies^pd jelly oi of st^PSbcd 

etlie'i 

Th( sti iin cnfigy ])Oi unit \olunu of the stiessed ethei is 

= 2fn, 

whcie T IS till lesnltiut twist 

Th( sti 1111 ( IK igy ])(i unit volumo of the jelly 

/X (s I 9, + S ) + VK <l) 

Tf th( bound 11 y of i vohiim V of jelly oi ether he fit then the 
sti un (IK 1 gy in\olv(d in my specified sti \in of t ithei substince within 
this voliinn is tlu sune foi both 24) see oin Art 1/8/ 

Examples of the coi k spoil deuces between jelly stiain eneig> and 
ether stiaiii ciieigy iit given in ^25-8 Then beaiing is howevei 
father on ehitio nngnctism than on elasticity 
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[1813] §§29-45 are entitled Mechanical representation of the 
magnetic force of an electro /nagnet 

Imagine a piece of endless cord, in the shape of any closed cui ve, to 
be imbedded m a jelly, and a tangential force to be applied to this coid 
uniformly all along its length Further let the substance of the cord 
be exactly the same as that of the jelly This “ tangential drag ” on 
the jelly causes stress and stram throughout the jelly, becoming ml 
only at infimtely great distances The twist at any point of the jelly 
caused by this circuital force is equal “ to half the magnetic force at the 
corresponding point in the neighbourhood of a conducting wire, taking 
the place of our tangentially applied force and having an electric 
current steadily maintained through it” (§30) 

This IS Sii William Thomson’s ‘‘mechanical repiesentation ” of 
electro magnetic foi ce due to a closed circuit, and completes what he 
had resei-^ed for a future paper in 1847 see our Ait 1627 Various 
special cases are illustrated, thus a circular circuit in §§31~2, equal 
and opposite currents m straight parallel conductors in §§ 33-5 More 
general cases are referred to in §§ 36-40 

Thus if X, Z denote components of electric cuirent, and F, H 
the components of magnetic force due to the current the mechanical 
representation of an electro-magnetic held consistmg of any distribution 
of closed electric currents may be obtained from the jelly as follows 
Take the components of magnetic force equal to twice the twists, 
then by means of (v) we find 


dy dz ^ dz dx ’ dx dy ' 

whence we see by (vi) that 

the components X, F, Z of electric current, ^ e dlljdy - dGjdz, 
dFjdz — dHIdx^ dG/dx -dFIdy divided by iir, are proportional to the 
body forces pX, pF, pZ of the previous investigation for the jelly or 
foi any unlimited elastic solid m the case of a “circuital foicive ’ see 
our Alt 1810 We see further that if an infinite homogeneous elastic 
solid be acted upon m some parts by circuital foicives, then it points 
unaffected by foice 


" d%’ 




01 the twist components aie the difieientials of \ single function x Tlie 
electio magnetic analogue to x is a quantity differing only by a constant 
factor fioni the magnetic potential at a:, 2 /, s of the electnc cuirent system 

r, Y,z{^39y 


[1814 ] 41-3 deal with the Synthesis of a circuital foicive fom 

^ The 1 eduction of the stiain eiieigy to a single term propoitional to the square 
of the twist m the case of a jelly with rigidly fixed boundaiies was pointed out 
by the Editor of this Hutonj in a Note on Ttoists in art injmiti clastic solid 
Messengei of Mathematics, Vol xiii pp 84-5 Cambridge, 1884 A somewhat 
diffeient elastic analogue to the electio magnetic field is gi\en in the same paper 
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a single force appUed through a space comprised u%th%n an infinitely 
small distance from a point in an incompressible elastic solid i jelly) 

Let q denote the tangential foice per unit length of the circuit, and 
W 2 -, n the direction-cosines of its element ds, distant r from the point 
of which u, V, w are the shifts, then Sir William Thomson deduces 
from his solution of the elastic equations given m our Ait 1810 that 


u 




47r/x. J r 


dSf 


w 


JL fH: 
iir/i J 0 


dsy 


while 


X = 


q€l 

4irjLi’ 


n being the solid angle subtended by the circuit at the point for which 
)( IS ascei tamed, and the integrations for s extending lound the circuit 
The analogue to the magnetic potential is here obvious 


[1815 ] In conclusion Sir William Thomson asks why, the ana 
logics being so complete, v^e cannot be satisfied with the jelly for a 
mechanical lepresentation of electio magnetism The answer lies m the 
difference of conditions at the interface between two jellies and between 
two substances of different magnetic permeabilities in a magnetic field 

The magnetic force being in our analogy the rotation of the jelly, or ether, 
we see that the proper interfacial condition ^ between substances of different 
rigidity (/u) IS not fiilfilled by the jelly, and is fulfilled by the ethei (§44) 

Referring to his ‘ ethei ' Sii William Thomson draws attention to 
the fact that it 

whether extending to infinity in all directions, and having vesicular or 
tubular hollows or a finite poition of it given with a boundary of any shape, 
piovided that only normal pressure act on the boundary, takes precisely the 
same motion for any given motjon of the boundary as does a fnctionless 
incompressible liquid in the same space, shewing the same motion of boundary 
(§46) 

The importance of this, eg m the length it goes tow aids explaining 
Sir G G Stokes’ theory of aberration, is pointed out 46), but at the 
same time Sir William indicates how very obscuie still leinains oui 
knowledge of the real relations between ethei, electncity and pon 
deiable mattei (^47) 


[1816] Etliti , Flectricity^ and Ponderable Mattel Mathematical 
and Physical Papers^ Vol iii , pp 484-515 Cambiidge, 1890 This 
papei constituted part of the Piesidential Adcliess to the Institution 
of Electrical Engiiieeis, delivered on Januaiy 10, 1889 

It contains some leferences to the elastic solid analogies of the 

^ Equality of noimal components of magnetic foice and pioportionahtj of 
tangential components to the magnetic permeabilities on eithei ‘•ide the mteiface 
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ether and a description of a gyrostatically loaded network (§§ 21-6), 
which would serve in some respects as a model for the ethei The whole 
IS more fully developed in the memoirs leferied to in our Arts 1806-7 
The addiess concludes with words of hope in futuie knowledge following 
on a confession of present ignorance — ^ e the inadequacy of existing 
theories to represent the relation between ether, electricity and pon 
derable mattei 

[1817 ] The third volume of the Mathemat%cal and P1iys%cal Papers 
closes with two papers (Aits cm and civ ), which may be looked upon 
as appendices to the Encyclopaedia article on Elasticity The first 
deals with Tait’s expeiimental results for the compressibilities of water, 
mercury and glass, and the second gives inter aha (p 522) the velocity of 
elastic waves (distortional, pressural in an infinite solid, longitudinal in 
lod) in iron, coppei, biass and glass, as well as the moduli foi the same 
foul materials 

[1818] Summary It is a very difficult task to preserve an 
accurate histoiical stand-point with regard to a physicist — or, as 
we ought to call him, a naturalist {M P Vol ill, p 318) — so close 
both in time and country to ourselves as Sir William Thomson, now 
Lord Kelvin We can hardly see him m the same perspective as 
we see Samt-Venant or Franz Neumann At the same time the 
function of this Histoiy would hardly be fulfilled did its Editor 
leave this chapter without some slight summary of its contents 
To the future must be left anv real test of his critical accuracy 
A distinguished biologist once stated to the Editor of the 
piesent work that he had for many years given up endeavouring 
to ascertain what others had done oi were doing in his subject 
To follow the great mass of contemporary work meant to expend his 
time in histoiical investigations rather than in original reseaich 
When he devoted his energies to the latter, he was fairly certain 
that fifty per cent of his published results would be new contribu- 
tions to scientific knowledge A man of Sir William Thomson’s 
suipiising productivity — covering almost every field of physical 
science — must peiforce be occasionally content with the rediscovery 
of known laws The leadei of our present chapter will have 
maiked instances of tins in the researches on flic elasticity of 
spiings in those on light in the Baltimore Lectures and more 
partiCLilaily in the investigations on the relations of stress and 
electio magnetic properties The repetitions are, however small 
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as compared with the new material, or with the fertile conceptions, 
which abound even in the treatment of old themes 

In two points a further criticism will also probably be raised 
in the future, a paucity of experimental demonstration, which 
occasionally accompanies the statement of an important physical 
law — compare for example the elaborate experiments of Wiede- 
mann, Ewing or Bauschinger with Sii William Thomsons in 
similar fields, — and further the absence of mathematical analysis 
at points where the less gifted are liable to stumble, and may feel 
compelled either to reserve their judgment oi to accept on faith — 
compare for example the molecular discussions of Saint-Venant 
and the investigations on crystals of Franz Neumann with those of 
Sir William Thomson’s Molecular Gonshtution of Mattel or his 
Mathematical Theory of Elasticity But this occasional paucity of 
experiment or analysis is laigely due to our author’s eagerness to 
reach the physical law as the all-important goal, he rightly recognises 
experiment and analysis as only means and not ends in themselves 
He is m this a pleasing contrast to those mathematical elasticians 
who are far more desirous of obtaining a complete solution, what- 
ever be its physical value, than leaching any approximation, 
however important its bearing on natural facts 

Of the great advances in our subject which will always be 
associated with the name of Sir William Thomson we must 
mention especially the accuiate foundation of the science of 
thermo-elasticity, the suggestion that the principles of elasticity 
ought to be applied to the eaith itself, and the first consideration 
following upon this suggestion of tides in the solid earth Equally 
fiuitful of results — \i indeed they are largely negative lesults — 
have been his researches on the elastic theory of light, leading as 
they have done to the rejection of the old elastic theories Here 
it IS that he has suggested with his gyiostatically loaded medium 
a new kind of elasticity oi quasi-elasticity, which bids fan to open 
up an entiiely new field of investigation and which may in the end 
make elasticity the piedominant physic il science 

Not only in the border-land of optics, electio-magnetism and 
molecular physics have Sir William Thomson’s reseaiches widened 
oui knowledge of the possibilities of elastic theory, but in conjunc 
tion with P G Tait Ins geometry of stiain and his tieatment of 
rods and plates have largely contiibuted to oiii appieciation of 
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pure elastic problems, and further have rendered the discussior 
them accessible to British students In these latter cases, as ^ 
as in his more recondite researches, there is that fertility of k 
and that mark of genius which have made Sir William Thonc 
the lead^ and characteristic representative of physical science 
our own country to-day 
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921 and ftn 

Aberration, of light, Boussmesq’s theory 
of, 1449, 1478, 1482 Sir William 
Thomson on 1815 

Adaim,W A , on laihvay waggon ap lings 
969 (a) 

Adularia, hardness of 830 (d), optic 
axes of, change with tempeiature 1218, 
ftn 

AeoloUopy, defined by Bu W Thomson 
1770 Rankine obtains a 10 constant 
429 wave motion in aeolotiopic solid 
1704 1773 — 5 dilatation moduli foi 
1770 (a) , wtblike annulled 1771) (< ) 
1777 strain entity loi aeolotiopic solid 
when ‘skewnesses and wcblike acolo 
tiopy are annulled and tlieie is no 
dilatation 1778 discussed by Sir W 
Thomson 1780 conditions foi, in 
compressible 1770 (^i) 1779 

Aeolotropy oJ Density suggested by Kan 
kme to explain double lefi action 
considered by Loid Bayleigh, rejected 
by Sir W ihomson on giound of Sii 
(j Or Stokes expeiiments on Iceland 
spar, 1781 (^/) 


After sti am, general remarks on, 748—9 » 
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750 (a) not a puie fnctional resistance 
and masked by term viscosity, 1718 (b), 
1743 , IS not proportional to load, 750 
(6), chief cause m producing subsi 
dence of oscillations according to 
beebeck, 474 (c) — {d) m silk and 
spider filaments 697 [b ) , in glass and 
silk threads, (i) p 514 ftn , experi 
mentally discovered m metals by Kup 
ffei 726 his discussion of by torsional 
vibrations 734 its effect in subsidence 
ot torsional vibrations, 1744 — 8 , effect 
of working on, 750 [b) how influenced 
by change of temperature 7o6, ne 
gleeted by Wertheim in torsion experi 
ments on metals 803 his erroneous 
statement as to, toi metals and glass 
819 in guns 1038 (y), 1081 , in razors 
1718 (b), ftn , in caoutchouc springs 
851 is proportional to load m caout 
ehouc 1161 in organic tissues, 828— 
35, Weber E on formuscle,828 stress 
stiain relation for final load, hneai, 
Wundt s form of after strain cur\es 
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streteh traction curve confirmed by 
YdLknianny 831 — 2, the curve elliptic 
for muscle, 832 , controversy between 
Wundt and Volkmann, 833—5 
After-Strain Coefficient^ 734, 739, for 
copper and steel, 761 (d) 

Avr^ resistance of, to torsional vibrations, 
727, 735 (1), 1746 

Airy, Sir C B , otl the strams m the 
interior of beams (1863), 666 
Albaret, on econonuc form of girder, 962 
Alloys, hardness of, 845 , tensile strength, 
ductility, hardness etc of alloys of 
copper with zinc or tin, 1063 and ftn 
Almn, its optical and elastic axes do not 
comcide, 788 789 (c) experiments on 
the stretch modulus of, 1206 
Ahmtniwn, stretch modulus of, 743, 
density of, (i) p 531, hardness of, 
(i) p 692, ftn absolute strength of, 
1162, ^ect of cold hammering, 1162, 
may be beaten to leaves, 1163 , stretch 
modulus, elastic limit and density of, 
1164, subsidence of torsional osoiUa 
tion in wire of, 1746 
Ahminium Bronze, absolute strength 
when cast and hot hammered, 1162, 
1164 

Amagat, his experiments on stretch 
squeeze ratio, 1201 (e) 

Amorphic Bodies elastic coefficients for, 
308, identified with isotropic bodies 
by Eankine, 467 of Saint Yenant seem 
aim to Sir W Thomson’s isotropically 
macled crystal, 1799 see also Ellyp 
soidal Distnhution 

Amorphism, or confused crystalhsation, 
115 192(d) 

Analcme, supposed to possess optical 
cyboid aeolotropy by Brewster, 1775 
Angers, Church of, factor of safety for 
columns, 321 (6) 

Angle stress at projecting angle zero, 
but mfinite at re entering 1711 
Angstrom A J , on the relationship of 
the various physical axes of crystals 
(1851) 683—7 

Annealing effect of 879 (/) does not 
remove aeolotropy, 802 may in itself 
produce aeolotropy 1056 effect on 
tenacity 1070 of wires 1131, effect 
on strength and elasticity of cast 
steel 1134 see also IVoi king 
Anticlastic Surfaces Thomson and Tait s 
325 1671 

Apatite hardness of 836 (d) 840 
Approximation to solution of elastic 
equations, doubtful method adopted 
by Cauchy (620* 661*) 29 395, by 
Poisson (466*) by Neumann 1225 — 


6 , by Basset, 1296 his by Boussmesq, 
1422,1674, 1586, bybirW Thomsou 
1635 

Arches, flexure of, 514 — 7 shift of central 
line, 619 — 20 termmal conditions for 
pivoted and built in arches, reactions, 
621 — 3, temperature effect, 523, 625, 
1013, theorem as to symmetrically 
loaded, 524, thrust, due to isolated 
load, 52o, continuous loading, either 
along central hue or horizontal, 525, 
due to change of temperature, 526, 
simple formulae and tables for findmg 
thrust, 626 — 8, maximum stress in, 
529 — 30 , most advantageous form of, 
531 , general discussion of curved rods 
and arches, 634, 536 , historical account 
of theory of, 1009 , approximate treat 
ment of, by Monn, 880 (c) Ime of 
pressure m, 1009 , total stress in cross 
section, 1010, stabihty of, 1014, 
braced, 1022 wooden, experiments on, 
C et A. pp 4 — 10, wooden arches, 
925, cast iron elhptioal, 1011 , expen 
mental determmahon of strain due to 
temperature and live load, 1109 , com 
panson with defective theory, 1110, 
Collet Meygret and Desplaces on de 
fiection of, 1110 

Ardant, his experiments on wooden 
arches, 0 et A p 4 his theory of 
circular nbs, 0 et A p 10 
Armstrong, Sir W , see Bn Brachion 
Amoux, on axles (i) p 610, ftn 
Artery, after strain m, 830, 832, stretch 
modulus of 830 
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bility of atoms, Berthelot and Saint 
Yenant on 269 , Bosoovich and Newton 
on, 269 , Saint Yenant on, 275 — 80, 
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tension, 277 — 80, atoms as liquid 
spheres, 841, vibratory motion of a 
sphere of ether surrounding, 868 
theory of Boussmesq, action between 
atoms of different molecules neglected, 
1447 homogeneous assemblages of 
mutually attracting Bosoovichian 
atoms, 1801 — 5 single assemblage 
leads to ran constancy, 1802 double 
assemblage does not necessarily lead 
to ran constancy 1803 multi con 
stant Boscovichian system desciibed 
1803 — 6 Intel mol ecuUii Action 

and Molecules 

Atomic Weight relation to stretch modu 
lus 717 — 21 to hardness 841 
Atwood G , on the vibiations of watch 
balances (1794) (i) p 466, ftn 
Aud^ experiments on earth woik 1623 
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feathered, strength of, 177 (c) 
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1218, ftn , dispersion of optic axes, 
1218—9 and ftn , optic, 1476, 1483, 
different sets of rectapgular systems 
exist in crystal for distribution of dif 
ferent physical properties, 683 — 7, 
1218 — 20, 1637 , Neumann’s theory of 
distinction between optical and elastic 
axes, 1216 — 8, 1220, elastic axes do 
not coincide with optical for alum, 
788, optical, thermal and elastic not 
coincident for gypsum, etc , 1218—9 
and ftn , diamagnetic electrical and 
other properties distributed about dif 
ferent axes, 1219 

ixea of Elasticity 136, 137 (iii] 137 (vi), 
(i) p 96, ftn , 443 — 51, denned 444, 
orthotatic and heterotatic, 446 , euthy 
tatio, 446 , metatatic, 446, 137 (vi) 
dxles, how affected hy prolonged service 
and vibration, 881 (6) and ftn , 970, 
strength, 905 , of railway rolling stock, 
calculation of dimensions, 967—9 , 
McConnell’s hollow railway axles ex 
penments on, 988—9 , flexure of rail 
way axles under static load 990 
resistance to impact of cast steel, 995, 
of ordnance 996 fatigue under le 
peated flexure of railway, 998, 1000 — 3, 
under repeated toision 999 1000 — 3 

Babbage C , haidnesa of diamond vanes 
with direction 83b {d) 

Bubinet, his pioof of velocity ot piessuial 
or sound wave 219 

Badui Foil ell infiiience of toision on 
magnetisation Hll 

Baemch on simple beams and biaced 
girders (1857) lOOb 

Balt), B on the actual lateral 
pleasure of eaitbwoik lb0() his lule 
for bieadtli of suppoitiug walls 1607 
Bancalatt h P on law ot molecular 
force 8()b 

ifur, heavy tension bai of ccpial stiength 
138b (a) see Hod, Beam, Iltzuie 
Impact etc 

Banlai i on statically indeterminate 
reactions (i) p 411 ftn 
Bat low P toimula tor hydiaulie press 

901, 1044 (//) 1009 107()-7, expeii 
ments on wi ought non beams 937 (t) 
on combined giidei and suspension 
bridges 1025 


BarU>w, W B , attoipta to 
‘ beam paradox’ by a theory of lat&sd. 
adhesion (1865— “iQ, 930—8, 1016 
Barnes, cuts steel with rapidly rotate 
soft iron disc, 836 {h) 

Barton, J , on wrought-iron beams, 1016 
Basset, A B , on thm cyhiidrie^ 
spherical shells, 1296 bis, 3.234 
Baudnmont, A , researches on vibrafetms 
of aeolotropic bodies (1851), 821 
Baumeuter, his experiments on abEefeeh- 
squeeze ratio referred to, 1201 (e) 
Baumgarten, on flexure of sohds of equfd 
resistance 929 , on stretch-modulns of 
calospar 1210 

Baumhauer on twinmng of Iceland aiar- 
1800 

Bauschinger, his results partially aata 
pated by Wiedemann, 709 — 10, on 
elastic limits referred to, 1742 (6) 
Beam, Imes of stress m, Bfmlune, 468^ 
Kopytowski, 556, Scheffl^,fl62, um- 
planar stress m, 682 (c) , shde intro- 
duced mto theory, Bresse, 635, Jonr 
avski, 939, Soheffler, 652, Winkler, 
661 — 2, 665, Airy, 666, strength o^ 
mcreased by bidding in terminals, 
671—7, 942—5 , strength of, given by 
graphical tables, 921 and ftn , for 
various forms of cross section, 927 , 
transverse vibrations of, when suddenly 
loaded, 639, live load on, 640—1, 
formulae for statical deflection when 
loaded, 760—2, strength of ‘spht’ 
beams, 928 , general treatment of, 
1006 Thomson and Tait on 1696, 
of variable cross section, flexure of, 
929, small beams relatively stronger 
than large ones, 936 (ui) , central Ime 
of, under transverse load really 
stretched, 941 , supports of beam 
under tiansveise load leally subjected 
to side pull 940 cast iron beam of 
strongest cross section, 176, 177 (b), 
951 1023, strength of various forms 
of cast iron beams aud Barlow’s at 
tempt to explain paiadox 930 — 8 para 
dox neglected by Morin 881 (a) pioper 
proportion of web and flanges m 
wi ought iron beams 1016, foimulae 
foi stress strum relation when stretch 
aud squeeze moduli are unequal 178, 
rupture of, deduced from empirical 
sticsb strain i elation, formulae of 
baint VenautandHodgkmson 178 see 
also Contumou'i Beams Eodb Rolling 
load loibion hlexiue Impact etc 
lham Jniginc, stiess in beam, 3o8 
danger of ceitain speeds of fl} wheel 
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Beamt-Parados^ 920, 929, 930, 971 (4), 
1088 (6), 1043, 1049—53, 1086, 
accorduQig to Bell does not exist for 
large girders, 1117 (iv) 

Bechmkamj?, verifies F Neumanns 
sspression for stretch modulus of 
regular crystal m case of alum, 1206 

Becpterelt M , torsions produce magneti 
sation, 811 

Belanger, J B ,on strength of materials 
(18o€-b2), 893 

Bell, TT , on the laws of strength of iron 
{1857), 1117—9 

Belh, on gravitation and cohesion cited, 
1650 

Belt^ cylindrical see Hoop 

BelWami, properties of potential due to, 
1505 

Bender, W , experiments on hollow axles, 


Bmdvng Mom&nt, safe limit of, for non 
symmetrical loading, 14 , how related 
to total shear, 319, 534, 556, 889, 
1361, ftn , for beam partly covered by 
a eontmuous load, 557 , synolastie 
and antielastie bending stress in 
plates, 1702 

Bent (—flexural set), how affected by 
application removal, reversal, etc , of 
load, 709—10 

Bergen, T , on hardness of gems, 836 (c) 
Bernard, F, on vibrations of square 
membranes (1860), 825 (c) 

Bernoulli, Darnel, first attempted prob 
lem of transverse impact, 474 (f) 
Bernoulli Eulerian formulae for flexure, 
71, 80 theoiy of beams justified by 
Phillips for curved arcs under couples 
677—9 

Bertelh, F , statically mdetermmate re 
actions, fiist suggests need of elastic 
theory (1843) and uses experimental 
method, 598 
BertheUt, on atoms, 269 
Berthot on law of intermolecular action, 
408 


Bo tot, II , on total stress on section of 
arched rib 1010 

Bo U and, leportb on 8aint Venant s 
memou on transverse impact, 104 
Bebnenier prepaiation of wrought iron 
and steel 891 (6) and (e), 1114 
hidiiell, Shelford, cited as to variations 
of coefficient of induced magnetisation 
1321 on relation of stress to mag 
netisation, 1727, 1736 
Binet on elastic rods of double curva 
tuie, 155 

Biquad) atic sui Jace foi stietcli modulus 
of legulai crystal, 1206 


Bimuth, effect of compression on its 
diamagnetic properties, 700 , hardness 
of, (i) p 592, ftn 

Blacker, gives Clapeyron’s formulae for 
sprmgs, 482, 955 

Blakely, on the construction of cannon 
(1859), 1082 

Blanchard, experiments on material 
under great pressure, 321 (5) 

Blanchet, his researches on waves in 
aeolotropic medium reteired to by 
Boussmesq, 1559 

Body Forces, how removeable from gene 
ral equations of elasticity, 1653, 1715 , 
removal of, when there is a force 
function, 1658, 1716 (d) , when they 
may be used to replace surface load, 
1695, ftn 

Boileau, P , on the elasticity of sprmgs 
of vulcanised caoutchouc (185b), 851, 
1161 

Boiler, cylmdnoal, proper dimensions 
for spherical ends of, 125, strength 
of ourved sides, of flat ends, stress 
due to weight of material and of water, 
642 — 5, Joule on mode of testing, 
697 {a) , French formula for strength 
of iron plate boiler, 879 (c) , Prussian, 
French and Austrian formulae for 
cylmdnoal boilers, 1126 old Prussian 
government formula agrees with 
Boussinesq’s for collapse of belts, 
1555, erroneous results for thickness 
of walls of, 961 , effect of unequal 
heating, 645, 962, 1060 , relative 
strength of flues and boiler shell, 985, 
strength of materials for, 907 — 8, 
stren^h of iron and copper stays for 
908, nvetted, 904, how strength of 
boiler plates with and across fibre 
alteied by tempeiatuie changes, 1116 , 
cast steel plates for, 1130, 1134 see 
also Flues 

Bolley, on molecular propeities of zinc, 
1058 , effect of vibrations in producing 
crystalline and brittle state, 1185 

Bolts, iron, effect of case hardening 
comparative strength of screwed and 
chased, 1147 

bolt^nuinn I on longitudinal impact of 
bars, 203, lestiede on Kirchlioff (ii) 
p 39, ftn , his theoiy of stiess on 
elements ot dielectric criticised by 
Kirchhoff, 1317 

Borax optic axes change with tempeia 
ture, 1218 ftn 

Boichaidt, equations ot elasticity in 
cuivilmear coordinates, 673 

Boniemann on flexuial strength, 920 , 
on graphical tables foi flexural sti ength 



INDEX 


^21 , experiments on wooden and cast 
iron bars of triangular cross section, 
971 

Bo&covich, his theory of atoms, (i) p 185 
280, deprived atom of extension, 269 , 
his theory criticised by Thomson and 
Tait, 1709 (c), by SirW Thomson, 1770, 
remarks on, 276 , does his theory lead 
to ran constancy? 423, not neeessanly 
if molecules are groups of atoms, 
(Cauchy, 1839), 787, his theory used 
by Sir W Thomson to reach multi 
constancy, 1799 — 1805 , smgle homo 
geneous assemblage of Boscovichian 
atoms leads to ran constancy, 1801 — 
2, double or multiple assemblage does 
not neeessanly involve uni constancy, 
1802 , model illustrating double Bos 
covichian assemblage and multi con 
stant solid, 1803 — 4 , doubts as to its 
nature, 1803 — 5 

Bottomley, effect of twist on loaded and 
magnetised iron wire, 1735 , on aeolo 
tropy of electric resistance produced 
by aeolotropic strain, 1740 , on mcrease 
of tensile strength by gradual mcrease 
of stiess, 1754 

Bomh€, A , on molecular attraction 
(1859—60), 870—1 

Bouiget^ on vibrations of square mem 
branes (1860), 825 (e) 

Botisbinesqf pupil of Saint Venaut, 416, 
1417, Saint Venant’s views on his 
theory of light 265, on his theory of 
pulveiulence 1619, general analysis 
ot his researches 292 , accounts of his 
work, 1417, Flamant on his solution 
tor transverse impact 414, on his 
theory of pulveiulence 1610 — 11 
1625 , publishes with Flamant a life 
and bibliogiaphy ot Saint Venant 
415 

htjociicts to pi oves conditions ot 
compatibility foi given system of 
stiains 112 (1420) proves ellipsoidal 
conditions toi ainoiphic bodies sub 
jected to pcimiincnt stiam 230 
points out cl 101 in baint Venaut s 
memon of 1H()3 238, on stability of 
loose earth 212 on solution in hnitc 
tci ms ot loiigitiidmal imp ict of bar 297 
401 — 2 , Ills ticatment of thick plates, 
322, (i) p 223 33 > on his appli 
cation of potentials to i lasticity, 338, 
1628, 1715 , on determination ot local 
stretch pioduccd iiumediatcly by small 
weight striking a bai tiansveisely 
with gi cat velocity 371 (iv) ^1537) his 
issumptions in thtoiy ot thin plates 
o85 (1417—10) his coutiovcisy on 


thm plate problem with L4vy, ^ 
(1441, 1522) , his oorreokon of 
of Besal’s with regard to flexure of 
pnsms, 409 

BeMarches of on elaastiG bodiee 
one or more dimensians of which are 
small as compared with otheaRs (rods, 
1871, complement, 1879), 1418—36, 
(plates, 1871, eompl^nent, 1879,) 
1437—40, controversy with L6vy m. 
contour conditions and local perturba- 
tions m thm plates (1877—8), 1441 
theory of periodic hquid waves (wifli 
equations of motion of any mAdiTim, 
1869), 1442 — 6 , on the mdeeular 
constitution of bodies (1873), 1447, 
on the mteraction of two molecuies 
(1867), 1448 , on the theewy of lumm 
ous waves (1873), 1449, on two simple 
laws of resihence (1874) 1450—5, on 
geometrical constructions for ^ress 
and stram (1877), 1456—9, on hydro- 
dynamical analc^es to the problem of 
torsion (1880), 1460 , on the stretches 
produced by the deformation of a 
curved elastic membrane (1878), 1^1, 
on the transverse vibrations of an 
indefimtely large plate (1889), 1162 , 
Lectures on Mechames (1889), 1463 , 
on the physical explanation of flmdity 
(1891), 1464 

Essay on the theory of Light 
(1865), 1465, on vibrations of iso 
tropic media (1867), 1466 on waves 
m media subjected to imtial stress 
(1868), 1467 — 74, on vibrations and 
diffraction in isotropic and ciystallme 
media (1868), 1475 — 7 , new theoiy of 
luminous waves (1868), 1478 — 82 , ex 
tension of this theoiy (1872) 1483 — i 

On calculation by means of poten 
tials of the stiains m an indefinitely 
large isotropic medium (1882), 1485 
Ireatise on the application of poten 
tials to elastic pioblems {188o), 1486 — 
1559 , strain in an infinite elastic 
solid bounded by a plane to which 
stress IS applied (1888) 1489 — 96 on 
the collapse of rings and contioveisy 
theieon with L6vy (1883) loo4 — 61 

On the application of conjugate 
tunotions to plasticity (1872) lo62 — 7 , 
on an expeiimental mannei of deter 
mining the plastic modulus (1872), 
lob8 — 9 on the integiation of the 
equation in conjugate 1 unctions of a 
pulveiulent mass (1873), lo70 Essay 
on the theory of the equilibrium ot 
pulverulent masses (i87b) 1)71 — 

1604 on the unipUiiai distnbution 
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of stress for isotropie bodies m a state 
of kynitmg etjmlibntiin (1874), 1605, 
on the lat^al pressure of a pulverulent 
mass with horizontal talus (1881), 
1600 ^ 7 ^ on horizontal thrust of pul 
venilent masses against vertical walls, 
etc (1882 — 5, diverse manoirs), 1608 
— 

Summary of Boussmes^’s work, 
1626 

Braemg Bars^ on distorted form of, in 
multi bramng, 1017, 1026, 1028, ex 
pemnents on buckling of, 1019 see 
also (hrders 

Brmthtomtet F , on fatigue of metals 
tl85B— 4), 970 

Bnamt Oh., on planes of cleavage, 849 , 
expenmente on iron plate, 1106 

Bnm elaskc flexures mcrease more 
rapidly than loads, 709 (i), flexural 
sets or bents, how influenced by 
alterations of load, etc 709 , effect of 
rolhng and hammermg on stretch 
modulus, 741 (a), thermo elastic pro 
perties of, 762, 754, 766, after stram 
and temperature, 756, relation of 
stretch modulus to density, 759 (e), 
(i) p 531, 824, 836 ( 6 ) , ratio of kinetic 
and static stretch moduli, 824, of 
kmetic and static dilatation moduh, 
1751, shde , stretch , and dilatation 
moduh of, 1817 , thermal effect on shde 
modulus, 1763 (b) , thermo electno 
properties under stram, 1646, ren 
dered brittle by sudden atmospheric 
changes, 1188 nature of rupture, 
1667 

Bravais, on homogeneous assemblages of 
bodies, 1800 

Breguet, on velocity of sound in iron 
785 

Breithaupt, attempts to introduce a 
new scale of hardness, 835 (d) 

Bresse, Researches oj memoir on the 
flexure of arches (18o4) 514 — 30, 
treatise on applied mechanics (1859 — 
6 o), 532 — 42 on elliptic flues, 537 , 
on solution for long tram continu 
ously crossing a bridge, 382, 541 
Reteiences to on elastic rods of 
double cuivature 291 his treatment 
of elastic rods commended by Saint 
Venant 153 his foimula for beams 
of vaiying stretch modulus 169 (e), 
ol5 on approximate treatment of 
slide due to flexure, 183 (a), o35 , on 
the core 0 et A p 3 ol5 , corrects 
error of Phillips o40 

Bi ewb tei on double i efi action artificially 
produced 792—'! the piinciple of 


his Temometer adopted by Wertheim, 
794, 797 (c) , on production of crystal 
hue structure by stress (1853), 864, on 
analcme, 1775 

Bn Brachion (? Sir W Armstrong) on 
the cause and prevention of the de 
t^oration of wrought iron ( 1860) ,1189 
Bnckf strength of, 880 (5), 1173, 1182 
Bndges, deflection of railway viaduct at 
Taiascon, 520 (5) , transverse vibra 
tions of, 639, 1034 — 5, effects pro 
duoed by a rolhng load, 372 — 82, 
Bresse corrects error of PhiUips’, 540 
repeated loading of, 1035 , deflections 
of Flemish bridges, 1020, treatises 
and text books on bridge construction, 
883, 885—90, 915, 960, histonoal 
account of (1857), 890 , ‘ Bitter’s 
method ”, 915 (b) , minor memoirs 
on, 1004 — 36 

Special Bridges Tarascon, 520 (5), 
1109 , St liouis, U S , (i) p 368, ftn , 
Britanma and Conway, 560, 603, 607 , 
Hungerford, 579 , Manchester, 1007 , 
Newark Dyke, 1012 , Coin, 1019 , 
Flemish, 1020, Niagara, 1025, de la 
Eoohe Bernard, 1033 , over the canal 
Samt Denis, 1034 

Bridges, Suspension, form of chains, 679 , 
oscillations of, 612, 883, impact on, 
883 , iron wire for, 904 , when, where 
and by whom first introduced, (i) p 
622, ftn , girder suspension bridges, 
1026 

Bnll, points out an error in Samt 
Tenant’s memoir of 1863, 239 
Bnllouin, on the elasticity fluidity and 
rigidity of bodies, 1464 
Biiot Samt Tenant’s views on his theory 
of light, 265 

Brittle, defined, 466 (vu), 1742 (c), 
metals not rendered by cold, 697 (c) , 
state, 1185, 1188 

Bi IX, on strength of railway rails, C et 
A p 11 , on tail points of uniformly 
loaded beams C et A p 12 , erroneous 
theory of resistance of cylinder to m 
ternal pressure, (i) p 712, ftn on 
strength of stone, 1181, on set m 
cast iron due to heating, 1186 
Bionze gun metal effect of head on cast 
mg, 1038 (/), lOoO , rupture of imgs 
of 1044 , guns of 1045 physical 
properties of, 1063 and ftn , stress 
strain diagrams foi 1084 toisional 
strength of, 1039 (c), 1113, 116b, ten 
sile strength of, 1113 1166 
Biookb, C H , erioneous theory of resist 
ance of hollow cyhndeis, 1080 
Blown Captain introduces iron cables 
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(1811), 904 , experiments on wrought 
iron cables, 879 (e) 

Browrii Samuel^ bmlds first suspension 
bridge m Great Britain (1819), (i) p 
622, ftn 

Browning^ C L f on the tensile stretch 
and set of wrought iron, 1125, 1186 
Buckling Load, of struts, under dead 
load, 11, under impact, 407 (2), 1662, 
error as to m Vol i corrected, G et 
A p 2, of columns, 477 — 80, on 
bracing bars, 1019, theory of, modi 
fiedform of Scheffler’s theory, 649—50, 
Schwarz, Bitter, etc , on 889, 914, 956, 
Eankine on Tredgold Gordon formula, 
469 see also Columns and Struts 
Buffers, railway, formulae for resfiienoe 
of, 596, 969 see Springs 
Burg, A von, on Kohn’s experiments 
as to repeated torsions, 991, on the 
strength of cast steel, 1130 , on strength 
of aluminium, 1162 

Bursting, of glass cylmders and globes 
under pressure, 857 — 60 of wrought 
iron tubes, 983 , of cannon, 1038, 1055, 
1074 , of musket barrels 1038 (c) , of 
gutta peroha tubes, 1160 , of earthen 
ware pipes, 1171 

Cable see Cham 

Cadmium, hardness of, (i) p 592, ftn , 
thermo electric properties under strain, 
1646 ^ ^ 

Calcspar, haidness of 836 (d) and (i) 
strain due to change of temperatuie, 
1197 , expel iinents on stretch modulus 
of, 1210 

Callori erroneous theory of boileis 961 
Calve) t, li C on hardness of metals 
and alloys (1860) 845 , on chemical 
analysis ot cast non attei lepeated 
meltings, 1100 , influence ot piepaia 
tion on elasticity set and strength of 
cast iron (1853) 1102 
Ca)iad(i Bahmn doubly rcfiactive powci 
produced in, by sudden turn of stick 
1766 Itn 

Ca)i)io}) rescaiches on sticngth of ma 
terials tor 1037 — 02 1113 solid and 
hollow cast, 1038 ((j) cast iron 1048 
resilience of vaiious metals foi 1062 
built up by shiiiilung on coils 1069 
107o 1076—82 1078 1082 , tables of 
physical constants toi matorials foi 
1071(^0 bui sting ot 1038 1055 1074 
expel irncnts on guns built up by coils 
of wiie lound cylinder 1078 on ex 
treme pioof ot 1047 (5), 1092 
Cantilevers eciuality ot strength in 
straight and cur\cd 92() 


Caoutchcuc, divergency betwe^ 'W&c 
theim’s and Olapeyron’s expenments 
on, 192^, expenm^ts of Qtepeyioii on 
ratio X//ifor, 610 , to be excluded fixnn 
mathematically elf^tic substances ? 
1326, 1749, shde-modulus (i) p 
420, ftn , on springs with altefmate 
discs of iron and vulesmised oaos^ 
chouc, 851 expenments on ^ae^ 
fore and after stram of, 1161 

Carbon, mfiuence of, on stim^th of ca^ 
iron, 1047 (c), how amount vanes 
with repeat^ melfemgs of cast-rrony 
1100, is not sole cause of difierenoe 
between elastic properties iron an^ 
steel, (i) p 736, ftn 

Castings, stronger at the periphery ^lan 
the core, 974 (c) , mflnenee of size on 
relative strength, 1045 , effect of dead 
head, 1038 (/), 1050, 1060 

Catenaries see Strings 

Cauchy, References to reports on Samt- 
Tenants torsion memoir, 1, reports 
on Wertheim’s memoirs, noticing ^bat 
his value of the stretch squeeze ratio 
is mconsistent with ran^ionstaney, 
787, notices that if molecules are 
built up of atoms, tbe Boscovichian 
atomic theory does not necessarily lead 
to ran constancy, 787, 192 (d) , a shp 
of, corrected by Wertheim and Samt 
Tenant, 809 his theory of elasticity 
discussed, 1193, 1195, his eUipsoids 
226 1194 , suggests vanation of angle of 
torsion across cross section of pnsm, 
20 , on torsion of prisms of rectangular 
cross section 25 29, his torsion 

formula wiongly applied by Wertheim 
805 — 6 , his erroneous method of deal 
mg with flexure, 75 316, and with 
torsion 191, on his erroneous method 
of appioximation in general, 1225 — 6 
eiior in his theory of impact of bars, 
204 on contour conditions for thin 
plate 395—6, his geneial equations 
lor stress m terms of strain when 
there is initial stiess 129, criticism 
ot his deduction of stress strain rela 
tions, 192 (a). Saint Tenant s views 
on his theory of light 265 on double 
letraction 195 1214 his theory of 
dispel Sion 1221 criticised, 549 his 
lesearclies on waves m an aeolotropic 
medium lefeired to by Boussinesq, 
1559 

Caialli, J , on the resistance of solids 
subjected to impulses like the firing 
of cannon (1860), 1083 — 92 on the 
strength of stone (1861), 1184 
teinent luptuie ot 169 (<*) stiength of 
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8^ (i), before and after immersion, 
eto, H68, tensile, compressive and 
traz]U 3 verse strengtiis of Portland and 
Eoman, 1169, strengtli of, ascertamed 
by fiexure, 1170 

on application of potential to 
theory of dastimty, 838, 1489, 1626 , 
researches on the eqtulibrium of 
elastic solids, parhcnlarly certam pro 
blems in the stress and strain of a 
solid bounded by an infinite plane 
(1882), 1489 

Ghahedouy, attacked by rotating iron 
disc, 836 (fe) 

Oham Oabtes, first mtroduced by Gaptam 
Brown, 904 

Ohaim, Imks of, general theory of, 
gi8--21 hnk symmetrical about two 
axes, 622, circular hnk (or anchor 
m^), 623 — 5, circular hnk with stud, 
626 — 7, comparison of links with and 
without studs, 628, rule as to weldmg, 
629 , oval link with fiat sides, 630 — 2 , 
elhirtio Hnk with and without stud, 
633 — 8, 640 , comparison of strengths, 
weights and extensions of circular, oval 
andelhptiohnks, 639, absolute strength 
of ohams, 641, strength of wrought 
iron chams depends on shearing stress, 
879 (e), absolute strength of links of 
iron and steel, 1132, break later at 
less than proof load, 1136 , effect of 
red heat on absolute strength, 1136 , 
testing of, 1154 

Chapp4, T F experiments on cast iron 
elliptic arches, 1011 

Chemical Composition its influence on 
elasticity, 791, how affected by re 
peated meltings 1100 , its bearmg on 
physical structure 1047 (c), 1081 
ChSry, graphical tables for strength of 
beams, 921 ftn 

Chladm his values tor notes of circular 
plates tested by Kirchhoff’s calcula 
tions, 1242 — 8 

Chladm Figures, mode of foimmg, 613 
uninfluenced when vibrating plate is 
placed m electromagnetic field, 699 
see Nodal Linet, Plates, Membranes 
Chiee, 0 on velocity of sound in rods, 
437 — 8 on elasticity of solid eaith, 
667 570, on longitudmal vibrations 
of lods, 821 on some applications of 
physics and mathematics to geology, 
1721 on the equations of an isotropic 
elastic solid m polai and cylindrical 
coordmates, their solution and appli 
cation, 1722 , analysis of Sir W Thom 
son s papers on the relations of stress 
and magnetisation 1727 ftn , on 


Villari critical field in cobalt, 
1736 

Chnstojfel, on waves in aeolotropic 
medium (1877), 1764 
Cmnabar molecular condition of, 861 
Circular Arc, expression for normal shift 
of, 685 see also Arches 
Clapeyron, his formula for springs, 482, 
him theorem of the three moments 
(1857), 603, his theorem of elastic 
work (1858), 608—11 
Clapeyron^s Theorem s&eMoments, Theo 
rem of three, and Continuous Beams 
Glannval, on hardness of metals (1860), 
846 

Clark, on iron nvets, 903, on iron plate, 
902, 1121 

Clausen, on form of pillars (1851) , 476 — 80 
Clausius y discussion by Samt Venant of 
his views as to elastic constants, 193 , 
criticism of them by Wertheim, 819 , 
on after stram, etc , 197 
Clay becomes as hard and dense as rock 
by great compressive stresses, 1155 
Cleavage, Planes of, taken by Rankine 
perpendicular to euthytatio axes-^a 
doubtful hypothesis — 451, how related 
to hardness m crystals, 839—40, po 
sition of, 849 — 50, doubtful if they 
determine planes of elastic symmetry, 
1687 , produced by continuous shear 
mg’ 1667 

Cleaving, defined, 466 (a) 

Clebsch, References to fus wrong limit 
of safety, 5 (c), 1327, 1348 {g)^{h), 
criticised by Saint Venant, 320 , com 
bines Saint Venant’s flexure and toi 
sion problems under one analysis, 17, 
1332, Saint Venant on, 198 (f) , his 
treatment of elastic constants dis 
cussed by Samt Venant, 193, his 
tieatise on elasticity translated by 
Flamant and Saint Venant, annotated 
by latter, 298 1325 , his treatment ot 
All chhojf s Principle, 1258, on thick 
plates, 18o0 — 7, on thin plates, 137o — 
85, how his treatment of plates is 
lelated to that of Kirchhoff and 
(xehrmg, 1292 — 8, 1375 — 9 criticism 
of it by Saint Venant 388 on thin 
rods, 1858 — 74, how his treatment 
differs from Kirchhoff s, 1257, 1258, 
1265 1270, 1282 1858—9 fiom that 
of Thomson and Tait, 1691, 1695 
Researches of on the equilibnum 
of flexible strings (1860), 1322—8 on 
the theory ot circulaily polarised media 
(1860), 1824 , his Treatise on the Elas 
ticity of Solid Bodies (1862) 1825 — 90 
(criticised 1825, 1890) Ins posthum 
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ous Principles of Mathematical Optics, 
1391, on reflection at a sphencal 
surface, 1392 — 1410, accounts of his 
life and work, 1390, (u) p 107, 
ftn 

Cobalt, effect of longitudinal stress on 
magnetisation, Villan critical field, 

1736 

Coefficient of Optical or Photo elasticity, 

795 

Coefficient of Plasticity (K), or plastic 
modulus, 247, 249, 259 , does it vary? 
1568—9, 1586, 1593 see also Plas 
ticity 

Coefficient of Restitution, or dynamic 
elasticity, 209, 217, 847 , really vanes 
with masses, sizes and shapes of col 
hdmg bodies, 1682 — 3 

Coefficients, Elastic, names for m this 
History, (i)p 77, ftn , Tables, 445, 448 , 
Homotatic, 136, 446 , of Pliability are 
reciprocals of coefficients of Tligidity, 

425 , of Extensibility (longitudmal 
and lateral, or direct and cross) and 
Compressibility, 425, Tasinomic (eu 
thytatic, platytatic, goniotatio, plagio 
tatic), 445 , Thlipsinomic (euthythhptic, 
platythhptic, goniothhptio, plagioth 
hptic), 448, transformation of. Ban 
kine’s use of surface of fourth order, 

432 , m any direction expressed sym 
bolioally, 133, for vanous crystals, 

1203 — 5, uumencal values, 1212, for 
a material with three planes of elastic 
symmetry, 307 for amorphic bodies, 

282 (8), 308 foi equal transverse 
elasticity, 308 (a) , ot wood do not ad 
mit of ellipsoidal conditions, 308 (a) , 
for bodies possessing various types ot 
elastic symmetry, 281 — 2 , experimen 
tal methods of determining, 283, 1205 
— 11 expressions tor, in terms of 
initial stress, 240 effect of initial 
stress on stietch modulus, 241 effect 
of set on cross stietch coefficients 194, 
Lament of, 1781 (c) see also Constants 
and Moduli 

Cohebion, Herschel, b<!.guin and Sir W 
Thomson endeavour to explain it by 
molecules of infinitely gieat density 
and infinitely small volume attracting 
according to Newtonian law 865, (i) 
p 600 ttii , 1650 supposed by Zabo 
rowski to depend on absolute con 
tinuity of mattu, 867 see Molecules, 
Stiength, etc 

Colladon and Da) u ) , cut steel, chalce 
dony and quait/ by non disc in rapid 
rotation, 836 [h), ftn 
Colladon (Did Stio))) then theoiy of pie 


4m 

zometer referred to by P Nemnasm. 
1201 {€) ^ ’ 
CoUet Meygret, on bnc^e^structuro 
(1854), 1109 — ^12, (sted, 1^ ie), ^ 
p 368, ftn 

Columns, best form oi, 

Clausen, 476 — ^ , str^egfh of wooden, 
880 (a ) , cast-iron, tables and carves for 
strength o^ 880 (c), do not obey eardi- 
nary elastic theory, 1117 (v), Ho^m- 
son’s later formulae for strmgth of, 973 
(cf 469, f ' “0 (1i I ri('» b 

of those ^ * 1 ^ 1 1 « ii 

ends, 974 (a), loss of relative strength 
due to removal of external crnsti 974 
(c) , strength of square triangular 
and circular cross sections, 974 (d) , 
on strength of long columns, 9^, 
empmcal formulae for steel ciflunms, 
rounded and bedded ends, 978 , ditto 
for wrought iron columns, 978 see 
also Struts 

Combes, report on Philhps’ memoir on 
spnngs, 482 

Combination of 8ti ains see Strain, Com- 
bined 

Compatibility, of given system of strains 
conditions for, 112, 190 (c), laroved 
by Boussmesq, 112, 1420, by Eurch 
hoff, 1279 

Compression, difficulty of expenments to 
determine squeeze modulus, mfluence 
of buckhng in long and friction m 
short specimens, 793 
Condenser, sphencal glass, strain pro 
duoed by charge, 1318 
Conductivity electric, of iron and copper 
how alteied by strain, 1647 rendered 
aeolotropic by aeolotropic stress, 1740 
Gone, very shai-p, vibrations notes and 
fail pomt of, 1306 — 7 , truncated, im 
pact longitudinal on 223 duration of 
blow, maximum strain, etc 1542 — 4 
Conjugate 1^ unctions, m toision problem 
285 1460 1710, used to solve uni 
planar equations of plasticity 1562 — 7, 
to solve those of pulverulence 1566 
1570 

Connecting Rod, stiess pioduced by vi 
biations in o83 by variations of pies 
sure, 681—2 

Conseivatxve systems oj ioice, 1709 («), 
1716 {d) 

Constants, Elastic, equality ot cross 
stietch and direct slide on lari con 
stant hypothesis 73 contro\eisy a 
bout, 68 192 193, 196, 197, 276, 301 
bi constancy of iron and brass wire, 
727 bi constancy mvestigated by 
sti etching hollow pi isms, 802 1201 
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iJ>)^ Wertheim’s views on nm-con 
stancy, 819 , mnlti or ran constancy 
ol < 5 rystals, 1212, 1636, methods of 
♦mvestigatmg In constancy, 1201 (a)— 
no crucial test of Ik constancy 
tones and nodal times of circular 
plates, 1242—3, nor from experiments 
on wires, 1271, 1273, nor from action 
of cork, mdia rubber and jelly, 192 (6), 
616, 1326, 1749, Kirchhoff’s expen 
ments on steel and brass, 1271 — B, 
reference to other experiments, 1201 
(e), the 21 constant model 1636, 
1771—3, Sir Wilham Thomson on 
constant controversy, 1686 — 7, 1709 
(e), 1749, 1770, 21 constant model 
as argument for multi constancy, 1771 
— ^2, l^ds no further than hypothesis 
of modified action, 1773 , remarks on 
constants of amorphic bodies and on 
bi-oonstant isotropy, 1799, smgle as 
semblage of Boscovichian atoms leads 
to ran constancy, 1802 , double assem 
blage to either um or bi constancy, 
1803 — 5, but certain difficulties remam 
to be cleared up, 1803, 1805 , views of 
Bnlloum and Boussinesq, 1464, F 
Neumann’s 86 constant medium 
1202, 1216, 1218, relations between 
constants required for elastic theory 
of double refraction, 1214 — 5 (but see 
Refraction, Double) the Lament of the 
21 coefficients 1781 (c) see also Inter 
molecular Action, Sti eteh Squeeze Ra 
tio, Ran constancy, Multi constancy 
Coefficients, Elastic 

Continuous Beams, Bresse s work on, 
532, 535 increase of strength by 
buildmg m terminals, 574 — 7, Dorna 
supposes beam ngid and only supports 
elastic, 599 — 602, Clapeyron’s Theo 
rem of the Three Moments 603, 607, 
893 , bcheffler s treatment, 653 special 
cases of, 890 , general case and special 
treatment of five spans, 946 two 
spans mid support not on same level 
as terminals 947 thiee spans, com 
plete numerical treatment, 948, foui 
spans, complete numencal treatment, 
949, geneial theory of 949, Clebschs 
treatment uniformly loaded, equi 
spanned 1386 (c) Thomson and 
Tait’s treatment, 1696 

Conti actile ! the) theory of 1787 — 8 

Coppe), theimal effect of stretching 689 
692 theimal effect ol compression 
695 , thermo elastic propeities of 752 
7o4, 756 , after stiain and tempeia 
ture, 7o6 , ratio of kmetic and static 
dilatation and stretch moduli 1751 


thermal effect on stretch modulus, 752, 
on shde modulus, 690, 754, 1753 (6) , 
effect of tort on slide and stretch 
moduli, 1755, no magnetic influence 
on stram of wire observed, 688 effect 
of ^eotric current on absolute strength 
of wire, 1187 , effect of strain on 
thermo electric properties, 1642 — 6 
electric conductivity altered by stretch, 
1647 , shde , stretch- and dilatation 
moduU of, 1817 , stretch modulus of, 
743, by transverse vibrations, 771, how 
related to density, (i) p 631 , tensile 
strength of, 1166, (i) p 707, ftn , hard 
ness of, (i) p 592, ftn , (i) p 707, ftn , 
836 (6) , ductihty, etc , (i) p 707, ftn , 
nature of rupture, 1667 , rotating wheel 
of, used to cut glass, 1538, ftn , stays 
for boilers, strength of, 908 
Cord see Stnng 

Core, introduced by Bresse, 615, 633, 
discussed by Bankine and applied to 
structures, 465 (e) 

Conolis, on longitudinal impact of bars, 
204 

Coik, 1749 

CornehuSt C S , on the constitution of 
matter (1856), 868 

Cornu, his experiments on the stretch 
squeeze ratio and the value of elastic 
constants referred to, 236, 269, 282, 
284, 1201 (e) 

Coi oviilob, experiments on stretch moduU 
of gypsum and mica, 1210 
Corundrum cut by quartz sand, 1538, ftn 
Coulomb, comparison of Saint Venaut s 
and his torsion results, 19 , cited, 800 , 
on his theory of the thrust of a pulve 
rulent mass, 1609, 1620, 1623 
Cox, Home} sham on impact, 165 his 
method of dealing with impact con 
sidered by Saint Venant, 201 , his hy 
pothesiB for the tiansverse impact of 
bars, 344, 366 368 — 371 his hypo 
thesis demonstrated geneially by Bous 
sinesq, 1450 — 5 on the mass coefii 
cient of resilience 1550, ftn , on 
trussed cast iron giideis, 1015 
Ctaig, W Cr , on mdia rubber railway 
springs, 969 (6) 

Ciane, wrought iron tubular 009, 960 
Crank stress in, 681 
Ciesy, on punching, 1104 
Ciosb sections of bars remain plane 
difficulty of supposition, in pioblems 
of impact 414 in treatment of lods, 
1687, 1691 

C) ashing, defined 466 (a), of cast iron 
1100 see Strength Crushing, lion 
Stone etc 
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Crystalline Axes^ differ for each physical 
property see Axes 

Crystalline Form^ how related to elas 
ticity, 791, 1066 

Crystalline State, of iron, 861, 970, 1185, 
produced by vibrations, 1189, bin 
dered by impurities, 1189 

Crystalline Structure, produced m pow 
ders and soft sohds by stress, 864, 
produced accordmg to Mallet by pas 
sage of heat through body, 1056, is 
the cause of difference between iron 
and steel, how changed by tempermg 
and annealmg, (i) p 736, ftn , pro 
bably that of most isotropic bo&es, 
but macled, 1799 

Crystallisation, Confused, 115, 192 (d) 
Cauchy’s hypothesis as to, 192 (d). 
Sir W Thomson on, 1799 

Crystals, problem of their classification 
by elastic constants, 451, of monoclmo 
hedrie system, relationship of their 
various physical axes, optic, acoustic, 
thermal, diamagnetic, electric and of 

hardness (Angstrom’s experiments on 
gypsum and felspar), 683 — 7, 1218—9 
and ftns , directions of various physi 
cal axes do not comcide with those of 
elasticity, or with each other, 684, 

686 Angstrom holds that elastic axes 
of this system of crystals are not rect 
angular, 687 , optical axes do not m 
regular crystal coincide with elastic 
but change with pressure 788 with 
temperature 1218 ftn , 1229 {d) 

Effect of pressure in altering double 
lefractive power of rocksalt fluorspai 
and alum 789 why they exhibit no 
rotatoiy power in magnetic held 698 
(iv) hardness of how related to planes 
of cleavage 8:19 — 40 , how shape of 
IS influenced by change of temperatuie 
1197, 1211 stitsH strain relations foi 
vaiious t;)pes of 120^ 16'39 effect of 
uniform pleasure on legular and rhom 
bohcdral ciystals 120) stietchmodu 
lus of iigular in any dmetion 1206 
— 7 stieteh sipuc/e ratio of legular 
1208 alUiatioii of angles between 
faces ol Kgulai, diu to tiaction, 1209 
stietch modulus loi ihombohtdial 
ciystals 1210 ch inge of facial angles 
of ihombohcdi il due to siuface pus 
suu 1211 1 elation to thciinal effect 
1211 clastic constants of locksalt 
fluoispai etc 1212 distinction hi 
tween ciystallograpliic clastic and 
optical ciystals 1212 ftn 121>,Nen 
inann s theoi} of change of optical 


axes with temp 0 :ature and preasore, 
1220, Six W Thomson on of 
crystals 1637, on regular ezyslals, 
1639, 1780, on principal of, 

1762 artificial twinning of, 1800 
ftn 

Cubitt, J , experiments on ol 

Warren girders, 1012 
Curvature, geometneal,<^rods discussed, 
1669, of surfaces, antidastae and 
clastic, 1671 

Curvilinear Coordinates, expresEuen ioa: 
Laplacian V^m termsof, (i)p 374,ffeL , 
um constant equations of elastunty m 
terms of, 673 

Cyloid aeolotropy, Rankme on, 450 (v) , 
Sir W Thomson on, 1775 
Cylinder, solid, nnder combmed torsum 
and flexure, 1280 

Cylinder hollow subjected to surface 
pressures, when its material has ej 
Imdneal elastic distribution, 120, 
conditions for longitudinal or lat^sal 
failure, 122 , when elastic distribution 
IS elhpsoidal, 122 , subjected to inter 
nal pressure rupture first on inmdft 
1055, 1082 , burstmg of, rmdmr external 
and internal pressure, 858 — 60 of 
steam engines, formulae for strengtii 
of, 900 , when unequally heated, 962, 
646, resistance to hydrostatic pressure, 
experiments on 1038 (c) , rupture of 
cylmdrical belts, 1044 , five erroneous 
formulae for resistance of to internal 
pressure, 1069 a sixth, 1080 
Cylindrical Coordinates equations of 
elasticity in terms of (i) p 79 ftn 
Cylindrical ^hell Love and Basset on 
1296 hts 

Daglish, J , on strength of wire ropes 
and cables 1136 

Dahhmnn B on absolute strength of 
certain kinds of iron and steel 1122 
DAlembe}t on staticallj indeterminate 
leactions (i) p 411 ftn 
Dalton elastic properties of non and 
steel due to nature of ci^stallisation 
(i) p 736 ftn 

Dm ter and CoUadon on rotating iron 
disc attacking steel chalcedony and 
quartz 836 {h) lo38 ftn 
Dm win, G H on elasticity of solid 
earth ob7 570 1719 — 2d on the 
stresses m the interior of the earth 
caused by the weight of continents and 
mountains (1882) 1720 on the 

dynamical theor} of tides of long 
peiiod (188b) 172b on the horizontal 
thrust of sand (1883) 1609 Boussi 
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on his expenments, 1609’ — 11, 

%m 

X>mu$, on beam of strongest eross 
seofeon, 951, 1028, on wrought and 
oa^ nron beams, 1023 
Zte Clercqt on the distorted form of the 
krp.<vi^g bars of lattice girders, 1026 
JHconbU, expenments on the rupture of 
cast-iron ]&ams, 1024 
J>iha) one, on galvani-'Htion of iron wire 
for suapension bndgt^-, 1096 
Jhlanges, on "TaticftlU indeterminate 
reactions, (i) p 411, ftn 

confirms experimentally Philhps’ 
ti^ory of springs, 596 
Dewsity, how related to elasticity, 791 , 
to stretch-modulus, 741 (a), 769 (e), 
772 , to hardness, 1043 , to tenacity, 
891 (a), 1039 (a), 1047 (a), 1050 , how 
it mftuenees ratio of transverse to 
absolute strength in cast iron, 1086 , 
decreasedby wire-drawmg,oold rolhng, 
etc , 1149 , mdieates ‘ guahty ’ of iron 
but not of steel 1149 , how affected 
by head and bulk of casting, (i) p 707, 
ftn , produced in bodies by enormous 
compressive forces, 1166 
DesplaceSf on bridge structure, 1109—12 , 
cited, 169 (e)i (i) p 368, ftn 
D^EstocquoUi on molecular attraction m 
iKjmds, 863 

Diamagnetism see Magnetism 
Diarrumdf and graphite, relation of den 
sities and elasticities 791 and ftn , 
squeeze modulus of, 797 (/) , hardness 
of vanes with direction, 836 (d) and {e) 
Dielectiie Polamatimf stram due to, 
considered by Kirchhoff, 1313 — ^21, es 
pecially, 1318 

Dienger, his contnbution to theory of 
elasticity (1854) 549 
Dietzel, on elasticity of vulcanised 
caoutchouc, etc , 1161 
Diffraction Boussmesq on 1477 
Discontinuity remarks on, in mathe 
matical and physical problems loll 
Dispersion, Cauchy’s theory of, i ejected 
by Dienger, 549 is not sensible in 
aitificial double refi action, 796 ot 
the optic axes 1218 and ftn , 1229 (d) , 
m uncrystalline media references to 
theory of F Neumann, of Cauchy 
and of 0 Brien, 1221 Boussmesq on, 
1465, 1481 m metallic leflection, 
1782 (h) 

Dissipatne I unction 1743 — 4 and ftn 
Donkin his equation for transverse 
\ibrations ot lods iiioie general than 
Seebeck s 471 rais cites Seebeck, 
472 


Doolittle, I , on Barnes’ discovery as to 
iron cutting steel, 836 (A) 

Doma, A , on statically indeterminate 
reactions, 599 — 602 
Double Befraction see Befraction, 
Double 

Doyne, criticises Hodgkinson’s beam of 
strongest eross section, 1016, 1119 
Drum head, irregularly stretched, equa 
tion for vibrations of, 1300 (c) 

Ductile, defined, 466 (vi), 1742 (c ) , 
coefficient of ductihty= after stram 
coefficient, 739 see also Plasticity 
Dufmr, L , on changes m absolute 
strength of wires produced by long 
continued transit of electric currents, 
1187 

Duhamel, his priority as to thermo 
elastic equations, 1196 
Duleau, his expenments on bars of 
circular and square cross section, 31, 
191 

Dimn, T , on cham cable and timber 
testmg machines (1857), 1154 
Duportail A C Benoit , theory of rail 
way axles (1856), 957 — 9 
Dupmt, on thrust on points of support 
of beam under flexure, 940 

Earth, Figure of, Lamp’s and Resal s 
mvestigations, 661 — 70, elastic equi 
hbrium of spherical crust of a planet 
spmnmg about a diameter, under 
action of mutual gravitation of parts 
and with external and internal pres 
sures (ResaVs Pwblem) 5Q2, shifts 
and stresses due to pressures and 
gravity, application to case of eaith 
563—7, shifts due to spin, 568 — 70 
times of oscillation of gravitating 
liquid sphere of density and size ot 
earth and of steel globe ot size ot 
earth under ellipsoidal deformation 
1659 

Farth, Rigidity of solid elastic 166 -J 
value of eUipticity 1664 eaith cannot 
be thin shell enclosing liquid mass 
1664, 1738 — 9 , effect of elastic yielding 
on precession and nutation, 1665 ii 
legularity ot eaith as time keepei 
1665 does it yield to solid tides 1719 
1738 — 9 force function due to mutual 
giavitation, oentiitugal acceleration 
and attractions of sun and moon, 
1721, shifts due to mutual gravita 
tion 1722 sliitts due to spin and 
tide raising influences 1722 unless 
eaith be incompiessible strain at 
surface would be immense 1723, 
difficulties of inoompiessibility of 
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earth, 1723, of its isotropy, 1723 (i), 
of Thomson's and Darwin’s investi 
gation, 1723 (i), ellipticity dne to 
tidal action, 1723 (m), parts due to 
ngidity and to gravitation, 1724 (a)— 
(c), numerical values for steel and 
glass globes ot size of earth, 1724 (d) , 
effect of solid earth tide on su]^r 
ficial water tide, 1725 , attempt to 
determme effect by tidal observations, 
1725 — 6, improbabihty of evaluatmg 
effective ngidity of earth from tidal 
data, 1726 (4°) 

Earthf Stability of loose, L 6 vy, Saint 
Venant, Boussmesq. and Eankme on, 
242, Eankme’s treatment of, 453, 
Holtzmann’s, 682 ( 6 ), Boussmesq’s, 
1570 — 1626 see for full references 
Pulverulence 

Earth, Talus, slope of natural, tables 
for various kmds of, 1588 
Earthenwaie pipes, strength of, 1171, 
empirical formula for, 1172 
Ease, State of, 4 ( 7 ), 5 (a), 164, 709—10, 
749, 767, for cast iron, 896, 1084 
see also Elastic Limits 
Easton and Amos, their experiment re 
ferred to, 164 
Ecrouts^iage, defined, 169 (b) 

Edge, of elastic sohd, if re entering 
ought to be rounded off to prevent 
weakness, 1711 

Elastic Cm-ve of Bernoulli, forms of, 
traced by Thomson and Tait and by 
Saalschutz, 1694 and ttn 
Elastic Equivaleiue of statically equi 
pollent loads see Loads 
] I istic Life of materials, Kupffei’s 
scheme for investigating, 731 undei 
slowly increasing load, 1144 
Elastic Limits, distinction between 
physical and mathematical, 1742 (a) 
how aftected by id le 

veisal ot load 767 

Morin s erroneous views on 878 m 
(astium, 895—6 1084 m steel 

1144, 111 wood 1157, Clebsch on 
1321) discussion ot by Ilioiiibon and 
lait doubtful absuiiiptioii that a solid 
liovvs 01 luptuitfa when elastic limit is 
leached 1720 Su W Tliomson on 
1742 (/>) limits to sliding stiain dis 
(usstd 1742 (d) set also i ast? 
of Lad Point Stiiss stuun Relation 
hneaiity ot, ttc 

L hi'^tii I UK wlu 11 ticxuie is not binall, 
172, eleiiiLutaiy proot ot equitions 
to due to Poncelet 188 at built m 
ends ot beam or cantikvei has abiupt 
change ot slope 188 foi mitially 


straight lamina, 1694, f<» of 
double curvature, 291 see Mods, 
Wires, Beams, etc. 

Elastic Mod/uh see Modsdz 
Elastic Solid, prol^dile mc^et^ilar stroo- 
ture of, 1799 , vvheai to 

types of surface load or of boctf lo®ee 
see Solid, Elastic 

Elasticity, as a mode of mofemi, gyro- 
static theory, 1784—6 , modem theory 
of, originate according to F Neamaztn 
and others m the mabihty of hy^x)*' 
dynamical equations to exjfiMn Fres- 
nel’s new tiieory of h^t, 1193, 
Eankine’s distinction between fiind 
and sohd elasticity, mvahd as deduced 
by him, 423 — 4, 1448, diort history 
of, by Samt Venant, 162, 

howinfinenoedby workn:^,7S2, 
oast, rolled and forg^ bodies, effects of 
working on dastic hom<^eaeity, 113 , 
its dependence on density, obemical 
constitution and crystalline form, 791 , 
httle mfiuenced by set, 1(^ 
FUi8ticity,perfect, defimtion of,1709(&), 
1742 (a) , hnear as distinguished frmn 
perfect, ( 1 ) p 9, ftn , limit of linear, 
164, relation to temperature, 1709 (b), 
1742 (a) is not identical with range 
of Hooke’s Law, 1742 (a) 

Elasticity, ixes of see Axes 
Elasticity, Character of, (distnbution of 
homogeneity) symmetrical about three 
planes, 117 (a), isotropic m tangent 
plane to surface of distribution, 117 
(b), for amorphic body, 117 (c) for 
ran constant amorphic body 117 (d) 
ellipsoidal distnbution, 117 (c) see 
also Ellipsoidal Dutnbution 
Elasticity Distribution of round any 
point ot a ssolid 126, 127 et seg , 135 
symbolical method of treating 198(e), 
Kankine on 443 — 52 
Elasticity General Equations of ha\e 
unique solution, 6 10 198 {b) 1198, 
(proof toi crystal’) 1199, 1240 125o 
(if equilibiium stable) 1278 1331 
1661 — 2, tonn of, deduced, from 
moleculai consideiations, 228, on 
laii constant lines from moleculai 
potential, 6b7 — 72 1196 by Navier s 
method 1195 by Poisson s and 
Cauchy s methods 119o deduced from 
stiam eneigy by principle of \irtual 
moments 1245 discussed h} Thomson 
and Tait, 1709 in cuiMlmeai co 
ordinates, 118 673 in cylindrical 
cooidmates ( 1 ) p 79 ftn m spherical 
coordinate'^ ( 1 ) p 79, ftn expressed 
symbolically 134, solutions of b\ 



Baakine, 442, by Popoff m oylindrioal 
eooxdmatda, 511 — 2, in uniplanar 
polar coordinates, 1711, 1717 (n), by 
Tbomson and Tait, 1715—6, in po 
totial forms, 1628—30, method of 
removing body forces from, 1653, 
1716 

Blastieity, Generalised Equations of, 
^th initial stress, with large shifts, 
190 (a) — (c) , mvolvmg mitial state of 
^scam, 237 , on ran constant hnes, 
retaining shift fluxions of high orders, 
234, of fourth order, 549 , when strain 
IS not small, 0 Neumann, 670, 1249, 
Sir W Thomson, 671, 1661, 1249 , 
when strain depends on speed of 
^training motion, 1709 {a ) , when shift 
K large, obscure treatment of Kirch 
hoff, 1244—8, when squares and pro 
duets of shift-fluxions are not negli 
gible, 234, 1443—6 

Elasticity, General Theory of Samt 
Tenant, 4, 72, 190, 224, P Neumann, 
1194, Kirchhoff, 1277—9, Clebsch, 
1326, Sir W Thomson, 1661, 1709, 
1756—65, 1767 

Elasticity, Principal, defined, 1761, 
SIX values for aeolotropic sohd, 1761 , 
values for cubical aeolotropy, isotropy, 
etc , 1762 

Elastico lemetic Analogy, 1267, 1270 
1283 (5) and (c), 1364, 1694 

Electric Current, influence if long con 
tmued on absolute strength of wires, 
1187 , how affected by torsion of con 
ductmg wire or tube, 1740 

Electricity, distribution of, on disc, etc , 
1510 (c) elastic analogue to, 1630 
Sir "W Thomson on relation to ether 
and ponderable matter, 1815 — 6 

Ellipsoid of optical elasticity 1218 
and ftn , 1483 Cauchy’s, 226, 1194 
Lam6s, 1194, in tangential coordi 
nates, 1326 Olebsch’s tieatment of, 
1348 {g) 

Ellipsoidal Conditions, 198(e), in terms 
of thlipsmomic coefficients, 311 sup 
posed by Eankine to hold for all 
homogeneous substances, 430 hold 
foi mitiallj stressed isotropic bodies, 
1470 1474 \ibiations in medium 
obeying 1559 annul weblike aeolo 
tiopj 1776 (c) adopted for drawn oi 
lolled metals stone etc 283 (8) 
for amorphic bodies 117 (t) 230 
application of potential of second kind 
to elastic equations when these con 
ditions hold 140, 23o reduce tasi 
nomic quaitic to ellipsoid 139 hold 
for RTTiorphie solids for forged drawn 


or rolled materials, 142 , proof of this 
on ran constant lines, 143 , identical 
with Cauchy Samt-Venant conditions 
for double refraction, 149 , applied to 
wood, 152, but do not hold, 308 (6), 
stram energy under, 163 
Ellipsoidal Harmonics, properties of 
proved by Painvm, ^4 
Ellipsoidal Shell, vibrations of, 544 — 8, 
cannot be entirely dilatational, 548, 
burstmg of glass globes in form of, 
857 

Ellis, W M , experiments on strength 
of vanous metals (1860), 1166 
Emerson's Paradox, 174 
Energy, Conservation of, assumptions 
made m usual proofs of, 303 , mtnnsic 
of body, defined, 1631 potential, of 
strained sohd see ^ nun Entii g 
Enervation, defined, Iby [b) , 175 
Equations of Elasticity Bee Elasticity, 
General Equations of 
Erdmann, 0 L , on molecular state of 
tin as affected by vibrations, 862 
Ether, Luminiferous, number of its elas 
tic constants, 145 — 9, 452, 1214 , 
elastic jelly theory of, 1213 — 21 , 
Cauchy, F and 0 Neumann, Lam6 
and others on, 1214 — 6, 1274, under 
pressure, 1215 fixed at an infinite 
distance, 1215 , initial stresses in ether 
of crystal, 1216 — 7, MacCullagh’s 
views on, 1274 Kirchhoff s views 
on, 1274, 1301 , Clebsch really makes 
rariconstant 1391, fixed at surface of 
totally reflecting body by Clebsch, 
1393 , treated as an initially stressed 
isotropic solid by Boussinesq 1467 — 
74, Sir W Thomson’s views on 
(1884), 1766 illustrated by cobbler’s 
wax and glycerine, 1766 and ftn 
1781 (6) difficulty as to transit of 
molecules tliiough 1781 (5) hypo 
thesis of aeolotropy of density of in 
crystals 17H1 contractile used by 
Sir W Thomson and Gla/ebrook to 
explain reflection refraction, double 
lefraction dispersion etc 1787—8 
gyrostatic models of 1806 — 7 1816 
equations of motion of ideal 1811 
compared with those of stressed jelly 
1800 — 12 lelation to electricity and 
ponderable mattci 1815 — 6 
hitler on problem ot plate 1(>7 on 
statically indeterimnate reactions (i) 
p 411 ftn , bis formula for transvei se 
\ibiations ot loaded bar, 750 {o) bis 
formula foi buckling load of stints 
974 (5) and (d) 077 070 
fvthgtatic Axes 446 taken by Kan 
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kme as basis for classifying crystals, 
451 

Everetty ius experiments on strefech 
squeeze ratio referred to, 1201 (e) 

Ewingy on coefficient of induced mag 
netisation cited, 1314 , on relation of 
strain and magnetisation cited, 1321, 
1729, 1731, 1735—7 

ExpamthiUtfy Coefficient ofy by heat, 
for brass, 730, 823 

Extinetivityy 1782 

Extraneous Forces see Stress, Initial 

Fabian, C , on extensibility of alumi 
mum, 1163 

Fabre, concludes from experiment that 
central line of a beam under flexure is 
really stretched, 941 

Factory Chimneys, stability of, 463 

Fagnoli, G erroneous treatment of 
problem of body resting on more than 
three points, 509 

Fail Limit see also Fail Point, general 
equation for, 5 {d) — (e) , experimental 
determination of relation between 
shearing and tractive, 185 , m case 
of combined stram, 183 , modified for 
mula for, 321 (c) 

FaibPoint^ (Poncelet’fa point dangei eux) 

6 (e) , in case of torsion it hes near 
est to axis of prism, 23, relation to 
held Point, 169 (^f) tor flexuie, 173, 
177 (a) not necessary at point of great 
est stress, C et A p 9 (&) and (6) 
of feathered axis, 177 (c) , for torsion, 
181 (e) for a cantilever 321 (d) , of 
uniformly loaded beam, C et A p 12 

Failure to be measured by stram rathei 
than by stiesb 1327, 1348 ({/) — (7i) 

1 iSb (b) difficulties of maximum stiess 
difference adopted as limit by Thomson 
and Tait and by Darwin 1720, on 
maximum stre tch limit to safety 
1742 [b) 

I ail hail n Sn on collapse of globes 
and cylindeiH and strength of glass 
(1859) 853— bO, on useful metals 

(1857), 891 his Useful Infoimation 
toi Engineers (1855 — bO) 906 — 10 
oil tubular cranes 9b0 on apphcation 
of iron to building puiposes (1854) 
911 {a ) , on iron ship building (1865) 
911 (1)) on collapse of tubes and flues 
(1858) 980—5 on repeated loadings 
ot a platt glider (1860), 1035 on effect 
of repeated meltings on cast iron 
(1852) 1097—1100 on tensile strength 
of wi ought non at vaiious tempera 
tiiKS (185b) 111 ) on densities pio 
diiced by enoimous compiessive forces 
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(1854), 1155,. on solidification of 
bodies under pressure (1854), 1156, 
on strength of mixtures of oast-ircin 
and nickel (1858), 1165 on sfeengfhL, 
rupture surfeee, etc. of stone (1866), 
1182, on punching resst^nee, 1104 
his expenmeute on of 

plates rejected by Mallet, 1066, dealt 
with by Morm 879 (c^, by Lcmr 
902 on effect of repeated melkngB on 
cast iron by Hawkes, 1101 
Fatigue of Metals, 169 (g), 970, Six W 
Thomson’s sense of term, 1748 
Felspcvr, axes of, optic, acoustic, &armal, 
diamagnetic and dectnc 6^, hard 
ness of, 686, 840 

Films translucency of thm metallic 
Sir W Thomson’s discussion of, 
1782 (c) 

Fmh, on mcreased resistance oi wooden 
beams to flexure when subjected to 
traction 918, on formulae for the 
flexure of bribes, 1(^6 
Finley J , builds first suspension bsndge 
(1796), (i) p 622, ftn 
Fire Box strength of, 908 
Flamant, pupil of Samt Tenant, 416, 
translates Clebsch with Samt-Venant, 
298 writes memoir on longitudinal 
impact with Samt-Yenant, 401, on 
absolute strength, (i) p 117 ftn , is 
sues posthumous memoir of Saint 
Tenant, 410 — 4 pubhshes with Bous 
sinesq a notice of Saint Venant 416 , 
gives an account of Phillips on sprmgs, 
608 throws Rankine’s researches on 
loose earth into geometrical form 
1571, his discussion of pulverulence, 
1571 his application of Boussinesq s 
theoiy of pulverulence 1606 his ap 
proximate formulae for that theoiy 
1611 his numerical tables for thrust 
of pulverulent masses 1625 his re 
sume of Boussinesq s theoiy 1610 
Flaios Ritter s eri 01 as to 91b (5) Lar 
moi on 1348 ( f ) case of rotten core 
in torsion 1348 ( t) 1430 
Ilexuie list of authors dealing with 
subject befoie Saint Venant 70 his 
toiy of pioblem 31o 

Samt Venant b tieatment some 
lesults toi gi\en in Toibion Memou 
12 when load plane is not one of 
uieitial symmetiy of cioss sections of 
pi ism 14 lor prisms ot lectangulai and 
elliptic CIOSS sections 14 di toition 
of cross sections lo of pi isms Saint 
Venant s chief memoir on published 
09 stiength of beams undei skew b 
171 (a) Beinoulli Euleiian toimnlae 

33 
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for^ 71, 80, Poasson and Oanehy, 
< 63 Broneous theory of, 75 , g^eral eqna 
feons of, Samt Tenant^s assumptions, 
77^79, 190 (d) , integration of general 
epations, 82 — 4 , errors of Bernoulli 
Eulenan theory , 80, 170, 1349, limited 
nature of load system admitted by 
Samt-Venant, 80 — 81, form of dis 
torted cross sections, 84, 92 and 
frontispiece to Part (i) , total deflec 
tion, A treatment of special cases, 
85 , cross-secfaon an ellipse, 87 90 (i) 
a circle, 87, 90 (u) a false ellipse, 60, 
88 a rectangle, 62, 93—6 , deflection 
'Vfhen sbde is taken mto account 96 , 
distortion of cross section, 97, of prism 
mSismy^oss section, 98, comparison 
nf Samt-Yaiant’s and the ordinary 
^eory of flexure, 91 , elementary proof 
formulae 99 load not in plane of 
martial symmetry of cross section, 171, 
position of neutral Ime and ‘devia 
tion,* 171 , elastic line, when flexure 
not small, 172 , rupture by, and fail 
point m case of, 173 , of beam of great 
est strength, 177 (5), when stretch and 
squeeze-moduh are unequal, theory of 
rupture, 178, elementary discussion 
of, 179, combined with torsion 180, 
183, for circular section 1280, for 
elliptic section, 1283 approximate 
methods for flexural slide, 183 (a), 
producmg plasticity, 256 

Olebscb's treatment 1332 — 47, he 
criticises BernouUi-Eulenan theory, 
1349 Monn’s superficial treatment, 
881 (a) — (6) Eoffiaen’s treatment of, 
925, 1090, unpublished memoir on, 
by Wertheim, 820, Kupffer’s first me 
moir on, 747 his doubtful formulae 
m ease of loaded rod 759 (e), oiiticised 
and corrected, 760—2 

‘Circular’ flexure, dealt with by 
Saint Venant 11, 170, by Thomson 
and Tait, 1712, flexure ot rods or 
nbs with cuived but plane cential 
line by couples 677—9, initial form 
of bar which will become straight 
under flexure, 919 , resilience of 611 
rupture under Saint Venant’s theory 
(178) applied to cast iron, 1053 rup 
tuie of cast iron girders, 1031, flexure 
ot giideis under not accurately tians 
verse loading 1036 , experimental de 
termination ot stretch modulus by 
728 — 9 1289 — 90 wooden bais under 
flexuie have inci eased strength if sub 
jected to traction 918, effect of re 
peated flexuial loading on bars 992 
on lailwaj axles Oms 1000 -3 on 


girders, 1035 , stress strain diagram 
for flexural loading, 1084 
Flexural Rtgidity, C et A p 8, 168 
and ftn , determined for plate c 
isotropic material, 1713 
Flexural Set see Bent 
Florijnondi on brittleness produced i 
brass by sudden changes of atmc 
spheric temperature, 1188 
Flow, of ductile sohd, 233, 1667 se 
Plasticity 

Flue, elliptic dealt -with by Bresse, 53 
by J5daoalpine 538, by Winkle 
642—5 , formulae for collapse of boile 
flue, 980 — 5 , empirical formulae bas< 
on Fairbaim’s experiments and di 
to Grashof and Love, 986—7 , strong 
of, deduced from ring, 1554 — 5 « 
also Tubes 

Fluid, nature of stress m, 682 (a 
elastic analogue to the stretohini? 
1709, ftn ^ 

Fluid Action, as factor of intermoleeu] 
force, 424, 429, 431, 1448 
Fluidity, hypotheses as to, 1464 , co 
ficxent of, with Rankine 42 

with Kupffer = after strain or v 
cosity constant, 734, 738—9, 748— 
Fluor Syar, double refractive poT 
under compression, 789 (6) , haidn 
of, 836 (d), 839, elastic constants 1 
1212 

Fly wheel, danger of certain speeds i 
359 and ftn , stress due to spin 
646, influence of spokes, 647 
theory, 684 — 8 

ioihes, G , on rupture of glaciers, 16 
as poet 1781 (c) 

Force, analysis of, as applied to elas 
medium, isonhopic and ibopune 
axes for 455—7 removal of be 
force from elastic equations, 1( 

1716 Saint Venant on, 294 B< 
sinesq on 1403 

J< 01 Live cncnital defined, 1810 dis 
sionot in jellies 1813—4 
Foigimjb much weaker when large t 
oiiginal iron 1128 
houriei, on waves ot tiansverse vibra 
m infinite plate 14()2, in infinite 
1534 

Fowke expel iments on strength 
and elasticity ot various woods ( 

—67) 1158—9 

iiacture nature of classified by 
kine 466 (a) ot hard and soft b( 
by Torsion 810 16()7 ot cai 
under internal piessme 810 1 
in brittle and m viscous solids 
1720 genual leniaiks on 172' 
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e^st iron copper, zinc, tm and alloys, 

(i) p 707, ftn , 1099, 1100, wholher 
* orybtalline ’ or ‘fibrous* and bow 
such may be produced, 1143 , effect of 
concentration and distribution of 
stress m determinmg nature of 
fracture, 1143 see also Muptme, 
Stonet Iron Cast etc 

Framework^ M 6 nabr^a*s prmciple of 
mmimum work of elastic stresses, 
004 — 6^ Bitter’s method, 915 (5), 
supernumerary bars, smgle node load 
ed and attached to any number of 
fixed pomts 1387 , case of nodes in 
bars themselves, 1388 , isosceles truss 
with vertical strut, 13^, experiments 
of Morm to test stresses m, given by 
theory, 881 (c) , wooden, C et A p 6 , 
925, 1022 see also Girders, lattice, 
etc 

Frankenhewi, among first to give valu 
able results for hardness (1829), 836 

Franz, R , on the hardness of minerals 
and a new process of measurmg it 
(1850), 837—40 

Fresnel on artificial double refraction 
793 (ill) , his researches on hght con 
sidered by F Neumann to be starting 
point of modem elastic theory, 1193 
Cauchy Saint Venant conditions for 
his wave surface 148 -9 his laws 
of double refraction deduced by F 
and 0 Neumann and by Lam4 from 
elastic jelly theory of the ether, 1214 
—6 , his laws deduced by Boussinesq, 
(1st theory) 1472—4 (2nd theoiy) 
1476, (Srd theory) 1481, 1483 , by Sir 
W Thomson trom cyboid aeolotropy 
177o his laws do not follow from 
hypothesis of aeolotropy of density 
1781 (^/) deduced by bn W Thomson 
horn theory of initial sti esses 1789 — 
96 see also lit Juiction, Double 
IriLtwn, Jluul equations foi given by 
Poisson (lH-31) Saint Ycnant (1843), 
and Stol es (1815) 1744 
Inution mtcniaf oj palvuiiUnt uuibh 
1587, slope of natuial talus loi various 
sands and caiths 1588 in sand 
1609 see also PalvLniluuL 
lUKtiou oj sohds 1744 see also ^ ts 

CObltlJ 

Irutiou lolliiK} explained on theoiy of 
elasticity 156 

liiohUi his views as to rays refeiied to 
by Kiichholi 1311 

hiobt influence on absolute stiength of 
non 697 {() 1148 

liiihs on ciystallinc foims of diveise 


kmds of iron and steel, (i) p *1^ 
ftn 

Fumuen, on atahcal]^ nfideteErminate 
reactions, (i) p 411, ftn 
Fusion, its mfiuence on hardness, 1942 

Galopm, on double r^raotmn, 1$4 
Galvanisation its infiuenco on stnes^ih 
and ductihty of iron wire, 
not increase strength of certain iron 
plates, 1145 (m) 

Gaudet, on steel, W! 

Gauss, his theorem as to mextenss^b 
surface proved by Bou^nesq, 1461 
Gay Lussac, on magnetisation produced 
by vibration, 811 

Gehnng, on aaolotropic plates (1860), 
1411-^ , compaaison of his resoEuieheB 
with Kirehhoff’s, 1292-^ mted by 
Olebseb, 1375, 1412^ 

Gem, test^ by hardne^ 836 {<?) 

General Equations of Elasticity see 
Elasticity, General Equations of 
Generalised Hookers Lmo see Hookers 
Law and Stress strain Relatiom 
Geological Problem, appheahon of 
elastic theory to 1577 with 1583, 
1664—5 

Germain Sophie, on plate problem, 167 
criticised by Kirchhoff, 1234 
Gilbert vibrations, regular or irregular, 
develop magnetisation 811 
Gliders, stress m bars of braced 651 
1004 — 6, 1027 , wrought iron plate 

953 , economic form of 952 , relative 
strength of cast and wrought iron 

954 1008 ‘Warren 1012 deflections 
due to impact temperature etc , 1013 , 
repeated loading of plate girder 1035 
theory of braced gliders 1022 form 
assumed by bracing bars under strain 
1017, 1026, 1028 

latUce compared with plate 1017 
1019, 1021 1026 1027 1028—30 see 
B) idgeb Leanib itoheb etc 
Giulio his lesults foi hehcal spimgs 
leached by Thombon and Tait 1693 
Glanei, natuie of luptuie 1667 
Gladbtone F M on superiority of 
malleable to cast non gliders 1008 
Glabb theimal effect of compression 
695 tbeimo elastic pioperties of 
752 effect of compiession on electio 
magnetic lotatoiy power of ciown and 
flint, 698 double lefiactue powei 
undei compiession 786 aftei stiain 
in threads of (i) p 514 ftn ciushmg 
and tensile strengths of flint, green 
and Clown, 85 o— 6 crushing stiength 
of cubes of 856 latio of tensik and 



^8 


INDEX 


compressive strengths, etc , m bars 
and plates of, 869 , compressibihty 
of 1817, ^de», stretch and dilatation 
moduli of, 1817 , ratio of kinetic and 
static dilatation and stretch moduli, 
1761, resistance of cyhnders and 
globes of, to external and internal 
pr^nres, 867 

G'lazehrooJCj enticises Saint Tenant’s 
views on hght, 147, 160, his Report 
on Optical TheoneSi referred to, 1221, 
1229, 1274, 1301, explains double 
refraction, dispersion, etc , by con 
tractile ether, 1788 
Qldbei see Spherical Shells 
Gohmy expenments on pulverulent 
masses, 1010 — 11, 1623 
€hld, thermo-elastio properties of, 762 
alter strain and temperature in, 756 , 
sketch modulus of, 772, (i) p 531, 
824 , hardness of, (i) p 592, ftn , 836 

Gore, on electro torsion (1874), 1727 
Goughy his results for india rubber con 
firmed by Joule, 693 
Gough-Effect m india rubber, 693, 1638 
(iv) 

Gouvn et Gie, expenments on nvets, 879 
(d) 903, 1108, on steel, 897 on 
iron plate, parallel and perpendicular 
to direction of rollmg, 1108 1121, 
cited 1104 

Graihch, J , his sklerometer and de 
termination of hardness of Iceland 
spar (1854), 842—4 
Granite see Stone 

Graphical Tables, for strength of ma 
tenals 921 and ftn 

Graphite, relation of its elasticity and 
density to those of diamond, 791 and 
ftn 

Grashof cnticises Scheffler on struts 
etc , 653 on combined strains, 924 
on increase of strength of beams due 
to building in terminals 943 — 4 , 
criticises Schefilei’s treatment of this 
topic 944 on strength of thread of 
screws 966 his empirical formulae 
for Fairbann’s results for tubes 986 

Giaxitation value to be measuied by 
transverse vibrations of a \eitical and 
loaded rod 742 (b) attempt to 
explain cohesion by aid of law of 
865 IboO ’ 

Gray h , on Tredgold’s foimula for cast 
iron cylindeis 962 

Gieen his tlieoiy of light, referred to 
01 cnticised (ii) p 26, ftn, 1274 
his conditions for propagation of 
light 140 Jus tlKoiy of double 


refraction onticised, 147, 193. 229 
266, 1473 ' ’ 

on mitial stresses (‘extraneous 
pressures’), 130, 147, criticised by 
Sir W Thomson, 1779, 1782, used 
by Sir W Thomson to explain double 
refraction, 1789 — 97 

his form of strain energy, demon 
strated by Sir W Thomson 1632 
his strain energy function deduced by 
ran constant theory and Dagrange’s 
process, 229, on a possible modifi 
cation of its form (i) p 202, ftn 
Saint Tenant accepts his reduction of 
36 to 21 constants, 116 , criticism of 
his deduction of stress strain relation 
192 (a) ’ 


Green's Theorem, (in analysis) used bv 
Bdrchhoff, 1312 ^ 


GreenJnll on elastico kinetic analogue 
referred to, 1267 


Ghin see Cannon 


Gun metal see Bronze 
Gutta Percha, thermal effect m, 689 
692 , bursting of tubes of, 1160 ’ 

Gypsum, optical axes of, (i) p 472, ftn 
change with temperature, 685, 1218—9 
and ftn , 1229 dispersion of its optic 
axes, L218 ftn , 1229 acoustical and 
thermal axes of 685 hardness of 685 
836 (d) and (t), 839 behaviour as to 
electricity and magnetism, 685 
stretch modulus of 1210 
Gyrostatic Medium, used to explain 
optical phenomena of quartz, 1781, 
1782 1786 , equations of propagation 
of disturbances m, 1782 (a) 1785 (a) 
Gyiostatic Models of Fther 1806—7 
Gyiostatic Molecule, 1782 (a) 

GyiostaU 1785 (6) and ftn , in motion 
used to form an elastic medium 1784 
— 6 


H , memoirs on continuous beams witli 
numerical tables (1858—60), 946—8 

Haqen, his expenments on stretch 
modulus of wood 152 198 (e) 808 {a) 

Haldat De sound vibrations have less 
effect than niegnlai vibrations on 
magnetisation Sll 

Hamhurqei on longitudinal impact of 
bars 203, 210, 214 

Hamiltonian Piincipl, used by Tviich 
hoff 1256 1277 

Hammuinq effect on stietdi modulus 
of brass and iron 741 (a) set ilso 
orkinq 

Haideuiuq of sttel in watei leduofs in 
oil increases stungth 1145 (i) 

Hau1ne<i<i of materials eai ly bistoiy of 
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subject, 8d6 {a) — (A;), scales of, for 
metals, 886 (6), for minerals, 836 ((i), 
varies vnth direction 836 {a) and (e) , 
use of metal and diamond soribers 
836 (/) and (p), varies with speed 
of soratchmg or tearing substance 
(rotating soft iron discs cut hardened 
steel, chalcedony, and quartz) 836 (&), 
first scientific sklerometer used by 
Seehech, 836 (i) , problems to be eon 
sidered in testing hardness, 836 (j ) , 
definition and analysis of, 837—8, 
ray curves for hariiess m various 
directions, 839 laws connectmg hard 
ness with planes of cleavage in crystals, 
839 — dO, relation to atomic and mo 
lecular properties, 841, use of sklero 
meter, 848 , scale of hardness of metals 
and alloys, 845, 846, (i) p 707, ftn , 
Wade’s method of testmg by mdenta 
tion, 1040 — 2, experiments on cast 
iron wrought-iron and bronze, 1042 
— 3 , relation to density m cast iron, 
1042— 3 for hardness ot vanousmetals 
and minerals see under their titles 

Harti erroneous theory of shrunk on 
coils for guns, 1071 (1) 

Houghton, discovers tasmomic quartio, 
136, orthotatic ellipsoid, 137, dis 
cussion on his views as to elastic 
constants by Samt Venant, 193 his 
experiments on impact referred to, 
217 cited by Kankiue (as to =^), 
428 

Haupt, H on lesistance of vertical 
plates in tubular bridges, 1015 

Hausvianniger, on longitudinal impact 
of bars, 20^ 

llavy, E J scale of hardness (1801) 
836 {(1) 

llawUb, W on lepeated meltings of 
cast non, 1101 

Haiolhhaw, J on absolute stiength and 
deflection ot cast non girdeis, 1007 

lhat attempted o^planation by traus 
lational vibiations ol molecules 68 
explanation ot its ettect in dilating 
bodus and the nature ot coefficient 
ot dilatation 268 stietch due to 
thermal vibiation 2()8 tlieimal effect 
dep( nds on (h iivativcb ot second ordei 
ot function giving intermolccular 
action 268 diagram ot possible law 
of intermolcculai action (i) p 179 
phcnoiiiena ot accouiitod toi by 
inoUciilai tianslatioiiul vibiation 271 
tlicoiy doc not ippcai in accoi dance 
with spatral ))Iunonuna 271 de 
ductiun ot picssuit on smrounding 
envelo])c tioin this theoiy 273, baint 


Tenant rejects kiuefem theory ol 
273 passage of, produces cry^G^^e 
structure m metis, 1066 see also 
Expansion Coe^cie^of 
Heat, Meckaimal equv&aimt ef^ ohecw 
treatment by Besal, 716, % 

717, by Kupffer, 724—6, 745^ 8^ 
Heat, Relation to ElasUcitig see 
mal Effect, Modulus etc. 

Helix see Springs, kehcaZ imoevpi&l 
hehces of wire 1692 
Helm, G , Ihe Lehre vrni der Mnerme, 
cited, (i) p 501, ftn 

Helmholtz, von, remarks on XupjSieBr^ 
treatment of mechamcal equivalenst of 
heat, (i) p 501, ftn , geneKdisee 
ghens^ Principle, 1312 , on dMnage of 
density and on stress due to magneti 
sation, 1318, 1316, 1316 
Hemy, on streng^ of ston^ 118© 
Heppel, J M ,on Three Moments Theo- 
rem with isolated loads (18o9), 66*7, 
erroneous treatment of web and fiang^ 
of iron girders, 1018 
Hermite reports on Samt-Venant’s me- 
moir on transverse impact, 104 
Herschel, his explanation of cohesum by 
gravitatmg molecules adopted by sS- 
gum and Sir W Thomson 8^, (i) 
p 600, ftn 1660 

Hertz, on the impact of two sohd elastic 
spheres (1882), 1515—7 importance 
of this investigation, 1140 1684 
Hess, on elastico kinetic analogy, cited, 
1267 

Heteiotatic Axes 445 
Heterotatic Sw face 445 137 (v) , has 
no existence for ran constancy, 137 (v) 
Hodglanson account of his lie, 975, 
Gr H Love on his work 895, re 
seaiches on strength of oast iron pil 
lars (1857) 972 — o his ‘Experimental 
Besearches tianslated into French, 
1095, oil the elasticity of stone and 
crystalline bodies (18o3) 1177, his 
expel iinenth on stietch modulus re 
feiied to 169 [e) on Emerson s Paia 
dox 174 his expel iments on beam 
ot strongest cioss section ciiticised by 
baint Tenant 17b rejected b^ Moll 
and Beauleaux, 87o expeiiment on 
his beam ot stiongest cross section 
927 his beam leteired to 9 >1 1016 
1023 1031 his expeiiments on com 
piession ciiticised b^ Weithcim 793 
Ills foimula toi cast non (piestioned 
b} Bell 1118 his expeiiments on 
cast non beams cited h} Barlow ‘H7 
(a) and ^d) Moiin s giaplncal and 
numerical presentation of his lesultb 
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for compression of wronglit and cast 
n?on, and ins results for cast-iron pil 
Ja^FS, 880 {c) , on cast iron pdlars, 972 
—5 on elasticity of stone, 1177 , his 
eoef&cientafresilienee, 1550, fin , 
Tang ■ftyn.priftfl.l formula for longitndmal 
m 9 i)act confirmed by Samt Venant’s 
iPkeory, 408 (1) 

Sofmam^ necrologne on Kirchhoff, (ii) 
p 89, ftn 

BqUow Pnsm, torsion of see Torsion 
HolUmami, C , on distribution of stress 
(1856), 582 

M<imogene%iyi defined by Oaucliy, 4 (i?) , 
semi polar distribution of, 4 (tj) , dif 
ferent distributions of, defined, 114, 
^fiiencal, eyhndncal, n u distribu 
kons, 114 — 6 

Momotatic GoejffkieniSt 136, 446 
JB[ook6^$ Law, Kupffer confirms Hodg 
tomson that it does not bold for cast 
iron, 729, 759 {d), 767, does not bold 
for stone and oast iron, 1177, nor for 
caoutebouc springs, 851, 1161, nor 
for elastic fore strain in organic tis 
sues 831 — 2 controversy between 

Wundt and Volkmann as to form of 
stress strain relation for organic tissues, 
833 — 5, Hodgkmson’s experiments 
show that it bolds for stretob traction 
in wrought iron 793 (i) , for stretob 
traction in cast iron tne stretob m 
creases more rapidly than tbe traction, 
793 (ii) , for squeeze pie«;sure m cast 
iron, Hodgkinson s experiments not 
conclusive 793 (m), is not satisfied 
for small stretcbes or squeezes accord 
ing to Wertbeim, 796, receives no 
support according to Wertbeim from 
isochromsm of sound vibrations, 809 
see also Stiess strain lelations 
Hookes Laic, geneialisedj 4 (f), 169 {d ) , 
reasons for 192 (a), Morm’s experi- 
ments on 198 (a) Saint Venant ap 
peals foi proof to lau constancy, 227 , 
deduction of 299 , is reached through 
a non bcquitm in case of Cauchy 
]\Iax^^ell Lain6 and Neumann 1194 
bii W Thomson 1635—6 its lela 
tion to elastic liinitb, 1742 (a) 

Hoop dihtoition and stiess in a heavy 
circular hoop i eating veitically on a 
hoiizontal plane, (i) p 448 ftn , col 
lapse ot, when subject to external pies 
sure lo54 — 6 stiess in, when lotated 
louiid cential hue etc 1697 (b) 

his formulae foi shear pi oved 
b} Potiei, Kleitz Levy and feaint 
Venant 270 by Boiissinesq, 1458 
lot)' hoklb that eaitli cannot be 


bquid mass enclosed in thin shell, 
1664, bis views on tbe rupture of 
glaciers, 1667 

Hoppe, E , on flexure of rods (1857) 593 
Houbotte, on deflection, set and rupture 
of plate girders (1866), 1021, testing 
macbme (1865, first bydraubo?), 1163 
Hughes, S , on beams and girders (1857 
—8), 950 

Eugoniot, on impact of elastic bar, 341 
Hugueny, F , experimental researches 
on hardness of bodies (1865), 836, 
criticises Franz, (i) p 587, ftn 
Hunt, T , on railway springs, 969 (d) 
Hwnter, J B , bis specimens of Luders’ 
curves, (i) p 761, ftn , and frontispiece 
to Part (u) 

Huyghens, on grouping of molecules m 
Iceland spar, 836 (a), 1800, on bard 
ness of Iceland spar, 836 (a) 

Huyghens Fi inciple, generalised by Helm 
boltz and demonstrated by Kircbboff, 
1312, form of it used by Olebsob, 
1400, 1406 

Hydraulic Presses, formulae for strength 
of, 900—1, 1076—8 and ftn 
Hydrodynamic Analogues to torsion pro 
blem, 1419 (c), 1430 1460, 1710 
Hydrostatic Arch, 468 
Hypothesis of modified action, 276, (i) 
p 185 305, 1773 accepted by Boussi 
nesq, 1447, leads to bi constant for 
mulae, 3448 
Hysteiesis, 1736 

Ice, strength of, 862 , melting of, undei 
pressure, motion of, as a plastic solid, 
1649, rupture of, 1667 
Iceland Spar hardness of, vanes with 
direction 836 (a) 839, 844, as to 
whether it obeys relation between con 
stants required by Neumann, 1214, 
ftn , artificial twinning of, discoveied 
by Baumhauer theory of by Sir W 
Thomson 1800 

Impact history of theory of, 165 Pom 
sots memoirs on 591, coellicient of 
restitution on Newtoni in theory, 209 
847 unsatisfactoiily treated in text 
books 1682 — 4 calculation of maxi 
mum shift and pimcipal vibiation due 
to, in case of any elastic body 1450 
— 5 

Impact oj '^oUd I Uibtic Splic) ( b Hertz s 
theory area of contact and duration 
of impact etc 1515 — 7 
Impact, Tranbvei be of Plate 1068 maxi 
mum velocity of shot 1068 maximum 
velocity of impact 1538 shift of plate 
1545, on ciicnlai, 1550 (h) 
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I<m/puct, Longitudinal of Cone, by second 
cone 223 , by massive particle, 1642 — 4, 
maximum velocity of impact, 1642 and 
ftn , duration of impact, 1542, maxi 
mum stram, 1644 

Impact, Longitudinal on Strut, of neg 
ligible mass, which buohles, 407(2), 
1662 

Impact, Longitudinal of Bar, 202, 203 , 
history of problem, 204, Thomson 
and Tait’s, Eahkme’s proofs of special 
problems, 206, 1683 , of bars of same 
section and material, 207 — 8, compan 
son of Saint Venant’s results with 
Newton’s for spheres, 209 , diagrams 
of compression, etc ,pp 141 — 2, Yoigt 
and Hamburger’s results disagree with 
Saint Venant’s theory, 210, 214, 

Voigt’s “elastic couch,” 214, of bars 
of different cross section and material, 
211 — 213 , duration and termmation 
of impact, 216 , loss of kinetic energy, 
209, 217, Haughton’s experiments, 
217 , elementary proof of results, 218 , 
of two bars, one very short or very 
stifE, 221 , of two bars in the form of 
cone or pyramid, 223, of bars of 
different matter, one free and the 
other with one termmal fixed, 296, 
solution foi case of impelling bar 
being very short or rigid 296 solution 
in series coi responding to that of 
Navier and Ponoelet, 296 , solution in 
finite terms 297 , of elastic bar, by 
rigid body, 3-39—341 history of 
problem 310—1 Young’s Theorems, 
340 contributions of Naviei Poncelet, 
Saint Venant S6beit Hugoniot and 
Boussmesq to problem, 341 graphical 
lepicsentation of, by Saint Venant 
and 1 lamant, 401—407 Boussmesq’s 
solution of the pi oblcm 401 1547 — 60, 
duration ol blow 403 shifts at various 
points ofbai, 10 ) stictchcsat vaiious 
points of bai 405 maximum shifts 
and s(piec/( s 10() icpcatcd impact, 
407(1) tendency of impelled bai to 
buckle 107(2) ( 111 ves giving laws of 
411-3 compaiison of graphical and 
analytical results fl2 Young s theo 
icm tor, 10()H 1 Neumanns invcsti 

gatioii e)t longitudinal impact of two 
bais pi 101 it} e)t publieatioii belongs 
to Sunt Venant 1221 5 lliomson 

ind lait on 1()H3 infinitely long in 
om diKction 1511 Jlenissmcsq s 
tieatment ot pioblem I >17—50 nem 
impelled e nel liee maximum strain 
eluiatie)!! e)t impaet kiiutic cncigy 
1519 non mqnlled one! hxcel mass 


coefhcient of resihmiee, 
stram, etc , 1550 (a)— (6) 

Impact, Transverse of $3, 104, 

231, 342, 361, first attempt fey D 
BernouUi (1770), 474 (/), eaa 

Samt Venant’s memoar 104 j 

tion of Samt V^aut% to 

those of Cox and Ho^kmseii» 104 — 5, 
107 analytical solut&(Hi& f<H‘ vifeiiateB^ 
of bar with load attached, wWi al^w 
is given, 343 — 354 Cox’s hypo^aesas 
for transverse impact, 344, tenamse 
beam, struck honzoakaUy, 346—348, 
functions required whai feeima js 
prismatic, 349 , beam doui^iuilfe-in, 
350 , canMever reeeivmgifedow at free 
termmal, 351 non central blow on 
doubly Supported beam, 352, easeol 
free bar with impulse at 
353 , with unpulse at one end, 355;- 
carrymg a load at its mid point and 
load reeeivmg blow, 356^ , nu 
mencal solutions for, case of doubly 
supported bar centrally struck, 362, 
representation by plaster model, 361, 
nature of deflection curves, 3^, de- 
flections tabulated, 363, maxiTUum 
stretch, 363 , Young’s theorem nearly 
satisfied, 363 (cf Vol i p 895), 
Saint Venant’s remarks on the direc- 
tions required m future experimental 
research, 364, vertical impulse on 
horizontal beam, 365 hypothesis of 
Cox compared with theory which 
includes vibrations, 366 , true for 
deflections not for curvatuie, 366 
371 (ill) mass coefficient of lesilience 
7 determined for a variety of impulses 
to bar, 367 — 8, general value of y, 
368 general value of deflection m 
terms of y, 368 , approximate value 
of period of impulsive vibration, 369 
beam projecting over points of support 
and struck at centie, 370 (&) sohd 
ol equal lesistance for central impact 
on beam, 370 (t) maximum stretch 
as deduced by Cox s method inexact 
its tiue value loL be\eial cases, 371 (lu) 
stietch due to impact of bmall v\ eight 
with gieat \elocity 371 (ivj times 
giviiif, 1 iws of 410 — 11 413—4 gra 
pineal mcasuiement of maximum 
cuivature of bai, 413 Loussinebq on 
buntVenant’s solution 154b, Pla 
mant on Boussmesq s solution 414 
when bai is loaded, l£>39— 40 safe 
stietch, 1546 maximum \elocit} of 
impact lo-J7 duiation of impact need 
fill to ensuie injuii 1091 obscuie 
treatment of problem by Lemo} ne 9bo 
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IWfpofiti Transverse on Suspension Bridget 

M(n§mlset GraduM see Impact and Mesi 
kmoe 

Jmpidswo Bejtectiony fornmla for, e g in 
case of carnage springs, 371 (ii)> m 
ease of circular plate, 1550 (c) see in 
g^eral Impact 

Impulsive Loadingt of bars and axles, 
091—1003 

Incompressible Elastic Solids equations 
for, 1215, 1652, withcyboid aeolotropy, 
1775, conditions for in terms of tMip 
sinomic coefficients, 1779, of tasinomic 
coefficients, 1779 

ikiita, iron made m, tensile transverse 
and cnislimg strengths of, 1120 

Injdna Rubber, vulcanised, heated by 
loading, 689 thermo elastic proper 
ties of, 693, 1638 (iv) see also Caout 
chouc 

Inertia, Moments of, for trapezia and 
tnangles, 103 

ImUal Stjess see Stress, Initial 

Intermole cular Action, as function of 
intermolecular distance, 169 (a), dia 
gram of possible law of, (i) p 179 New 
ton treated it as central, 269 , sums of, 
difficulty in dealing with, Poisson and 
Naviers errors 228, hypothesis of 
modified action and influence of aspect 
on, 276, Boscovichian theory does 
not admit of aspect, but does ot 
modified action (i) p 185 change of 
sign in, 276 , modified action leads 
to multi constancy, (i) p 185 , Newton 
and Clausius consider it a tunction 
only of distance, 300, influence of 
aspect on, 802-306 argument against 
modified action from small influence 
of astral on terrestrial molecules 305 
forms for law of, suggested by Berthot 
and Saint Venant, 408, Weyrauch on 
law of C et A p 1 law of force foi 
liquid molecules, 868, molecular theoiy 
ot Seguin 86 0 molecular law of 

Banealaii, 866 molecular theory of 
Cornelius 868 molecular law ot 
Bouch6, 870 — 1 Boussinesq on 

action between molecules 1447 — 8, 
1468 see also Molecnle<i Atomic Con 
btitution of Bodies, Coii'^taiits, etc 

1)011 difieience between vaiious kinds 
due to nature of ciystalhsation, (i) p 
736, ftn ratio ot kinetic and static 
dilatation and stretch moduli (’ wiie) 
17ol tbeimal effect on slide modulus 
(> wiie) 1753 (b) general use of tor 
floors, gii del s loofs ships, etc ,891 (/) 
U07- 911 


Iron Bolts, effects ot case hardening, 
coohng, etc , 1145 (m) 

Iron Cables, strength of links of, 879 (e), 
1132, attempt to take account of 
traction of manufacture, 897 
Iron, Cast, thermal effect of stress, 689, 
692, 695, 752, 766, coefficient of ther 
mal expansion 1111 , set produced by 
repeated heating, 1186, after strain 
and temperature, 756 

hardness of, (i) p 692, ftn , 846, 
(i) p 707, ftn , 1042—3 

stretch modulus and density of (i) 
p 531, variation of stretch modulus 
with specimen and manner of its load 
mg, 1110, difference between stretch 
modulus at core and periphery of bar, 
experimental values, 1111 , inequality 
of stretch and squeeze moduli, 971 
Hooke’s Law does not hold for, 729, 
769 (d), 767 stress strain relation for 
895—6, Bell’s proposed law of stress 
strain, 1118 , stress strain curves for 
traction m, 879 (a), for flexure, 1084 
— 6 , elastic limits for in tension and 
compression, 875, 961 state of ease 
for, 895—6 , torsional set of, 1039 (c) 
relation of chemical to physical 
constitution, 1045 1047 (c) , molecular 
constitution peculiar to shape of oast 
mg, planes of weakness, 1067 

strength ot ratio of tensile and 
compressive strengths 176 absolute 
or tensile stiength 899, (i) p 707 
ftn , 1039 (a), 1105 1122 1166, 

not increased by mixture of nickel, 
1165 diffeience between values at 
periphery and coie ot specimen 1111 
crushing or compressive strength, 
1039 (e), 1100 rupture by compression 
169 (c) , transverse strength ot agrees 
with tensile strength tor laige but not 
tor small specimens, 1117 (iv) value 
of, 1039 (b) 1105 toisioinil stiength 
ot, 1039 (( ) when skin ch inge of elas 
ticity is included 186 ot bais of 
different Cl OSS section ui cular, hollow 
etc 1089 (d) lelatioii ot ciushing and 
tensile stiengths 1089 (< ) of tensile 
tiansveise clashing ind toisional 
stiengths, 1048, 1049 10)1- 8 1081) 
influence ot casting mode ot prepara 
tioii etc on stiength effect ot hot and 
cold blasts lemeltiiigs mam taming 
m fusion easting nndei i head etc on 
tenacity 891 (e/) 1018 {a) -(e) 1039 
{a) 1049 1058—0 tiinsveise and 

tensile stiongtiis how affe etc d by slow 
01 rapid cooling 1088 (/>) by piessuie 
dmmg casting 1088 [d] influence ot 
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mode of castmg and head on strength, 
1049—50, 1060 (i) p 707, ftn , effect 
of remeltings on transverse strength 
and ultimate deflections, 1097 — 99, 
1101 , strength of ‘ toughened* cast iron 
girders, 1105 , comparative strength of 
various kmds of oast iron (sets, loads 
and deflections), 1093, nature of frae 
ture of, (i) p 707, ftn , 1039 (e) of 
small hlooks, 321 (5), 3® 
arches, eUiptic of, 1011 
beams of, comparative strength of 
various cross sections, 927, 936, ex 
penments on, 937 , of strongest cross 
section 176, 875, 927 951, 1016, 1023, 
1031, Barlow’s attempt to explain 
‘paradox’ as to inequahty of tensile 
and transverse strengths, 930—8 of 
circular cross section relatively stron 
ger than square, 1038 (b) , experiments 
on beams of triangular cross section, 
971 , experiments on rupture of, 1024 
columns of, 973 — 4 
girders of, comparative strength of 
oast and wrought iron, 954, of x and 
I sections 1007—8, 1031, of toughen 
ed cast iron, 1105 see also Girders 
and Beams 

ordnance, 891 (d) 1037, etc see 
Guns 

pipes of, Morm and Love’s for 
mulae for strength of 900 rings of, 
bursting by wedging 1044 
Lon Metemic veiy ductile, 1165 
bon Blate, stretch modulus and density 
of, with and across fibre, (i) p 531, 
strength of, 879 (c) — (d), 902, 1066, 
resistance to punching traction, shear 
ing crushing, 1104 experiments on 
strength of 1106 paiallel and per 
pendicular to i oiling 879 (d) 902, 
1108 1126 — 7 , absolute stiength and 
stiictuic witli and acioss direction of 
lolling 1141 strength when impul 
sivcly \v( dgul Hsundei 1107 stiength 
of riveted iionplites, 1121, 1127, 
1135 effect ol tempci ituie on un 
wi ought 1007 1127 how affected 
piialUl and pc rpeiidieular to lolhng 
by change of t( niperatiiie 111), 1126 
—7 })ipcs and water loseivoiis of 904 
gilders of 9)^ set (rnd<} 
bon Itnets stiength ot 879 (t/) 1103 
how changed hy ttniptiature 1116 
proper tlu( kness for 1145 (ii) 
bon btnip vagueness ot ter nr 1141 
bon bhcct anomalous action under tor 
Sion HOH 

bon blups 907 11 

bon bolt liiu elastit lesistaiice incieas 


ed by tort 810, nMiuenee 
on magnetisation, 812 
Iron Sta^St strengfe of, 908 
Iron Wire, thermal effect (ff steess, 389 , 
effect of anneahng 11$1, notiemteed 
brittle by cold, 697 (c), ^eam^Ki-eieclEic 
properties in tekakm to 11142 
—6, conductivity under 164^, 
stretch squeeze ratio (ti) for, 1201 (a ) , 
effect of tort on raoauh of 1755 
stretch modulus of p 531, 824^ 
velocity of sound in, 785, attest tp 
take account of traction of 
ture, 897 

strength of, 902, 1033, (i) p. 
ftn , effect of galvamsatioa 109^ 
effect of annealing on, 1131, eiied ol 
long continued electric eurimit 
1187, effect of long-contmued stasess, 
17o4 , magnetisation, effect of in produc* 
mg stram, 688 , effect of sfaetdbang on 
magnetic properties, 705, effect of pull 
on magnetisation of, 1727—8, ViUan 
critical field for soft iron wire, 1730 — I, 
1736, effect of temperature on YiBan 
field 1731 effect of torsion on loaded 
andmagnetisedironwire 1735,rdatioai 
of magnetisation and torsional elastic 
strain and set 708, 714, 812—6, 
specification of direction of induced 
current by twist when wire is under 
longitudmal magnetismg force, 1737 
bon, Wrought, thermal effect of stress, 
692, 695 thermo elastic properties of 
7o2 756 after stram and temperature, 
756 effect of anneahng, 879 (/) effect 
of frost, 1148, effect of heat and 
workmg m determining elastic axes, 
1065 

haidness of, (i) p 592 ftn 836 (5), 
846 

stietch modulus ot how influenced 
by hammering and rolling 741 (a), 
value ot when rolled (i) p 531, 
geneially obeys elastic theory 1117 
Luders stress curves toi 1190 and 
fiontispiece to Part (ii) , stress stiam 
curves foi 879 (a), stress stiain lela 
tion tor 793, 896 elastic limit of 
951 , sate tractions foi 176 

nioleculai state ot hoN\ affected by 
repeated loads, 3b4 3*^ b> repeated 
gradual or iinpulsi\e torsions 992 — 4 
llBt) in state ot contused crybtalhsd 
tion it forged in large masses lObb 
fibrous and crystalline states ot hbl 
881 {h) 970 1067 tractuie whethei 
fibious 01 ciystalline depends on 
iiatuiL of breaking, 1143 effect ot 
sudden load 1148 impuiities itiidei 
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it hafele to ‘crystallise,’ 1189, 
raolecular coBstitution of, 1065, (i) 
p 736 ftn , molecular arrajagement 
iratfeer than mefeallurgical constitution 
aiibets atr^gt^ md elasticity, 1129 , 
how weakened when converted into 
masaveforgn:^, 1128, nature of frac 
tee, (i) p. 707, ftn , 902, 1140, 1143 
teength of, tensile, 902, 966, 1105, 
1113, 1133 1139—40, of bar, angle 
^d jdate with and across ‘ fibre,’ 1150, 
increased by straming up to rupture, 
1125, effect of processes of preparation 
and working on tenacity, 891 (b) and 
^ , strength when prepared by Besse 
process^ 1114, influence of size, 
forging on absolute strength, 
1141, com;^essive strength equal to 
teLsde, 1118 torsional strength, 1039 
(c), 1113 , transverse strength, 1106 
sfeucture of, 902, 1139 — 40, when 
INrepared by Bessemer process 1114 
pagnetisation longitudmal how effect 
ed by transverse force, 1733 

Axles of, under repeated loading, 
lOOO — 3 see Axles 

Beams of, P Barlow’s experiments 
on, 937 (c) see Beam? 

Columns of, formulae for, 978 
see Columns 

Girders of, tubular, 1007, proper 
proportions of web and flanges, 1016, 
1018, 1023 see Gtrdeu 
Pipes bursting of, 983 
Ijon Commissioners’ Repoit, 344, 371 (i), 
translated mto French, 1094 
Isochromsm^ of spiral watch springs, 
theory and experiment, 676 
Isostatic Gylindeis (= conjugate func 
tions) 1562 

Isotropy f defined, 4 (t)) its ranty, 4 (t), 
115, very doubtful, if it exists in 
wires, 1271 1273 

Jtwkson, on steel 897 
Jee A S on deflection and set of 
cast iron girdeis, 1007 
Jelly 1749 equations of motion and 
equilibiium ot and their solution, 
1810 strain energy foi 1812 , com 
parison of equations with those ot 
VISCOUS fluid and ideal ether 1809 — 12 
Johnson M on hardness ot metals and 
aUoys (1860), 845 

Johnson W i? on stiength, etc , of 
stone (1851) 1175 

Joint equable elastic rotating 1697 (^/) 
Jones T table of pietssuies necessaiy loi 
punching plate non (1853) 1103 em 
pineal foimulae for his results 1104 


JouUy J P , effects of magnetism o] 
dimensions of iron and steel bar 
(1846), 688, cited 1321, 1727 , on th 
thermo electricity of ferruginous mi 
tals and on thermal effects of stretch 
mg bodies (1857), 689, on therms 
effects of longitudinal compressio 
(1857), 690, on thermo dynamic pre 
perties of solids (1869), 691 — 6 , o 
testing steam boilers (1861), 697 (a) 
after stram and thermal effects in sil 
and spider filaments (1869), 697 (6] 
action of cold m rendering iron an 
steel brittle (1871), 697 (c) 

Jowravski, his approximate method < 
treatmg slide due to flexure of bean 
(1856), 939, 183 (a ) , on vibrations 
lattice and plate girders, 1034 
Journals strength of, for railway axle 
959 

JungSt on strength of “spht” bean 
(1855), 928 

Kanti Samt Tenant’s criticism of h 
antimony, (i) p 187 ttn 
Karmarsck, on absolute strength of m 
tal wires (1859), 1131 
KaumanUf expeiiments on flexure 
railway axles under static load 990 
Kelvin^ Lord see 1 homson, Sii W 
Kendall, 1 on Barnes’ discovery tt 
steel may be cut by rotating di 
836 (7i) 

Kennedy Ah W , experiments 
rupture by pressuie (i) p 215, ttn 
Kennqott, A on relation between ator 
weight and hardness (18o2) 841 
Ken, his results for noimal leflectioii 
polarised light from magnetic p 
deducedfromSir W Thomson s thee 
1782 (c) 

Kettela, adopts F Neumann s view 
dispersion, 1221 

Kinematics elastic detoimatioiis tiea 
kinematically 294 

Kinetic Knerqy loss ol by imiiact 1 
217, 1517 1684 

Kinks, in twisted and bent wiie 1()7( 
Kiichhojf bis memoirs on elasticity 
accounts of bis life (ii) p 39 ±tn , 
the equilibrium and motion ot t 
elastic plates (1818 -jO) 12i2~ 
on the elastic equations when 
shifts are not indchniti small (18 
1244 — 50, on tin ( quilibrium 
motion of an indefanitcly thin 
(1858) 1251—70, on the stre 

squeeze ratio ot rods ot baid f 
(1859), 1271 — 3 on the it flection 
refraction ot U^lit at tlic siiifac 
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crystalline media, 1274, Lectures on 
mathematical Physics, Mechanics 
(1874_6), 1276—1300, Optics (1891), 
1301 , on the transverse vibrations of 
a rod of variable cross section (1879), 
1302 — 7, on the theory of the lumi 
nous point (1881), 1308 — 10, on the 
theory of rays of light (1882), 1311 — 

2 on the strain of an elastic solid 
when magnetised (1884), 1313—8, 
applications of the results of preced 
ing paper (1884), 1319 — 21 

References to adopts a sugges 
tion of Samt Yenant’s, 11, on problem 
of plate, 167 , on contour conditions 
for thin plate, 394, as to flexure of 
rods, 198, his assumptions m dealing 
with flexure, 316 , comparison of his 
researches on rods and plates with 
those of Thomson and Tait, 1691, 
1696, with those of Olebsch see 
Clehsch , his method of combmed tor 
Sion and flexure to determine the 
stretch squeeze ratio, 1201 (e), 1272, 
discussion on his views as to elastic 
constants by Saint Yenant 193, 196 
Kirchhojf^s Principle, for elastic bodies of 
which one or more dimensions are 
indeflnitely small Kirchhoff’s proof, 
Clebsoh’s proof and general remarks, 
1253, 1358—9 not noted by Thomson 
and Tait 1695 

Kirlaldi/ D his expemnents on com 
paratn e strength of steel and wrought 
lion (1860), 1137—51 his experi 
ments on fracture, 1667 
Klanq elastic constants of fluor spai, 
1212, 1780 

Klose, comparison of straight and circu 
lai cantileveis, 926 strength of cast 
iron beams of different cioss sections, 
927 

Kniqht on strength of stone 1183 
Knoll on theory ot latticed gliders 1027 
K)wtt on toision and magnetisation, 
1727 

Kohb aitsi U 1^ his toimulae and lesults 
foi tlieimal (ttict on elastic moduli 
compared with those ot Kupffei 627 
— 1 on thermal ( ifcct on slide inodu 
Ills of non coppoi, buss 1753 (5), 
his cxpcinncnts on stretch squeeze 
latio 1 cf( nod to 1201(0 
Kohhdusch H , cxpciimcnts on after 
strain in silk and glass threads (i) 
p 514 ftn 

Kohn oxiicriments on impulsive and 
repealed toisional loadings (1851) 
9'»1- i 

Koovn / II obscure tieatraont ot 


fundamental equasl^ns 
(1857), 592 

Kopytcmshi, on the mteamal stsseisaea m 
a freely supported beam under rdhng 
load (1865), 555 — SO^ 

466 (b) 

Korteweg, on strain in a ece 

denser of glass, 1318 
Kraft, on the strei^gth oi eadhmwaxe 
pipes (1859), 1172 
Ki ame, on plate man (1859)^, 1127 
Kmpp, strath of his cast s^ 

1113 

Krutsoh, uses metal needles to test hard 
ness (1820), 836 (/) 

Kundt, his results for transunssimi oi 
polarised light throu^ thm 
ised iron sheets not explamed by 
W Thomson’s theory kanslneent 
metalhc films, 17^ (c) 

Kttpffer, A T ,hxs aunikl n^rt of ^ 
St Petersburg j^ysic^ cdjservaljory 
(1860 — 64) , 723-^ on the mec^ni 
cal equivalent of heat (1852), 745—6 
mvestigations on the flexure of mettd 
he rods (1864), 747 , on the inflo^ce 
of heat on the elasticity of metals 
(1854), 747, (1857), 748—67 his ‘Ex 
penmental Researches on the Elasti 
city of Metals,’ Yol i (1860), 758—72, 
lisumS of his various memoirs, 773, 
death (1865), 722 his theoretical 
treatment of transverse vibrations cn 
ticisedby Zoppntz, 774 — 84, obscurity 
of his termmology, 723 (a) his theory 
corrected and his results m part re 
calculated by Zoppntz 774—84, re 
ferred to, 1746, 1748 1753 
Kurz, A , edits Clebsch’s posthumous 
pamphlet on optics, 1391 

T a i I importance of national phy 

sical 759 (6), 1137 and ftn 
Lagiange on elastic rods of double 
cuivature 165, his method of passing 
from isolated particles to continuous 
bodies adopted by M^nabr^a 550 
Laissle i on bridge construction (18o7 
1870) 887-9 

Lalanno, on graphical tables, 921 ftn 
Laniaile, K , note on increase of strength 
resulting from building in terminals 
of simple and continuous beams (185o) 
571—7 

Lamb H on boundaiy conditions of 
thm shells 1234 on time ol oscilla 
tion of a solid steel globe ot Mze ot 
eaith undergoing ellipsoidal detorma 
tion, 1659 

I ame reports on Saint ^ eiiaiit s toision 
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memoar, 1 , gives expression for slide m 
direction, 4 (5) , uses doubtful 
bmit of safety, 6 (c) , reports on Saint 
Tenant’s memoir on transverse im 
pact, 104, Samt Tenant on his results 
fox cylindrical boiler, 125, his views 
OB propagation of light cited, 146, 
1216—20, 1274 Samt Tenant’s views 
on hia tibteoiy of light, 265 , criticism 
of his deduction of stress strain re 
lations 102 (a), his defimtion of 
Stress, 226, his contributions to cur 
yilmear coordinates, 544, his views as 
to vibrations, 546 , his contributions 
to figure of earth, 562-^, his error 
as tb ‘direct’ potential, 1487 (a) 

Problem^ investigated by Sir W 
Thomson, 1651 

Clapeyron, their condition 
for rupture, 166 , insufficiency of their 
solution of infinite elastic sohd, bound 
ed by plane subjected to load, 1487 , 
their solution for mfinite plane plate 
reached by Sir W Thomson, 1660 

Lang, V von deternunation of constants 
which occur m solution of equation 
for transverse vibrations of rods (1858 
—9), 614, 616 

Langer J , on wooden and iron lattice 
girders, 1022 

Larmor, J, on flaws in torsion bars, 
1348 (/), on gyrostatioally loaded 
media 1782 

Latticed (j-xideis see Glide) e 

Laugel A , on the cleavage ot rocks 
860 

Lavalley on steel, 807, on iron plate, 
902 

Laves, introduces “spht” beam or giz 
der(1859) 928 

Laios of Motion, how far legitimately 
apphcable to atoms, 276 and ftn , (i) 
p 185 ftn 305 

Lead thermal effect of stietchiiig, 692 
695 thermo elastic pi opertits of 752 
hardness of, (i) p 592, ftn ,846 886(6), 
thei mo electric properties undei strain 
164o — 6, latio of kinetic and static 
stietch moduli 1751 , ruptuie surface 
of, 1667 bursting of pipes ot 988 

le/oit lepoit by S lint Tenant Tiesca 
and Resal upon a meuioii by 2()6 

1 tmoyne obscuie tlieoiv ot tiansveise 
impact 065 

le Roux on theimal phenouicni ic 
companying vibiations (1860) 827 

I en/ M pupil ot Saint Tenant 416 
on stability ot loose eaith 242 toini 
ot cciuihbuum of pulvciulent mass 
studied bv him 1500 defect ot his 


theory, 1613, estabhshes general body 
stress equations of plasticity 243, 215, 
250, his general equations of plasti 
city corrected by Saint Tenant, 263 
— 4 his method of finding deflection 
of circular plate anyhow loaded, 336 , 
his assumptions in theory of thm 
plates, 385 , his memoir on thin plates 
(1877) and controversy with Boussi 
nesq as to ‘local perturbations and 
contour conditions,’ 394, 1441, his 
views on thin plates criticised by 
Samt Tenant and Boussinesq 394, 
397 , his treatment of local perturba 
tions discussed, 1622 — 4 his contro 
versy with Boussinesq as to collapse 
of belts subjected to external pressure, 
1556 

I ivy Lambert, abac for Phillips sprmg 
formulae, 921, ftn 

Liebisch, Th , his treatise on physical 
crystallography cited, 1800 ftn 

Light, relation to elasticity, 101 , propa 
gation of, when ether has initial stresses , 
145 —6 , theory of, Saint Tenant’s 
discussion of views of Cauchy, Green, 
Briofc, Sarrau, Lam4 and Boussinesq, 
265, Rankine’s theory of molecular 
vortices applied to polarised light, 
440, his oscillatory theory of, 441 , 
luminiferous ether requires for its 
refractive action fewer constants than 
those of crystalline elastic medium, 
462, Fresnel’s equations deduced by 
M5nabr6a 551 (b) , reflection and le 
fraction for m crystalline media, o94, 
1274, historical treatment of elastic 
jelly theory, 1213 Cauchy s views, 
F Neumann’s views (Fresnel’s laws 
with different plane of polarisation), 
1214 C Neumann’s incompiessible 
ether 1215 F Neumann’s lesearches 
1229(a) — (6) Kiichhoff b Neumann 
and MacCuliagh on leflection and rt 
fraction 1274 Kiichhoff s clastic 
tlieoiy of, 1801 somcc ot in elastic 
ethei 1808 — 10 Clebscli on circu 

larly polarising media 1824 Clebsch 
starts really from a lan constant basis 
1391 Boussinesq s thcoiy ot lumi 
nifeious waves, 1149 iicietains second 
shift fluxions 11()5 he sii])})()sls aco 
lotiopy pioduced l)\ miti il st losses in 
isotiopic medium 14()7 discussion ot 
wave motion qiiisi tiansvcisc and 
quasi longitudinal wasts 1 icsnel s 
wave suitaoe, eti 1468—71 assump 
tions made m Boussinesq s final elastic 
theoiy, 1478 — SO g( ncial remai ks on 
1484 Bonssi lesq and Sairaus equa 
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tions for waves in double refractive 
medium, obtamed for deformed iso 
tropic medium, 1569, on waves m 
aeolotropic medium 1764, 1773, when 
incompressible 1774—6, 1776 (a), 
1778, Sir W Thomson on theory of 
luminous waves, 1766—83, passim 
see also Refraction Double^ Ether, 
Rotation of Plane of polarised light, 
etc 

Limestone see Stone 
Limits elastic pulverulent and plastic 
nature of, 1568—9 1585—7, 1593—5, 
1720 see also Elastic Limits, Failure, 
Fail Point, Strength, etc 
Line of Pressure, m arches, 518, 1009 
Link Polygon, defined, (i) p 354 ftn , 
used in theory of arches, 518 
Links see Chains, Links of 
Lippich, erroneous theory of vibrations 
of light loaded rod, 774 
Lissajous, J , on transverse vibrations 
of bars (1858), 825 (d) on the optical 
study of vibrations (1867), 826 
Littmann, his experiments on stretch 
squeeze ratio referred to, 1201 (c) 

Live Load see Rolling Load 
^^Lloyd^s^' experiments on iron plates 
andnvetting 1136 

Load, equivalent statical systems of, pro 
duce same elastic strains 8, 9 21, 100 , 
this “principle of elastic equivalence 
of statically equipollent loads” apphed 
to plates 1354, 1440, 1622-4 1714 
principle stated and demonstrated for 
body forces effect of equal and oppo 
site forces and of couple, 1521 effect 
of local load in producing stress m 
extended clastic solid 1487 (c), sudden, 
effect on non and frozen iron 1148 
repeated liovv affecting m iterials, 364 
see also 7^0 (lUdu Axle loibion, 
Uliuu etc distribution of, over 
base of a pi ism not adhering to a 
suifacc 516 measured by a scale of 
colon IS 794 
J oadpouit 515 6 

I oud classified 1()1 

IoJis(, on tho buddm^ of the bracing 
bais of latticetl glide is 1019 
lommd adopts 1 N( nnuinn s view of 
dispeision 1221 

ion(j)id()i J I on tlu coiistiuction of 
artilluy (1H(>()) 1076-81 
I oomis his cxiieiinunts on stutch 
Hque < zc 1 itio ich lied to 1201 (< ) his 
expi iimcnts on influence of tcmpeia 
tine on slid( modulus 1753 (6) 

I o)hu(} on fhetio stiietion lefmed to 
I il ^ 


Lorqna, on statically mdetermmafee r© 
actions, (i) p 411, ftn 
Louvel, graphic tables of resistawiee of 
iron bars, 921 ftn 

Love G H ,his Treatiseon of 

Iron and Steel and their m Gm 
struction (1869), ^4—^, 
elasticity to bxl 

894 — 5, on strength of p^ars of steel 
(1861), 978 his account 
son, 976 , his emporieal fe 

Fairbaim’s experiments on fines, 967 
Love, A E H , his treatment d fiesmse, 
(i) p IX , ftn , on boundary oondifefcMis 
for thin shells, 1234 on thin 
shells 1296 bis, on Kjr fthh ofTft as- 
sumptions in theory of plates, |). 
86, ftn , his Trea^se on Matbemattical 
Theory of Elasticity referred to, 1764 
Luders, W , first drew attention to iwt- 
work of curved hues on surface of 
bar iron, cast steel and tm,— Ziwders’ 
cwves — wrought iron I-seefeonal 
beams, 1190 , in round holes pun^ied 
m steel plates, etc , (i) p 761, ftn tmd 
(u), frontispiece 

Luminous Point, m elastic ether, theory 
of, 1308—10 types of motion stiarted 
by, 1768—9 

Lynde J G experiments on cast iron 
girders of Hodgkinson’s section 1031 

MaeConnell, on hollow railway axles 
(1853), 988—9 

MacCullagh, his theory of hght referred 
to 1274 

McFarlane, on aeolotropic electric re 
distance produced by aeolotropic 
strain 1740 experiments on steel 
pianoforte wire under combined trac 
tive and torsional stress 1742 {a) 
as to effect of permanent molecular 
change on elastic moduh, 1753 
Maclaunn s 1 heorem doubtful use of in 
elastic theoiy, 1636 — 8, 1744, ftn see 
Approximation 

Mackod and Claike, on alteration of 
stretch modulus ol tuning fork with 
tempeiature 1703 (6) 

Macvicar J G metaphysical views on 
atomic theory (1860) 872 
Magnetisation Pennanent as test toi 
purity ol iron, 1189 

Magnetisation Relation to and 

Strain, historical notices Reaumur 
on impulsive stress and magnetisation 
(i) p 564, ftn Scoiesby bending and 
twisting (i) p 664 ftn Baden Powell 
on toision Sll De Haldat Becqueiel 
Matteucci Ltc on torsion Hll —2 in 
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flnenee of toarsioiial elastic and set strain 
on temporary and permanent magnet 
isatton, 814-^, Wertheim does not 
recognise ‘cntical tmst,’ 818, he falls 
ha^ on a theory of ether vibrations 
to explain ma^etic phenomeoa, 817 , 
no sensible results m case of torsion 
ap^ied to diamagnetic bodies, 814 
|sii), effect long repeated torsions 
on magnetic properties of wrought iron 
axles, influence of torsion on 
electro-magnetism, 701 — 4, on magnet 
isation, 703, Matteuoci’s “bundle of 
flhres” theory to account for magnetic 
eteet of torsion, 701, 704, influence 
of t(^on on magnetisation of steel 
bars, 712, influence of magnetisation 
4 on tension of iron and steel wires, 
71^ — 4, companson of magnetic and 
tormonal phenomena, 714 (13)— (16) , 
esffeet of temperature on magnetisa 
tiem, 714 (17)— (19), Wiedemann’s 
mechanical theory of magnetisation, 
715 twistmg of iron wire, when mag 
netised in a direction inclined to axis, 
explanation of Maxwell reversal ob 
served by Bidwell, 1727 soft iron 
wire subjected to longitudinal traction 
and then twisted under earth s vertical 
magnetic component, effect on mag 
nel^ation, 1735, effect of twist on 
loaded and magnetised nickel wires 
1735 , production by torsion of longi 
tudinal magnetisation m wire mag 
netised by axial current, 1735 on 
direction of induced lougitudmal 
current m non and nickel wires by 
twist under longitudinal magnetic 
force, 1737 

Joule’s experiments as to effects 
of magnetisation on dimensions of 
iron and steel bars free and undei 
tension, 688, no magnetic influence 
on copper wires 688, influence of 
tension on magnetisation, 705 mflu 
enee of longitudinal load on induced 
and residual magnetisation of iron 
and steel wires 1728 statement of 
Sir W Thomson’s results for steel 
pianofoite wire and consideration of 
how they must be limited m light of 
Villari critical field 1728—9, ViUan 
critical field foi solt non, 1730—1 
influence of tempeiature 1731 — 2 
effect of longitudinal pull on magnet 
isation of cobalt and nickel, Villaii 
cntical field foi cobalt, 1736 as to 
this field foi nickel (^) 1736 effects 
of tiansveise stress on longitudinal 
niar,iittisation of non 1733 develop 


ment of aeolotropic inductive suscept 
ibihty by stresses other than purt 
compression, 1734 diaanagnetiopowei 
of bismuth increased by compression 
700 

magnetic rotation of plane o 
polarisation m flint and crown glasi 
affected by compression, no sensibL 
rotation in slightly compressed crowi 
glass, 698 , rotatory effect on plane o 
polarisation is mfluenced and can b 
annulled by mechanical stress, 79 
(d) 

Kirchhoff’s theory of stram pro 
duced by magnetisation, 1313—21, h 
assumes the coefficient of inducei 
magnetisation constant and neglect 
square of stram, doubtful character c 
his results, 1314, 1321, strain i 
isotropic iron sphere due to unifori 
magnetisation, 1319-20, neglect c 
terms connectmg mtensity of magnei 
isation with stiain, 1321 
Magnetism^ elastic analogue to magnet] 
force, 1627, 1630, 1813—5, analogue 
to electro magnetic force and f 
magnetic potential in strained jelli 
1813 — 4, failure of analogue in tl 
conditions at interface of two jellie 
and of two substances of differei 
magnetic permeabihties, 1815 
MagnuSf on thermo electric curren 
pioduced by stram 1645 (iv) 

Mahistre, on stress produced by rotatic 
of wheels (1857) 590 , erroneous theo] 
of stress produced by rapidly movir 
load (1857), 963 

Mainardi, on equihbimm of stnm 
(1856), 580 ‘ 

Malfatti, on statically indeterminate i 
actions (i) p 411, ftn 
Malleable, defined 466 (vi) 

Mallet, on deflection of girders due 
rapidly moving load, 964 on physic 
conditions involved in the constru 
tion of artillery (1855) 1054—72 < 
resilience and influence of size 
casting 1128 — 9 reports on propc 
ties of metals (1838— 43) (i) p yc 
ftn 

Mallock his experiments on stretc 
squeeze latio refeired to 1201 (e) 
Manger J , on strengtli of cemer 
(1859) 1170 

MammeU) tested by teinometei 7 

W 

Mantion, theoretical study of a cai 
budge (1860) 1034 
Mai hie see Stoiu 
Maicoin on axles (i) p filo ihi 
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Marcq_, expenments on strength, elastic 
limit and stretch modulus of wood 
(1855), 1157 

Mane^ nis history of mathematics, 162 
and ftn 

Mcvnotte, on stretch limit of safety, 

5 (c) 

Marqfoyt apparatus for recordmg defieo 
tion of bridges (1869), 1032 
Masson^ on correlation of physical pro 
parties of bodies (1858), 823 ^ — i 
Mathieu, pupil of Samt Yenant’s 416 
his discussion of potential of second 
hind, 235 

Matter, cannot be continuous, 278 
Matteucci, on rotation of plane of polar 
ised light under magnetic mfluence, 
and on diamagnetic phenomena (1850), 
698 — 9 on the influence of heat and 
compression on diamagnetic pheno 
mena (1853), 700, on the dectro 
magnetic phenomena developed by 
torsion (1858), 701 — 5 , letter to Arago 
on relation of torsion to magnetisation 
(1847), 812 , cited on relation of torsion 
to magnetisation, 1729, 1734, 1737 
Maxwell, discussion by Samt Tenant of 
his views as to elastic constants, 193 
196 , his statements as to bi constant 
isotropy objected to by Wertheim, 797 
(c) , his views on stress strain relations 
referred to, 227 cited as to hues of 
flow, 1564 , as to relation of stress and 
magnetisation 1727, 1734 
Mechanical Equivalent of Heat see 
Heat 

Mechanical Bepi esentation of Magnetic 
Eoite 1627, 1630, 1813—5 
Meissner, M , on absolute strength of 
iron and steel (1858) 1123 
Mtmln ant equation lor transverse shift 
of 390 F Neumann s treatment of 
1223 Kiichliotf s treatment of, 1292, 
1300 («) membrane terms in plate 
equations 1296—9 , stretch in curved 
extensible membiane 1461 Gauss’ 
theoiem toi inextensible membrane 
1461, 1()71 vibrations of flexible, 
composed of two jutces of different 
material 551(6) nodal lines of square 
membiaiies 825 (<) 1223 tiansverse 
vibiations of regul iily and iiiCoUlarly 
sti etched 1300 (<) of eiiculai 1385, 
clfcet of stiffness on note 1439 
Me nab) ca on theoiy of vibrations (1855), 
550 —1 on gencial laws of vibiations 
(18 ) )) 578 on the minimum piopeity 
of woik done by elistic system (1858) 
604 () 

Moonij com))iosMl)iIity of 1817 


M&ry, on th©(»y of arches, 1809 
Metals, generally amor|to and 
have eUipsoidal ^asticity, 144^ d^wn 
or rolled, elastic opnstaats for, 2^, 
stress formulae and elastic constants 
for, 314, tables of their con- 

stants, 469, 752, 754,756,773,mX--.2; 
hardness of, Husschenbroeh^s osdsr, 
836 (c), Calvert imd Sohm(m% ^ p, 
592, itn , Olarmval^s, 846 howihesiaao- 
deotric properties are hj 

strain, 1642— 7 fox g^ieral discas* 
Sion of their daske, &^mio-eftastie 
and other physical properkes, see .5m, 
Copper, Brass etc 

Metatatic Axes, treatment by Bernkme 
and Samt Venant 137 (vi), 446 
Meyer, 0 E , edits E Neniniam’g Leo 
tures on Elasticity, 1192 , <m mod^ 
researches upon the elasticity crys- 
tals, 1212 

M%ca, stretch-modulus of, 1210 
Miehelot, on strength of ^ne, 1179 
Militzer, effect of long-con^ned and 
repeated loading on elecinc^ and 
magnetic properties of wrought-iron 
axles, 994 

Millar, W J , edits Rankme’s pap^, 
418, Bankine’s Manual of Applied 
Mechanics 464 

Mitgau on east and wrought-iron gird- 
ers 954 

Mitscheihch, on strain m oalcspar due 
to change of temperature, 1197, on 
change of optic axes m hi axal crystal 
with change of temperature 1218 
Models, in rehef for torsion, (i) p 2, 60 
for transverse impact of bars 105, 361 
for vibrating strmg 111, of elastic 
structures law of relation between 
shifts and strains for large and small, 
1718 (a) Sir W Thomson s, of a 21 
constant sohd, 1771—3, of the ether, 
1806 — 7, illustrating a double assem 
blage of Boscoviehian atoms and a 
multi constant elastic sohd, 1804 — o 
Modified Action hypothesis of 276 305 
1447^8, 1770 1773, seems involved 
in Sir W Thomson s multi constant 
Boscoviehian system 1803— o see 
also Intel nioletuhi) Action and Con 
stants, Elabtic 

Modulus P) intipal Vodulub defined 
by Sir W Thomson, 17bl \alue of 
depends on woiking and is peculiar to 
each test specimen 17o2 , difference 
between kinetic and static moduh at 
tributed by Seebeck to altei strain, 
474 (d) Weitheim’s Vle^\s 809 Mas 
sou s nuiubei ‘1 824 KuplTci s lesuU'^ 
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7^ Six W 5)feoinson s thermo elastic 
investigation of relation between hi 
netic find static mod!iili 1750 — 1 , tables 
of i^feo of two moduli for various 
materials, 1751 on Wertheim’s Xe 
suits, 1751 

Mcd^Vus, Dilatation (or Bulk, 1709 {d)), 
investigated by Kirchhoff, 1279 , how 
affect^ by temperature, 16S8 and ftn , 
table of for variety of materials 1762 , 
for an aeolotropic solid, Sir W Thom 
aon dkstinguisl^s two kinds tasino 
and thlipsmomic, them values, 

1776 

Modulus, Plate, defined, 32S, 385 

Modulm, Slide (or Bigidity, 1709 (d)), 
effect on torsional resistance of its varia 
tion across section, 186 , howmfluenced 
by tort, 1755 , how influenced by set 
sketch, 1753 (a) , thermal effect on, 
754, 756, for iron, copper and brass 
1753 (5), tables of, for wires, 1749, 
for variety of materials, 1752 

Modulus, Stretch (or Young^s Modulus, 
or Longitudinal Rigidity, 1709 (d)), 
how influenced by working stram an 
nealmg etc., 727, 1763, by set, 194, by 
tort, 1755, by initial stress, 241 , varies 
with manufacture, size, method of 
placmg and loadmg of piece tested, 
1110, 1112, supposed relation to coef 
flcient of thermal expansion, 717, 823, 
to atomic weight, 719 — 21 , difference 
between static and kinetic stretch 
modnh (from flexural experiments of 
Kupffer) m case of steel, platinum, 
brass and non, too great to be ac 
counted for by specific heats 728 like 
result from Masson’s experiments 824 
how affected by temperature, 1753 [h) 
756 , relation to density, 741 (a) 769 {e) 
stretch and squeeze moduli not equal 
for small loads, 796, 809, nor for cast 
iron, 971 (2), empirical formulae for 
stress strain relations in case of this 
inequality 178 

variation of value across cross 
section of prism oi bar 169 (e) method 
of treatment 518 1426, 1749 , formulae 
for due to Bresse and Saint Venant, 
169 {t) influence of this vaiiation on 
flexure 169 ( / ) example in case of 
trunk of tiee, 1()9 ( / ) si in change in 
value of 169 (;), 974 (c) 1111 

in case of aeolotropy in terms of 
36 elastic constants, 7 for bodies 
possessing various types of elastic 
sjmmeti;^ 282, its distribution by 
quartic 309 — 10 analysis of its values 
when its \aintions aie ^ladual and 


contmuous round a pomt, 312 — 4 , ex 
pressions for values m stone and wood, 
314, of regular crystal m any direc 
tion, 1206, directions of maximum 
and minimum values, 1207 to be 
experimentally determined by trans 
verse vibrations of rods cut m various 
directions, 821, 

methods of determimng, — ^Kirch 
hoff’s theory, by means of Reflections 
of stretched bar, 1289 , from transverse 
vibrations of loaded rods, 774—84, in 
case of glass from double refractive 
power, 786 

tables of values for metals, 752, 
for wires, 1749, for various materials, 
1762, value for alum, 1206, for calc 
spar, gypsum and mica, 1210 
Mohn on strength, etc , of stone, 1176 
Mohs, modifies Hauy’s scale of hardness, 
836 (d) 

Moigno, Saint Venant contributes chapter 
on elasticity to his treatise on statics, 
224 

Molecules, translational vibrations of, 
used to explain heat, 68, size of, 
according to Ampke, Becquerel, Ba 
bmet and Sir W Thomson, (i) p 184 , 
molecular state of bodies affected by 
stress, 861, by vibrations, 862, Mac 
vicar on molecular phenomena 872 
Sir W Thomson on shell spring mole 
oule 1765, 1769 ftn distinction 
between velocity of molecule and of 
particle, 1463 — 4 Sir W Thomson 
on molecular constitution of matter, 
1798—1805 on probable molecular 
structure of isotropic solid, 1799 , 
molecular tactics their bearing on 
lari and multi constancy 1800 — 5 
seem particular Intcnnoleculai Action 
and Atonuf Constitution oj Bodies 
Molinos, L on budge construction 
(1857), 890 

Moll, C I text book on stiength oj 
materials (1863) 875 
Moments oJ Inutia, values of for tri 
angles and tiape/ia 103 
Moments Ihcoitni of the thiei for con 
tinuous loads and iinitoim cross sec 
tion 603 foi isolated loads, value 
ot leactions 607 foi continuous loads 
unequal heights ot suppoits and uii 
equal flexiual iigidities 893 
MontKjny mode ot counting vibiation 
(1852) 822 , his results contradic 

Baudiiinont s 822 

Monn LttjOns dc ui^caniquL piatiqu 
(Besistance dcs Tnat< nanx (185-j 
IHoh)) 876 82 Ins ciioncous view 
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on elastic limit, 878 , on elasticity of 
aluminium, 1164 
MortaTf strength of, 880 (6) 

Moseley, graphical construction for hne 
of pressure, 1009 

MMi constancy remarks on, 4 (f), 192, 
198, 196, 197, results feom h^othesis 
of modified action, (i) p 185 , model 
illustrating, 1771—3 , may he deduced 
acoordmg to Sir W Thomson from 
Boscovmhian system of atoms, 1798 — 
1805 see for further references, Con 
slants, Elastic, Constant Controversy, 
Ban constancy 

Muscle, after strain in, 828, 829—30, 
832, stretch modulus of, 830 
Musschenhroek, his method of measuring 
scale of hardness, 836 (6) 

Muttnch, his experiments on nodal Imes 
of square plates, G et A p 4 

Nagaska on current in nickel wire 
under longitudinal magnetizmg force, 
produced by twist, 1735, 1737 
Navier, gives formula for value of stretch 
(s^) in any direction, 4 (5) , his lectures 
edited and annotated by Saint Venant, 
160, on summmg mtermolecular ac 
tion, 228 on impact of elastic bar, 
341, his memoir on rectangular thm 
plates, 399, on statically mdetermi 
nate reactions, (i) p 411, ftn , first 
applies theory of elasticity to arches 
1009 , r Neumann adopts his methods, 
1193, 1195 

Nerve, after strain of, 830, stretch 
modulus of, 830 

Neumann C , general theory of elasticity 
(18()0) 667—73 1196 intioduces idea 
ot incompressible ethei 1215 and Itn , 
his generalised equations of elasticity, 
670, 1250 discussion ot his views as 
to elastic constants by Saint Venant, 
193 his method of finding strain 
eneigy 229 

Neiunanu, h his ‘Lectuies on the 
theory ot the elasticity ot solids ’ (de 
livcied 1857—74 published 1885) 
11()2_122B on the optical properties 
of hcmipiismatic ciystals (1835) 1218 
and ttn on the double letraction of 
light (1832), 1229 (1841), 1221 on 
the lofiection and lefraetion ot light 
(1835) 1229 on liesncls foimulao 

toi total letlcction (1837), 1229 his 

Lectures oil theoretical optics” (188o), 
1229 his tormula for torsion 1230 
chiet features of his researches 
thermo elastic equations 1196 7 
geneial pioot ot uniqueness ot elastic 

I F IM II 


equations, 1198 — ^9 has diseuMii cl 
crystals, 1203 — 12; 1219, ir^ dete- 
mmes stretch modulus 151, 

remarks on this quCarfete, 30^ esnmm 
Vol I about this quarhe OOTreciui, p. 
209, ftn, C etA^p $ , hm 
of waves and themiy d 

1213—8 1220— 1,1229* 

impact of bmrs, 203, 1224—5, Ins 

definition of the plane of polamdscaa 

of light, 1214, gives Hie 

a true theory of dispersKm, 

erroneous method approximaiaon, 

1225—6 

erroneous identification of crystal 
hne axes (788* — 795*) 684 
of mfiuence of trackon on toarsional 
vibrations, 735 (m), his mcHiod of 
finding sketch squeeze ratio by 
tortion of cross sections under fiexuxe, 
736 and ftn , notices Hiat, up to a 
certain hunt, volume of wiremcijeases 
under traction, 736, bis theory 
photo elasticity referred to, 792, 793 
(ill) list of his pupils, 1192 and fin 
Neutral Axis, distmgmshed from neutral 
hne, (i) p 114, ftn , for flexure under 
asymmetrical loading, 171, relation 
to eUipse of mertia and stress centre, 
515 , apphed to elastic bodies resting 
on rigid surfaces, 615 — 6, 602, at- 
tempted extension to curved surfaces, 
602, does not pass through centroid, 
if there be any thrust 922, existence 
or not of strain at, 1016 , m cast iron 
beams does not pass through centroid 
(?), 971, 1091, 1117 (m), erroneously 
placed by Thomson and Tait, 1689 
Neutml Line distinguibhedfiom neutral 
axis, (i) p 114, ftn , coincides closely 
with central line if load be transverse, 
930 

Newton his expeiiments on impact, 209 
his theory of impact criticised 1682 
his pi oof of \elocity of sound 219, 
tieated intei molecular force as central, 
269 

Niclel, admixture with cast iron tends 
to reduce strength of latter 1165 
pievents ciystallisation of iron 1189 
effect of torsion on loaded and mag 
netised nickel wire, 173o effect of 
longitudinal pull on magnetisation of 
1736, ab to existence of a Lilian 
cntical held 1730 diiection of m 
duced longitudinal current b'v twist 
undei longitudinal magnetic loice 
1737 , ^ , 

Nicking how it pioduces change m tou,_n 
non 1067 
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Ime$, of square membraaes, 826 
(4, 1223 , of pSsites, (i) p 575, fta , 
I23a--43, 1300 (5) 

of Tibratmg bars, 825 {a)—{d), 

1228 

pitdb of fundamental, asserted by 
'W’erfcbenn to d^nd on intensity of 
distorlranoe, 809, of cireular plates, 
1242, 1243, of membranes, 1223, 1439, 
of rods of nmform cross section, 1228, 
1291 (&), of varying cross section, 
1302— '7, of stretched strmg, 1291 
(c) — {d) 

on the suspension bridge of BocJie 
Bernard, 1033 

efect of elastic yielding of 
eaiHih on, 1665, 1738 — 9 

h^s ti^ry of dispersion (1842), 

Omiedt his theory of the piezometer 
tecussed by Neumann 1201 (c) 
Otooto, his mode of finding stretch 
squeeze ratio referred to, 1201 (e) 

Optic AxeSy dispersion of, 1218, ftn , 
Neumann’s theory of change of posi 
tion due to pressure or temperature, 
1220 

Optical Axes, defined, 1218, ftn 
Optical Coefficient of Elasticity , defined, 
796 

Ordnance see Cannon 
Orr's “ Circle of the Industrial Arts ” (On 
the useful metals and their alloys, 
(1857)), 891 

Ortkotatic Axes, 137 (iii), 446 , Green’s 
condition for, m ease of ether, (i) 
p 96, ftn 

Orthotatic Ellipsoid, discovered by 
Haughton, named by Bankine, 137, 
446 

Oitmann, theoiy of resistance of ma 
tenals (1843, 1855), 922 
Owen, on strength oi ‘toughened’ cast 
iron girders, 1105 

Pagani, on statically indeterminate re 
actions, (i) p 411, ttn 
Painvin on vibrations of ellipsoidal 
shells (1854), 544—8 
Paiibner, L , uses diamond and metal 
needles to test haidness (1813), 836 (/) 
Paob on statically indeteiminate re 
actions, (i) p 411 ftn 
Pape on axes of atmospheric dismte 
giation in crystals 1219 
Paiadm G, on nodal lines of plates 
(1806) (i) p 57o ftn 
Peat son K , note on Clapeyron’s Theo 
rein of tliiet.momeiits(( lasticsujipoits) 


(i) p 413, ftn , on ratio of transverse 
to absolute strength of cast-iron, (i) 
p 719, ftn , on flexure of heaw 
beams, 387, ftn , 1427 on intermole 
cular action, 1447, on condition for 
replacmg surface load by body force, 
1695, ftru , on the generalised equations 
of elasticity, 1709 (a), on the stram 
energy of a jelly with ngidly fixed boxm 
danes, 1813, ftn , on torsion m axles 
and shaftmg, (i) p 668, ftn and fi) 
p 673, ftn ^ ^ 

Pekdrek, F , his sklerometer, 842 
Pendulum, conical, stress m its support 
689 ’ 

Pen eaux, L G , testing apparatus for 
yam, thread, wire, etc (1863), 1152 
Persy, on skew loadmg of beams, 70 
C et A p 9 ’ 

Petin, on steel, 897 

Petzval, J , on the vibrations of stretched 
strmgs, 617 

Phear, J' B , on Lamd’s stress elhpsoid, 
513 

Phillips, E , on the spnngs of railway 
roUing stock (1852), 482—508, enors 
in results for rolling load on h^am 
corrected by Saint Venant and Bresse, 
377, 640, on rolling load on bridges 
(1865), 165, 372—3 552—4, on resih 
ence of railway buffers (1867), 695 , on 
springs (1858) 597 on the spiral 
spiings of vatches and chronometers 
(1860), 674—9, on the longitudinal 
and transverse vibrations of rods sub 
jected to terminal conditions varying 
with the time (1864), 680—2, writes 
notice of Samt Venant (1886), 415 
Photo elasticity, relation of contributions 
of Fresnel, Brevster, F Neumann, 
Maxwell and Wertheim 792 793 (in) ’ 
Wertheim s theory corrected by Neu 
mann’s, 795 

Pianoforte Wiics strength of, 1124 
Piezometei, elasticity ot, 115 119 121, 
m form ot sphtucal shell 124, ex’ 
periments on copper and bias', dis 
cussed 192 (5) theory ot 1201 (c) 
PillaiH see Column', and 
Piohcrt, reports on baint Venant’s toi 
Sion memoir 1 

Pipes, cast non toiinulac tor strong, th 
of, 900 when unequally lu ited 962 
bursting ot wiou/^ht non and leaden 
pipes fiom mteinal piessuie 983 
earthenware bin sting stiengtli diy 
andaftei soaking 1171, toiniulac toi 
strengtli of eiitliemvne 1172 sco 
also luhcs 

Pud translates Hodgkinson s ]■ xpeii 
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mental Eesearches into Freneh, 
1095 

Piston Rod, stress m, 681 

Plane Surface, of infinite elastic soM 
subjected to given stress or strain. 
1489—98 

Planet, application of theory of elasticity 
to figure of see Barth 

Plastic Limit, 1668, 1686, 1593 — 5 

Plastic Rupture Surface, 1667 

Plasticity, 169 (6) , fiow of plastic solid 
through circular orifice, 233, coeffi- 
cients of resistance to plastic shde and 
stretch equal, 236 , name used in this 
work for plastico dynamics, 243 trans- 
ition from elasticity to, is there a 
middle state? , general equa 

tions of, 245, 246, 260, Tresoa’s ex 
perimental laws of 247, Saint Venant 
deals with uniplanar equations of, 248, 
1562—6 , difficulty of solvmg equations 
of, 249 , equations for cylindrical 
plastic flow, 252, equations of um 
planar plastic flow reduce to discovery 
of an auxiliary function, 253 1662 — 6, 
surface conditions of, 254, 1594 due 
to torsion of right circular cyhnder, 
255, due to equal flexure of pnsm 
of rectangular section 256, plastic 
pressure is transmitted as in fluids, 
260, of a right circular cylindrical 
shell subjected to internal and ex 
ternal pleasure, 261, same shell with 
outer surface rigidly fixed Saint Ve 
nant obtains results difiering from 
Tresoa’s 262 Saint Yenant corrects a 
result of LCvy’s for the general equa 
tions of, 252 263 — 4 need of new 
experiments on, and method of makmg 
these 267, msufiiciency of Tresca’s 
mode of dealing with theory of 267, 
uniplanar ecpiations of solved by 
Boussmesq 15{)2 — 6 ‘isostatic curves 
obtained gra])hically 1564, nature of 
surfxcG conditions 1594 uniplanar 
equations in polar coordinates 1601 
belts of plastic mateiial subjected to 
vaiious forms of pressuie 1602 {a ] — 
(r) (cf 2()1 — 2) action of circular 
punch, 1602 (d) wedge of plastic 
matciial squeezed la tween two planes 
jointed togothci 1()03 uniplanar body 
stress equation when force function 
exists 1605 (6) — {() how defined by 
ihomson and Tail, 1718 {b) 

PUistiLiUj, Coilhutnt oj (A) 244, 247, 
250 IS it an absolute constant? 1568 
1586 1593 method of determining 
1569 

PUistuo ihimmucs ^PUihtinUf 


Plcute, Elastic, history of problw, 167 
12^ 1293 1440, torsioii of 
plate, 29, is generally amonflu^ if 
rolled, 115 

Plate tkicJe, Olebsdb’s treatment 
1350 — 53, 1356 — 7, snisll but not 
mdefimtely small 

special case of circnlar plate stretched 
by any system of loads parkllei to ijbe 
mid plane 1355, when mfiniteJ^ ex- 
tended, Boussmesq’s suggestion for 
solution, 1519 (d), annot^d (Bebfich, 
Saint- Venant and Boussmesq’s re 
searches, 322 — 337 rectangular plates 
simple oylmdncal riex ire 323 double 
cyhndncal flexure, 324—325, sub- 
jected laterally to sheani^ load, 
826 , circular plates, symm^ncal 
loadmg, 328, 335, subject to lateral 
shearmg load, 329, circular annulus, 
328 — 330, complete plate resting on 
nm of a disc, 331, 333, onticifflii of 
Saint Tenant’s solution, 331, ocular 
plate centrally support^ deflectKm 
etc , 832 , deflections for complete 
plate variously loaded, 334 complete 
plate, deflection of for any system of 
loadmg, 335 — 6 , Levy’s prmciple, 336 , 
assumptions of theo^, 837 

Plate, thin, Kirchhoff’s first treatment 
of problem 1236 — 40,donbtMassump 
tions, 1236, expressions for strain 
energy of bent plate, 1237, the two 
boundary conditions 1238 — 9, unique 
ness of solution, 1240 Kirchhoff’s 
second treatment, 1292 — 1300, fimte 
shifts of mfinitely thin plane plate 
1293, obscure step in Kirchhofi’s 
reasoning, 1294, Love s views, (ii) 
p 86 ftn further assumption as to 
stresses 1295 strain energy of plane 
plate, 1296 Basset’s terms for shell 
contribute nothing to strain energy of 
plane plate, 1296 bis finite bendmg 
1297 slight bending 1298—9 Clebsch’s 
treatment 137o — 84 finite shifts 1376 
— 8, mid plane appioximately a deve 
lopable surface 1376, small shifts ge 
neral equations when no suiface load 
1379 Gehi mg’s treatment finite shifts 
of isotropic plate 1413 — 4 errors 
1414 ti ansvei se and longitudinal shifts 
of aeolotiopic plate eiiois of tieat 
mont 141o compaiisoii of methods 
ot Kirchhofi Clebsch and Gehrmg 
1292—3 1375 1411—3 Thomson and 
Tait s treatment 1698 — 1704 stiain 
energy foi plate with thiee lectangulai 
planes ol elastic symmetiy 1698—9 
ciiticism of assumptions made 

^ 4—2 
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Thomson and Tait, 1700 — 1, 1703, 
1705, comparison of their method with 
those of Boussinesq and Samt Tenant, 
and with Kirehhoff’s first treatment, 
1701, analysis of hendmg couples for 
plate, 1702, syndastic and anticlastic 
hendmg stress, 1702, stress couple 
equation for plate, 1703, Thomson 
and Taifs ‘ reconciliation of thePoisson 
and Kirchhoff boundary conditions, 
1704, 1714, transverse shift of a thin 
plate strained symmetncally round a 
pomt, 1705, general solution for a 
plate of any form under transverse 
loa^ thrown back on the solution of 
an equation free of that load, 1707, 
flexural rigidities of isotropic plate 
detenmned, 1713 , Boussinesq^s treat 
ment, 1438 — 40, assumption of stress 
relations, 1438, 1440, doubtful treat 
ment of curved plate, 1437, on contour 
conditions (1238 — 9),14S8,1441,L^vy s 
investigations and controversy with 
Boussmesq ‘ local’ perturbations, 1441, 
1522 — 4 Samt-Venant’s treatment, 
383 — 399, his criticism of Glebsch’s 
treatment, 383, deduction of general 
equations, 384, assumptions neces 
sary, 386, arguments m favour of 
assumptions, 386, criticism of these 
arguments, 387 , further expression of 
the assumptions 388, advantage of 
this method of dealing with problem 
over that which assumes form of po 
tential energy, 388 , criticism of Lord 
Eayleigh’s, and Thomson and Taits 
mode of dealing with problem, 388, 
equation for transverse shift, 385 , 
equations for longitudinal shifts 389 , 
contour conditions, 391 — 394 , Saint 
Tenant adopts Thomson and Tait s 
reconciliation of Poisson and Kirch 
hoff 394, his views on Levy’s ob 
sections 394, 397 remarks on his 
views 394 

Flate thin, equilibrium of special cases 
Circular contour (i) rests on a ring or 
(ii) IS built in, uniform surface load 
398 (i) and (ii) , shifts in its own plane 
and transverse shifts, 1380 built in 
and loaded on any point 1381 built 
in and uniformly loaded deflection 
and stress, 657 thickness required to 
carry a given uniform pressure, 659 
supported or built m and subjected to 
central impact, mass coefficient of re 
silience deflection etc 1550 (c) Cu 
culat annulus subjected to bending 
couples and shearing forces on its 
edges, 1706 Ihctanijulai umfoim 


load and isolated central load, sup- 
ported edge 399 (a) and (5), subjected 
to transverse loads P, ~P, P, -P 
at the four comers takes anticlastic 
curvature identical with torsional 
stram, 1708 Infinite^ subjected to 
given surface loads or shifts, 1660 
Plate^ thin, motion of, general equations, 
1383 Infinite, transverse vibrations of, 
1462, when subjected to an arbitrary 
shift varymg with time at a pomt, 
1535, when subjected to arbitrary 
normal impulses, 1536, limitmg ve 
locity of impact for safety, 1538, im 
pact by mass strikmg normally, 1545 
Tiansverae vibrations, 1300 (6), 
1384, when aeolotropic, 1415 specif 
case of circular plate, nodal hues, (i) 
p 575, ftn , symmetrical and asym 
metrical vibrations of free circular 
plate, 1241, calculation and compan 
son with results of Chladni for notes 
on two hypotheses (X=At and X= 2/4), 
1242 (a) and 1243, calculation and 
comparison with results of Strehlke 
and Savart for nodal circles on same 
two hypotheses, 1242 (6) and 1243, 
expression for fundamental note, 1243, 
nodal lines dealt with by Olebsch, 
1384, special case of square plate, 
nodal lines determmed by Muttnch, 
C et A p 4 

Longitudinal vihiatiom, of aeolo 
tropic plate 1415 

Platinum, thermo elastic properties of, 
752 , after strain and temperature, 
756 , stretch modulus and density of, 
(i) p 531, 824 , absolute strength of 
wire, 1131 ratio of kinetic and static 
stretch moduli, 1751 , hardness of, (i) 
p 592, ftn , thermo electric prop ei ties 
under strain, 1645 — 6 
Pliability, defined, 466 (ix) as thlipsi 
nomic coefficient, 448 
Plucke), his results for crystals cited, 
683, 685—6, 1219 

Poinsot, his memoirs on impact, 591 
Poiree J on deflection of arched ribs 
due to temperature live load and im 
pact 1013 , cited, (i) p 368 ftn 
Poib<,on erioneous method of dealing 
with flexuie 75 -116 1226 — 7 on 

problem of jdate 1()7 critieism of his 
deduction oi stiess striin lelatiou 192 
(«) error m his theoiy ol imi)act of 
bars 204, on feummmg ink i molecular 
actions 228 on contoui conditions 
for thin plate 391 — his treatment 
of plates cnticiBcd by Kirciihofl 1231 
on statically indeteiminate reactions 
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(i) p 411, ftn , his theory of elasticity 
referred to, 1193, 1195 , his views on 
uni constancy tested by the vibrations 
of circular plates, 1242 — 3 
Poisson^s Ratio see Stretch Squeeze Ratio 
Polar Coordinates, general solution of 
umplanar strain m terms of, 1711, 
1717 (u) , form of plastic equations in 
terms of, 1601 

Polar Properties of Crystals, have no 
correspondence in elastic forces pro 
portional simply to stram, 1763 
Polarisation, Plane of, Neumann’s defi 
nition, 1214, 1216, 1217, accepted by 
Kirchhoff , 1301 , m Boussinesq’s theo 
ry, 1472, reached by Sir W Thomson 
from incompressible cyboid aeolotro 
py by annulhng difference of rigidi 
ties, 1776 , Sir W Thomson on, 1780 
Po larisation, Rotatory, Boussmesq’s theo 
ry of, 1481 , m gyrostatically loaded 
media, 1782 (a), 1786 
Polarising Media, circularly, Clebaoh’s 
theory of, 1324 

Poncelet, reports on Saint Venant’s Tor 
sion Memoir, 1 , reports on Saint 
Venant’s memoir on transverseimpact, 
104 on rupture, 164, 169 (c), on 
elastic line, 188 , on impact of elastic 
bar, 341 his M^canique Industnelle, 

0 et A p 10, reports on Phillips’ 
memoir on springs 482 , on theory of 
arches, 1009 , his results as to resili 
ence cited by Mallet 1061 — 2 
Popo^ A , integration of elastic equa 
tions for vibrations (1853), olO , inte 
gration of general elastic equations in 
cylindrical coordinates (1855), 511 — 2 
Potential no qy of strained solid see 
Stiain h nuqy 

Futciitial Punttwn oi Potential, history 
of origin of terms, 198 (c) , general 
piopeity of atti action potential 1487 
(t) propel tics ot due to Beltrami, 
lo0> , of clcctiicity on elliptic discs, 
1513 

VoU ntiah first used by Sir W rhomson 
toi clastic pioblciiis, 1027 — 30 1716 
method ot ticcing elastic equations 
tioni body foiccs by aid of potentials 
1715 of second kind use in solution 
ot clastic equations 140 235 vibia 
tious ot an lutinitc clastic medium 
discussed b> me ms ot 1485 applied 
to discuss iniluciicc ot local stiess oi 
stiaiTi on the sticss oi strain at othei 
l)Oiiits of an extended solid 148() 
gene i il remarks on potential solutions 
and coinpaiison with those in teims 
ot bouiici s series 1187, on different 


hinds of, mverse direct aaad lejsaaaih- 
\ K 1 I )18 , Tilt nix solil U) indod 
by plane surface, subjected to 
stress, given strain or partly <me 
partly other, 1489—98, soluh.^ by 
potentials of ^lecial cases of 
on or depression of sur^Ebce of 
sohd, 1499 — 1517, soiulKmat^ 
cases of body force m 
solid, 1519—21 , “i^heneal” po^e^^xal 
used to mtegrate equations of v£|gca^ 
tions of infinite isotrotnc mAdtrim 
1526 

Potier, proves Hopkins’ th^srem m 
anew, 270 

Precession, effect of ela^c yielding oi 
earth on, 1665 

Pnnsep, first noticed that heatm^ pa?o- 
duces set in cast iron, 1186 

Pnsm torsion of see Torsum, ffe^nre 
of see Fleccure see also Stram, Ooon 
hined 

Pronmer, G , on bndge-strueture (1867h 
890 

Pulverulence, remarks on L6vy, 

Tenant Boussinesq and Banbne’s 
treatments, 242, Bankine on, 45S, 
Boltzmann, 582 (5) , umplanar equa 
tions of solved by conjugate functions, 
1666 1570, memoirs dealing with, from 
elastic standpomt, 1571 , Boussinesq’s 
theory, elastic constants of stress 
strain relations for, 1574 — 5 umpla- 
uar stress equations, 1576, analysis of 
stress and stram for pulverulent mass, 
1578, solution of equations of equih 
bnum for mass bounded by sloping 
talus 1580 — 2 introduction of boxmd 
ary wall at any slope, rough or smooth 
1584, mass m state of collapse, dis 
cussion of pulverulent limit 1685 — 6 
angle of internal friction 1587 natural 
slopes of talus for various materials, 
1588 thiust on suppoitmg walls 
1590 —1 physically incorrect assump 
tion m these solutions, 1692 bis most 
stable toims ot equilibrium 1592, 
equations loi pulveiulent mass on 
point of collapse 1593 Rankines 
relation, 159b constancy ot velocity 
ot pulverulent mass under \aiyiug 
stiess 159o conditions at a re\etment 
wall lo97— 8 uppei and lowei limits 
to thiust on a levetment wall obtained 
1599 umplanar equation in polai co 
oidinates IbOl umplanar bods btrebS 
equations it equihbnum be limiting 
and there be a toice function, 160o 
Sii B Bakei on bieadth of 
letaming walls, oompaiison with Buus 
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smes<i’s theory, 1G06— 7 , G- ^ Dar 
\ 9 iQ on horizontal thrust of sand, 
comparison with Boussinesq’s theory , 
im—ll, 1623, Gobin’s experiments, 
161(1-11, 1623, approximate formulae 
lor thrust, 1611, Boussmesq’s final 
theory for horizontal talus and verti 
eal wall, 1612—8, modified method 
of finding superior limit for thrust, 

3[g21 2, numerical tables for thrust 

as given by Boussinesq s theory, 1625, 
further approximations to thrust, not 
rapid enough, 1624, remarks on (lou 
lomb’s theory of pulverulence, 1609, 
1620, 1623 

JPmcktng, 905, pressures needful tor, in 
case of plate iron, 1103, empirical 
formulae, 1104, graphical represents 
tion of stress due to by aid of Luders 
curves, 1190 and (ii) frontispiece 
Boussmesq’s remarks on the action of 
a punch 1511 , action of flat punches, 
1510 (c), of punches with curved 
faces, 1512, action of punch on plastic 
material, 1602 (d) 

Quartz, electro magnetic field produces 
no (? httle) effect on compressed 
laminae of, 698 (iv), may be cut by 
rotatmg iron disc, 836 (fi), hardness 
of, 840, 836 (d), used to cut corundum 
m sand blast, 1638, ftn , Boussinesq 
on optical theory of, 1481 remarks 
on elastic forces concerned in optical 
phenomena of 1763 , optical properties 
exphcable by gyrostatio medium, 1781, 
1786 

Quincke, his experiments not in accord 
ance with bir W Thomson’s theory 
of metallic films, 1783 (c) 

Baihoay, rail, torsion of, 49 (c) 182, 
transverse strength ol, 0 et A p 11 
see also Axh Spang, Continuous 
Beam, etc 

Eankine, centrifugal theory of elasticity 
(1851), 417 laws of elasticity of solid 
bodies (1850) 418—26 sequel to laws 
of elasticity (1852), 427 — 32, on the 
velocity of sound m liquid and solid 
bodies (1851), 433—9, on the vibra 
tions of plane polarised light (1851) 
440 on light (1853) 441, geneial 
mtegi ils of elastic equations (1856), 
441—2 on axes of elasticity and 
ciystallme fomis (1856) 443 — 52 oii 
eaitiiwoik (18o7) 453 gtiiu al solution 
of equations of elastic equilibiium and 
decomposition of external foice (1860 
1872) 454—62 stability of factoiy 


chimneys (1860), 463, Manual of 
Apphed Mechanics (1858), 464 — 70 
Miscellaneous Scientific Papers, 418, 
competes for Grand Pnx, 454, Life 
see Millar’s edition of Papers 

Eemarks on his work his terrmn 
ology for elastic conceptions, 466, for 
elastic coefficients, 443 — 52, (i) p 77, 
ftn , on aeolotropy, 429, on axes of 
elasticity and classification of con 
stants, 443 — 51, Saint Yenant on, 135 , 
on tasmomic quartic, 136, 446, on 
orthotatic elhpsoid, 137, 446, on me 
tatatio axes, 137 (vi), 446, Saint 
Yenant adopts his symboho method, 
198, his erroneous theory as to co 
efficient of rigidity, 421, on longitu 
dinal impact of bars, 205 , on stability 
of loose earth, 242, 1690, defect of bus 
theory, 1613 , his hypothesis of atomic 
centres, 423 of molecular vortices, 
424, 440, 1781, of coefficient of fluidity, 
423 — 4, 429 — 30, 1448 , his hypothesis 
of “aeolotropy of density” to explain 
double refraction, 1781 
Pan constancy 68 , a property of bodies 
of confused crystallisation, 72, equality 
of cross stretch, and direct slide co 
efficients on hypothesis of, 73 , Saint 
Yenant’s arguments in favour of, 306 , 
Rankme’s attempt to elucidate by 
means of the coefficient ot fluidity’ 
423 — 4, 444, does not follow from 
Boscovich’s theory, if molecules be 
groups of atoms, 787 (ct 192 (d), 276) 
investigated by stretching hollow 
prisms 802, by wires 1271 — 3 , is not 
negatived by expeiiments on cork, 
jelly or mdia rubber, 192 (5) 610, 
1636 1770, unless it is shown that 
bi constancy really sufiioes 1770, 610 
nor by experiments on wiies, 1201 
1212 1271 — 3 1()3() Thomson and Tait 
on 1709 (0 1719 bii W iliomson s 
aioUiiicnt against based on 21 constant 
model 1771 eiituism ot tins model 
1772— 3 non tuliilnient ot i iii con 
staiit conditions in ease ot ci>stils 
1780 laii const iiiey follows tiom sm 
gle dssembl ige ot lioseovieluan atoms 
1801 — 2 see Coiatants 1 Instic etc 
llay dehiied by Kiiclihott 1274 tlieoiy 
ot, 1311 — 2 13oussines(i on 1177 
m aeolotio})ic medium obcyin^ dlip 
soidal conditions etc 1 )()() 
luiyhnfli J onl on tlun pluU pioblcm 
38B on iioiinal tuiietioiis ol bn 349 
overlooks Seebi ek s lesults foi stitt 
ness ot stiings 172 on dissipitiv< 
function, 1743 woiks out Haiikme 
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hypothesis of aeolotropy of density to 
explain double refraction, 1781 , his 
“Theory of Sound” cited, 821, 1238 
1302 

Reactions of body on more than three 
points of support 509 , history of the 
subject, before the days of elastic 
theory, (i) p 411, ftn , memoirs of 
Bertelli, 698, of Doma, 699 — 602, of 
Clapeyron, 603, of M6nabr4a, 604— 

6, of Heppel, 607 see also Con 
tvnuous Beams 

Biaumur^ effect of hammering on mag 
netisation, 811 and ftn 

Behhann, G , theory of wood and iron 
construction (lo66), 885, increase of 
strength in beams due to buildmg in 
terminals (1853) 942 

Redtenbacher, forrhula for strength of 
hydraulic press, 901 

Reflection^ E Neumann’s elastic theory 
of, 1229 (5) and (c), Boussmesq on, 
1481 , l^rohhoff’s elastic theory of m 
crystalline media, 1274, Olebsch’s 
elastic theory of, for wave impmgmg 
on spherical surface 1392 — 1410, 
solution in sohd spherical harmonies 
1395 — 9, any number of centres of 
disturbance, 1400 — 2, smgle centre, 
1403, longitudinal wave always pro 
duces longitudinal and transverse 
reflected waves, 1405, apphcation of 
Huyghens’ Principle, 1406, wave 
length large as compared with radius 
ot reflecting sphere 1407 — 9, absence 
of shadow, 1409 (in) , feir W Thomson 
on 1780—1, theory of, for contractile 
ether 1787 — 8 metallic^ discussed by 
Sir W Thomson, 1782 

Rtf) action, theory ot m crystalline 
media 8tetau o91 1 Neumann, 

1229 (6) and (( ) kirchhofl 1274 
views of T Ntuiuann, MacCullagh 
and Griccii citid, 1271 Boussmesq on 
tluory of, 1181 bii W ihomsonon, 
1780 — 1 tluoiy of, toi contractile 
aiici 1787 

hcfiiulion lUnibU due to initial stress ’ 
78() 7H<) 14(>7~74 1789-97, the 

case ot compussed gliss (oiown xdato 
01 Hint) d(XKuds only on s(xueL/c 
7H() giv( s n nu ans of linding stictch 
modulus 78() 789 of lock salt and 
fluoi spii undci coinpKssion 789 
jiiodiutd by stiiss us((i to investigate 
till stuss siiain k lation and equality 
ot stu tell and sqiioe/t moduli 792 — 
7 1 elation ot stiess to dilleieiice ot 

iquivalent in paths ot two rays 795 
double 1 ell active power its relation 


m 

to density, to optical and 
properties obsouare, 797 (a) ^ no re- 
lation accordmg to Wer&tam b^weee 
natural and artifloial doulde-xefrac' 
tion, 797 (5) , produced by torsicii, 
802, produced m powdm msd so® 
bodies by stress, 864 

as to pressure wave, 101, 160, 
Green’s theory, 147, 1^ 22|, 1W9, 
1789 , Saint Venant on 
foi, 148—9, 154 mtJimsed, 460 
Green, Cauchy and Saimt-T^iaiiti’E 
views, 193 — 6 dastic jelty theories 

of Cauchy, F and 0 Neumann, 
!Lam4 1213 — 7, 1229 (a), Neumann 
uses mitial stresses, 1216^ Bousffitaeeq’s 
first theory, 1467 — 74, second iheoay, 
1476, third theory, 1481, his equatiions 
obtained for an aeolo^pic medium 
satisfymg elhpsoidal and other cip 
ditions, 1569, reached 1^ Sar W 
Thomson from oybdid aeolotropy 
nel s wave surface, but Neumann’s 
plane of polarisation), 1775 , Rankme’a 
hypothesis of ‘ aeolotropy of denaty^ 
discussed, 1781 (a), deduced from 
contractile ether, 1788, SirW Thom 
son 8 mvestigation by aid of * imtial 
stresses ’ 1789-— 97 

Refi active Index, supposed by Sir W 
Thomson negative for metals, 1783 

(c) 

Regnault explanation of anomahes m 
his piezometer experiments, 116 119, 
121, 192 {h) 

Reihell, his experiments on wooden 
arches, C et A p 6 
Reilly, Calcott, on longitudinal stress m 
wrought iron plate girder, 963 
Renaudot, on impact, 166 , contributions 
to problem of rolling load, 372 deals 
with problem of continuous rolhng 
load 381 his problem discussed by 
Kopytowski, 558 — 9 
Rtndtl J ill , on stiengtb of cements, 
1169 

Ramie on Emeison’s Paradox, 174 
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imdubm o/, 340 (ii), 1089, 1091 values 
of, for bronze and cast-iron, 1089 , due 
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on dangei of certain speeds lor fly 
wheels of such engines 359 

Eesdunte, Longitudinal oj Bai [Gradual 
Impuhe) 681 — 2 see for resilience of 
bars. Impact 

Rebibtance Ilectiic how affected by 
strain 1647, 1740 
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ditions for, 1422, 1435 , vibrations of, 
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loads, 769 , heavy It^ed rod, 775, 
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section vanes, 1302 — 7, thin wedge, 
1304, safe amphtude of vibration, 
1305 very sharp cone, 1806, safe 
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theory, 821, difference not to be ac- 
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tigny, however, confirms usual theory, 
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varies with the time, 1527 — 33, when 
initial shift and speed of each pomt 
IS given, 1534, bearmg mass subjected 
to a force varymg with time, 1539 , 
tiansverse impact, hmitmg safe velo 
city of striking mass, 1537, bar carry 
mg a mass which is subjected to 
transverse impact, 1540 see Impact 
longitudinal, F Neumann’s de 
duction of general equations for right 
circular cross section, 1224, his doubt 
fill solution, 122o Kirchbofif 1291 
{a) Clebsch, 1373 (b) Boussinesq, 
1431, nodes determined by Seebeek 
with sand, 475 , when terminal con 
ditions are functions of the time as 
m piston lods and cianks 680 — 2 
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ficc maximum stiain, duration of 
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toisumal 191, 1291 {a), 1373 ((), 
1174 1431 

(lastuo I uittic analogue, 1267 
1270 1283 {b) and (c), 1364 
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BoJm^ on oscillations of suspension 
Chains (1856), 612 

effect on sketch modulus of 
brass and iron, 741 (a) see also 
Working 

^BoUing zhadj on beam, girder or bridge, 
872, 540 — 1 , history of problem, 372, 
377 , isolated on bridge with doubly 
built-m termmals, Philhps, 652, solu 
tion corrected by Bresse, 540, iso 
lated on bridge with doubly supported 
terming, Philhps, 553, solution cor 
rected by Saint Venant, 373 — 6, bend 
mg moment, 375, deflection, 376 
Saint Venant takes account of pen 
odic terms, 378 — 80 , the same problem 
{Wilh$'Pti>hlem) solved by Boussmesq, 
1553, extmsion to case of contmuous 
load byBenaudot, 381, 372, Bresse, 
on very long tram crossmg very short 
bridge, 382 541, his theory repeated 
by Kopytowski, 558, by Winkler, 
664, mvestigation of whole problem 
by Kopytowski, errors m treatments, 
555 — 60, Homersham Cox’s erroneous 
theory, reproduced by Winkler, 663, 
by Morm, 881 (b), by Mahistre, 963, 
ix-rr TVfoijet, 964 , experiments on de 
due to, 1013 — 4 

u , on strength of wooden 
jnns, 880 (a) , on strength of 
stone, 880 (6) 

Boof Trusses, 881 (c), history of, 0 et A 
p 5 see also Framework 

Rotating Disc, Bitter’s enoneous theory 
of, 916 (e) 

Rotation of plane of polarised light, 
produced by magnetic force, how 
afiected by compression m flint and 
crown glass, 698 the more feeble in 
glass the greater the mechanical 
stiam 786, 797 (d) theory of cii 
cularly polarising media, 1324, theory 
of optical 1481 theory of magnetic, 
1482 

Hoy, 0 S 0)1 after stiain stretch 
traction curve hypeibohc (1880— 8), 
(i) p 579 ftn 

Rfihlviann his History of Technical 
Mechanics cited 884 , his Elements 
of Mechanics (1860) 917 on stiength 
of thiead of screws, 966 

Eiiptuie see also Failuie, Fiactuu 
Stiength ibsolutc &nd Safety, Limit 
oj conditions for 4 (7), 5 (a) gene 
lal conditions foi 5 (d) 32, history 
ot theory of 164 Poncelet on 164, 
169 (c) 121 (h) conditions foi used 
by Lam4 and Clapeyion 166 by 
compiesbiou 169 (c) due to lateial 


stretch 855, 856 , of cast iron, of 
cement, 169 (c) , condition for, with 
skm change of elasticity, 169 (/) , for 
wooden pnsm with variation m 
stretch modulus, 169 (/), behaviour 
of a matenal up to, 169 (p), by 
flexure, 173, relations between con 
stants of mstantaneous and ultimate, 
175 , for flexure of beam with loadmg 
m plane of inertial asymmetry of 
cross section, 177 (a ) , experiments by 
Blanchard, Kenney and others on 
rupture by compression, 321 (6) and 
ftn , ratio of coefficients of, by pres 
sure and tension, 321 (6) 6® , of arches, 
Ardant’s formulae for, C et A p 7, 
Wertheim considers that of hard 
bodies takes place by shde and that of 
soft bodies by stretch, the strain being 
torsional, 810, cf Sir W Thomson’s 
views, 1667, rupture stress not a 
proper gmde m construction, 875 
rupture surfaces of cyhnders and 
spheres, 880 (6) rupture planes of 
massive slopes of rock, 1583 , rupture 
surfaces of stone 909 1182 , rupture 
IS not to be determined from elastic 
equations, difficulty of maxTmnTYi 
stress diflerence limit, general dis 
cuasion of conditions of failure 1720 , 
failure better measured by stretch than 
by stress limit, 1327 1348 (g)—{h) 
1386 (b) ' ^ 

Russian measures of length and weight, 
(i)p 620, ftn 

Saalschutz on forms taken by a loaded 
rod or flat spring (1880), 1694, ftn 

Safetij, iactois of 1/10 in France, 1/6 
in England, 321 (b) , Kankme s table 
of, 466 (x) 

Safety, Limit of, properly measured by 
stretch and not traction 5 (c) lela 
tions between safe tensile and com 
pressive stresses for wood cast iron, 
wrought iron 176 Glebsch b assump 
tion of stioss limit •120 compaiison 
of stress and stretch limits tho latter 
generally on the side ot safety 321 (a) 
321(d) 1720, 1-127 n4S (r/)-(/,), 1^86 
(b) seeLailuit 

Saint Giiilhem on slope of natui il talus 
ofeaitli sand etc 158S 1623 

Saint Venant, Memon s ami Notch Chief 
memoir on Toision oi pusms (18:>5) 

1 — 61 note on lloxuit ot pi isms 
(1854) 62 notes on traiisvcisc im 
pact ol bars (1854) 63 (18 >7) 104—7 
(1865) 200 chief memoir on llexuic 
of piisms (1856) 69—100 notes on 
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theory of light (1856), 101, (1868) 154, 
(1872) 265 , notes on velocity of 
sound (1856), 102, (1867) 202, note 
on moments of inertia (1856), 103 , 
notes on torsion (1858), 109, 110, 
(1864) 157, (1879) 291 , note on vi 
brati^ cord (1860), 111, note on con 
ditions of compatibility (1861), 112 , 
note on number of unequal elastic 
ooefidcients (1861), 113, memoir on 
diverse kmds of elastic homogeneity 
(I860), 114—126 memoir on distri 
bution of elasticity round a point 
(1863), 126 — 152, notes on elastic 
line of rods of double curvature (1863), 
153, 155, memoir on roUmg friction 
(1864), 156 , note on stram energy due 
to torsion (1864), 167, notes on kme 
matios of stram (1864), 169, (1680) 
294, annotated edition of Navier’s 
Legons (1857 — 64), 160 — 199, note on 
loss of energy by impact (1866), 201, 
202, memoir on longitudinal impact 
of bars (1867), 203—219, notes on 
longitudinal impact (1868), 221 — 2, 
(1868) 223, (1882) 295—6, 297, 

contributions to Moigno’s Statique 
(1868), 224—229 memoir on amor 
phic bodies (1868), 230 — 232, papers 
on plasticity (1868), 233, (1870) 236, 
(1871) 243, 244, 245-267, (1872) 
258 — 264, (1875) 267 , note on stresses 
lor large strains (1869), 234, note on 
of potential ot second kind 
quations (1869) 235 me 
moil on initial stress, stiain and dis 
tiibution ol elasticity (1871) 237 — 

241 pipers on loose earth (1870), 

242 , repoits and analysis of others’ 

woik, oil L<^.vy (1870 — 1), 242 — 3 on 
Lefoit (1875) 266 on Boussinesq 

(18H0), 292, (1884), 1619 on Tresca 
(1885) 29 i notes on thermal vibrations 
(1876) 268 271—271 p ipeis on atoms 
(187()) 26<) (1878) 275—280 (1884) 
408 not( on slieai (1878) 270 me 
moil oil t Itistic eoellieieiits (1878) 281 
-2Sl 111(111011 on torsion ot prisms 
on bases in form of ciiculir seetors 
(1878) 285 — 290 annotated edition 
ot C lebbcli s Tieitise (188:5), 1325 298 
— 100 memoir (with 1^ 1 imant) on the 
f^iaphieil upiescntation of longitudi 
n il impaet (1889) 101 — 7 posthu 

moii'i meiiioii on the gi iphieal lepie 
H( 111 liioii ot tlie laws ot tbe longitudi 
mil iiid tiaiisveisc impaet ot bais 
(edited by Ham int 1889) 410—4 

(hath ot 115 notiees of hte and 
woik by Ihillips Boufasinesq and 


Flamant, and m NaMire and ilia 
Toilettes hiographiqites^ 415, chara^er 
of, 416, summary of his work, 416^ 
analysis of his works by himself to 
1868, and up to 1864, (i) p 2 
Befermces to h^ theory of kxrsion 
mismterpreted by Wexth^m, 805 , his 
results for pnsms on rectangular base 
confirmed by 'Wertheim’s expenments, 
807, his suggestion of method of 
approximation m theory of pulveru- 
lenoe, 1599, 1612, his report on Bous> 
smesq’s theory of pulverulenoe, 1619, 
hiB theorem as to maximum dide, 

4 (3), 1604 , his stress-stram relations, 
assumed by Kirchhoff, 1262, 1285^7, 
cf 1359 — attempt to demonstrate 
by Boussinesq, 1421 — 4 , his results for 
hehcal springs given by Thomson and 
Tait, 1693 , his problems of torsion 
and ‘circular flexure’ dealt with by 
Thomson and Tait, 1710, 1712 , ap- 
plication of his theory of rupture to 
torsion and flexure of cast-iron, 1053 
Saint Venant's ProUem, so called by 
Clehsch, 2, treatment of by Clebseh, 
1280, 1332—45, by Kirchhoff 1280 
the assumptions =0, argu 

ments m favour of, 316 , Boussmesq 
on, 317, 1421 — 4, objections to m 
case of buckling, 318, Kirchhoff 
Poisson and Cauchy on flexure of 
rods, 316 

Sand, slope of natural talus of, 1588, 
experiments of G- H Darwin and 
theory of Boussmesq as to thrust of, 
1609—11, 1623 

Sandblast, its method of action and pro 
bable theoretical explanation, 1538, ftn 
Sandstone see Stone 
Sang, h , free vibrations of Imear systems 
ol elastic bodies, 615 
Sapphire, hardness of 840 836 (d) 
Sanaa, pupil of Saint \enants 416, 
Saint Venant’s views on his theory of 
light, 265 his equations foi double 
refractive medium, 1476 1559 
Savait, his expeiiments on torsion 31 
191 his results for nodal lines of 
ciiculai plates tested by Kiiclihoff s 
theoiy, 1242 (h) his views on vibia 
tioub of rods ciiticised by Seebeck 
47o 

ScheJIa 2/ ,on sticngthof btiuts beams 
etc (1858), 648—50 on strength ot 
tubes (18o9) 6o4— 5 on the thuoiy 
ot domes suppoitmg walls and iron 
bridges (1857), 886 on increased 
strength ot beams due to building in 
then teiniinals (18o8) 944 — 5 
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Bchtdmilch, 0 , on form of chains for 
suspension bridges, 579 
BekfieebeU, his expaiments on stretch 
squeeze ratio, 1201 {e) 

Sc^trchjF , experiments on the strength 
of wrought iron and stone (1860), 
1188 

Sahdnemcem, C , effect of temperature 
and of nvet holes in reducing strength 
of plates (1858), 1127 
Bchrdtt&r^ A , on crystalline texture of 
iron and efiect of repeated torsion 
(1857), 992 

Bclmbler, Ad on bndge-construction 
(1857, 1870), 887—9 
Bchm/rz, obscure theory of struts, 956 
Mmedler on braced and latticed girders 
(1851), 1004—5 

Scc^en, J on useful metals and their 
alloys (1857), 891 

Scoresby, W , ^ect of hammermg bend 
mg and twistmg on magnetisation, (i) 
p 564, ftn 

Screwing^ old dies weaken bolts less 
than new, 1147 

ScrewSf strength of, 906, 1147, of thread 
of, 966 — 7 , wooden give way by shear 
mg, 967 

Sealing rupture surface of, 810, 
1667 

SSbertf on impact of elastic bar, 341 
Seebeck^ on transverse vibrations of 
stretched elastic rods (i e stiff strings) 
(1849) 471 — 3 , on vibrations (m Pro 
gramm 1846), 474 contiibutions to 
Dove’s Pejgertonum (1842), 475, died 
1849, 475 upon testing hardness of 
crystals, 836 (z) and (j) his error as to 
hardness of Iceland spar corrected 
839 

Segnitz erroneous treatment of torsion 
(1852) 481 

Segmn {the elder), builds first suspension 
bridge in France (1821), (i) p 622, ftn 
Segmn endeavours to explain cohesion 
by molecules attracting according to 
law of gravitation (1855) 865 
Sellmeyer adopts F Neumann s view of 
dispel Sion 1221 

Senii uiverbe Method S ( 11 applied 
to flexure, 9, 71 history of, 162 its 
justification 189 applied to plastic 
problems, 264 

Senaimont, his lesults foi ciystals re 
fenredto 68-J 686 1219 and ftn 
St^ 169 (6) effect on stretch modulus 
lud Cl OSS stretch coefficients, 194 
fiexinal 709 see also in toisional 
702 709 714 see also /o// unaccom 
pained by change of volume 736, 


remarks on nature and relation of 
stretch and squeeze sets, (i) p 547, 
ftn torsional, increases elastic resist 
ance of soft iron, 810 its relation to 
load in flexure of bronze, cast iron 
and cast sted 1084 , at first set strain 
curve IS Imear, aftei wards regular but 
not Imear, 1084 — 5, due to flexure, 
exhibited by drawmg hues on beam of 
lead, 1119 , produced by repeated 
heatmg of cast iron, 1186 , effect on 
thermo elastic properties of the metals, 
1646 {B), 1646 

s Oravesande, his method of findmg 
stretch modulus, 1289 
Shadow, absence of when wave length of 
mcident ray is great compared with 
size of reflectmg object, 1409 (m) 
Shear, appropriated by Eankme to stress, 
465 (a), used by Thomson and Tait 
for strain, 1674, elastic constants in 
its expression m case of plane of 
elastic symmetry reduced by rotation 
of axes, 4 (0) , elementary discussion 
of, 179, inadmissible theory due to 
Bitter, 916 (a) , fail hmit for, 185 , 
Hopkins’ theorem as to maximum 
shear, 270, 1468, 1604 , total in terms 
of bendmg moment, 319, 634, 566, 
889, 1361, ftn , 1435 (a) in beam 
partly covered by contmuous load, 
667 

Shear, Cone of, Bankine on 442, used 
by Lam6 and Kesal 567 (b) 

Shearing St^ehs, Bankine, 468 
Sheppaul, R , uses beam of lead with 
lines on faces to measure flexural set, 
1119 

Shift, definition of, 4 (a) large, with 
small strain equations of elasticity 
for 190 (5) , large, elastic equations 
for 1244 — 50 , strain energy for 1256 
integral tangential shift for strained 
and unstiained curve in solid 1679 — 
81 

Shift 1 unction, when twist vanishes 
1681 

Shot work done by impact of 916 (d) 
Sidelong Coefjuunt'i ( = plagiotliliptic 
and plagiotatic coefficients), 1779 
^ilhennann, T 1 on elongation of 
scales of measurement (IHjl) 848 
Silicum, influence on stiength ot cast 
lion 1047 (6) amount of after rc 
peated melting*' ot cast iron 1100 
Silk aftei stiam in tliieads ot t fleet ot 
change of tempciatuie on toisional 
elasticity ot (i) p 514, ttn 
Sibc? theimo elastic properties 702 
756, after bti am and tcmpeiature 
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756 , stretch modulus and density of, 

(i) p 531, 824 , ratio of kinetic and 
static stretch moduh, 1751 , hardness 
of, (i) p 592, ftn , 836 (6) 

Similar bodies^ similarly strained, how 
shifts and strains related, 1718 (a) 
Shewnesses, defined, 1776 (6) , strain 
energy, if they be annulled 1778, 
vanishing of, m thhpsmomic coeffi 
oients, 1779 

Shin Change, of elasticity, 169 (/), m 
cast iron columns, 974 (c) , tenacity and 
stretch modulus of cast iron bai dif 
ferent at core and periphery, 169 (c) — 
(/), 1111 , effect of, on crusnmg 
strength of glass, 856, on its tensile 
strength, 859 

Shlerometer (or measurer of hardness), 
Seebeck’s, 836 (^), Franz’s, 838, Graihoh 
and Pek4rek, 842 

Slate, strength and deflection of, 1174 
Slide, defimtion of, 4 (jS) , Samt Venant 
changes from cotangent to cosine of 
slide angle, (i) p 160, ftn , analysis of, 
principal axes and ratio, 1674 , value 
of, m any direction, 4 (5), Samt 
Venant’s theorem as to maximum of, 

4 (5), 1604 in terms of stretch and 
squeeze, 4 (5) , condition for failure by 

5 (/) elementary discussion of, 179, 
1456 1459 , flexural shde, 183 (a) , shde 
and stretch in any direction first given 
by Lam6, 226 for large shifts, 228 , 
slide due to toision see Ton ion 
slide due to flexure see Beams and 
T lex 111 e slide initial, strain energy of 
isotropic body subjected to, 1787 — 95 

Slide Cone of, Bankine on 442 
Slide T imit in terms of stretch limit of 
safety 5 (d) 

Slidi Modulus see under Modulus 
Slide Wave velocity of 219 
SnappuKj defined 466 (a) 

Solids oj I qtial Risistanee see Eetist 
ana SolicL oJ equal 
Solid hlastie ind( fuiiUlij extended and 
houndid hif plane suifate stresses 
and stiains due to sinipU piessiire on 
any clcnunt of surlaec 1197 suiface 
deflection due to any distribution of 
surface piessuie, 149H appioximate 
solution 1198 suiface deflections for 
distubution of pressiue uniloiin lound 
a i)oint 1199 reeuiiocal tlieorem for 
1 

uni tonnly loaded ciicuUr aieas 1:>01 
~2 eiicular aicas witli load varying 
along ladius 1504 unifoimly de 
pnssfd cnciilar and elliptic aieas 
1501 (fleet of sheai applied to small 


element of boundmg surface 1506, 
nature of load that de^nressKin may be 
proportional to pressure, 1507 stresses 
and strams produced by presmr^ a 
rigid sohd against the pla^ surflbce, 
1508 — 13 , when the r^d soM m one 
of revolution, 1510 (a), any rigid solid 
1510 (b), rigid flat di^, elhptic dmo, 
1510 (c), diseontmmty at edge, l5il , 
rigid surface pressing with a pomt 
of synolastio curvature on jdane sur- 
face of mdefimte elastic sohd, 1512^ 
Sohd, Elastic, heanyy and bowided by 
sloping plane, stresses m, 1577 , strams 
m apphcation to geological probkan 
of massive slope of rock, 1583, 1589, 
ftn 

Solid, Elastic, of any shape, pressed by 
smooth elastic sohd of any shape at 
pomt of synclastio curvature, 1514, 
case of two elastic spheres, 1515 — 6 
Solid, Elastic, infinite, subjected to body 
force, 1519 , general solution, 1519 {a), 
1716 (6) , single force on element 
1519 (6) , body force on spherical ele 
ment 1715 (a) 

Solid, Elastic aeolotropic, its equations 
reduced to those for an isotropic 
sohd if the ellipsoidal conditions hold 
and the cross stretch and direct slide 
coefficients have a constant ratio, 
1657 — 8, vibrations m such a sohd 
1559 

Solid, Elastic, isotropic and infinite, 
solution for vibrations of various 
types m, sources m oscillating par 
tides an(i doublets, 1767 — 9, equations 
of motion for case of incompressibility 
(= jelly) and their solution, 1810 
SoUdb Elastic of special forms see 
under name of form i e Sphere Cy 
lindei , etc 

Sound, effect of on magnetisation 811 
why it IS checked by pulveiulent mass 
like sand or sawdust, 1593 ftn 
Sound Veloeity oJ, 68, 102 219 pi oof of 
value for bar, 202 in liquid and solid 
bodies, 433 compai ison of magnitudes 
in an indefinitely gieat and in a limited 
elastic solid, 4di — 6 in lods and 
piisms according to Rankine 437 — 8 
m lion, 785 its value detei mined foi 
longitudinal vibiations of metal lods 
increases with length of lod 823 
numerical values for metals, 824 
Sound Vibiatioub in rods and stung, 
471 _) , torsional, 808 , according to 
Wertheim in torsional pitch depends 
on intensity 809 see also Vihiations 
Spuei pel lodu pai tUtonnKi 1800 
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tensde and emshing 
gcengto incxeaa^ by solidification 
nder preesure, 1156 

of gra^'lllatlng liquid, period of 
m ofecilations 16 >9 oompanson 
itfi period of ellipsoidal deformation 
t soM globe of steel of size of earth, 
$59 

terCf Sohd ElasUCy or sphencal cavity 
^ infinite elastic sohd with given 
nr&tce shifts, 1659 

km-e. Solid ElustiCf radial vibrations of, 
027 , surrounded by shell of different 
natenal subjected to surface pressure, 
1201 id) 

here, Sohd IneZostic, with non shppmg 
)ScilIations of rotation and translation 
n an infinite elastic medium, 1308 — 
to, reflectmg waves in an mfinite 
elastic medium, 1392—1410 , special 
solution for case when wave length is 
great as compared with radius of 
sphere, 1407—9 

i^res, Solid Elastic, impact of, area of 
contact, duration, etc , 1515 — 7 1684 
)hencal Coordinates equations of elas 
ticity in terms of (i) p 79 ftn 
ihencal Harmonics, Solid, introduced 
mdependently by Olebsoh and Sir W 
Thomson, 1395, 1397, 1661 
ohencal Shell, conditions for expansion 
without distortion, the distribution of 
elastic homogeneity bemg spherical, 
123, as a form of piezometer 124 
general problem solved by Sir W 
Thomson in terms of sohd sphencal 
harmonics, lOol — 8, 1717 (i), removal 
of body force, 1653, solution of general 
equations, 1654, given surface shifts 
1655 given surface sti esses 1656, 
force function a solid harmonic, 1658 , 
under internal and external pressures 
considered by P Neumann 1201 {c), 
Kirchhoff, 1281, Clebsch, 1327 , Love, 
Basset, etc on general problem 1296 
his ladial vibrations of, 551 (6) of 
glass, strength of undei external and 
under internal pressure, 867 — 9 
Sprain defined, 466 ftn 
^piings built up of Laminae, Phillips’ 
fundamental memoir, 482 — 508 , roll 
mg stock springs matiix lamina 485, 
curvature strain and deflection, 486 — 
90 , action between laminae 492 
resilience, 493 , best foim for 494 
shape of laps, 495 , calculation of 
dimensions 496 — 500 , reserve 

spiiiig 502 — 4, expeiimental data, 
507 experiments confirming Phillips 
theoiy 596 graphic tables foi 


PhiHips’ formulae, 921, ftn , Bitter’s 
elementary theory, 913, Blacher on, 
955 , general formula for deflection of 
carnage sprmgs, 371 (ii) 

Springs, of Eailway Stock and Buffers, 
resihmce of, 595 — 1, deflection, set 
and strength (buffing and bearing 
sprmgs), 969 (a) , mdia-rubber sprmgs, 
969 (5) , ‘ grooved ’ plate spnng, 969 
(c) springs formed of alternate discs 
of iron and vulcanised caoutchouc, 
851, deflection and set of vanous 
types of railway spnngs, 969 (c) — (d) 
Springs, of single fiat Lamina, forms 
taken by when vanously loaded, 1694 
and ftn 

Spnngs, Spiral, of watches, 674—9, 
their isochronism, 676 
Springs, Helical, Kirchhoff’s treatment, 
1268—9, 1283 (c) , Clebsch’s, 1365 
Thomson and Tait’s, 1693, results 
of Wantzel, Giuho, Samt-Venant, 
Hooke Bmet, J Thomson and Kixch 
hoff referred to, 153, 155, 1693 
Squeeze Modulus see Stretch Modulus 
Stability, critenon of, apphed to prove 
uniqueness of solution of elastic equa 
tions, 1278 , of small lelative motions 
of paits of elastic sohd, 1328 — 30, 
problems m stability of wires, 1697 
Stability, of loose earth see Eai th, loose 
and Pulverulence 

Standai ds of Length, elongation of, 848 
Steel, thermo elastic properties of, 752, 
764, 766 , W Thomson s thermo 
elastic theoiy verified by Joule for, 
696 , after strain and temperature, 
756 effect of temperature on slide 
modulus, 690 on stretch modulus 
1753 (6) not rendeied brittle by cold 
697 (c) , hardness ot, (i) p 592, ftn , 
cut and cleaned by sandblast 1538, 
ftn may be cut by rotating iron disc 
836 {li) , stretch modulus and density 
of (rolled, cast, wrought) (i) p 531 , 
stretch modulus ot English and Bus 
sian, 742 (a), 743 stretch modulus 
determined by transverse vibrations, 
771 stress applicable without pro 
duemg set, 597 , absolute strength and 
stiicture, 902 1123, 1142 , strength of 
German, 1122 French experiments 
on, 897, rupture surfaces, 1143 effect 
ot haidemng m oil and in water, 
1146 fiacture ot hardened, 1667 
effect of magnetisation in pioducmg 
strain in 688 effect of longitudinal 
pull on magnetisation YilUn ciitical 
field 1728 — 9 , effect of torsion on 
magnetisation ot 812 
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Steel, Bessemer, strengtii of exaggerated 
by shape of test piece, 1146 
Steel, Cast, stress strain diagrams for, 
1084, Luders’ curves for, 1190, tensile 
and torsional strengths, stricture of 
Krupp’s, 1113, strength and elasticity 
when prepared by TJohatius process, 
1114 , crushmg strength of, 1039 (e) 
axles of, resistance to impact, ^5, 
1000, processes of manufacture, 891 
(c) , plates of, strength of parallel and 
perpendicular to direction of roUing, 
1130, elastic limit and structure of, 
1130 , anneahng only shghtly reduces 
strength, 1130 , effect of tempermg, 
anneahng, etc , on absolute strength 
rupture stretch stretch modiidus, 
elastic limit, resilience, 1134 see also 
Steel, Plates 

Steel, OoZmns, experiments and formulae 
for strength of, 978 

Steel, Plates, absolute strength and 
stricture greater m direction of rollmg, 
if puddled, converse if cast, 1142, if 
nvetted and hardened in oil, as strong 
as unrivetted plates, 1145 Luders’ 
curves m steel plates of dredger 
buckets, 1190, ftn and (i) frontispiece 
Steel, Puddled, for links of cables abso 
lute strength of, 1132 
Steel Wire, thermo eleotnc properties 
under strain and working, 1646 , 
stretch modulus and density of, (i) p 
531 , eUect of tort on moduli 1755 , 
Kirchhoff s determination of stretch 
squeeze ratio 1271 — 3 , absolute 

strength of (i) p 753 ftn , pianoforte, 
absolute strength of 1124 
htijan, T geucial equations of a vi 
brating elastic medium (1857), 594 
on traiibveise vibiationsof lods (1859) 
bib 

ht(pli(nson h on ncutial axis, 1016 
exp( riiiK nts on cast non 1095 
htiUmss defined 4()() (v) liow it affects 
note of iiiusieal string 472—3, 1374, 
1432 liow it affects note of mem 
biane 11 JO 

Stulnuf J I) ill on tiansvcise and 
tensile stii iigth ol east and wiought 
non(lH5J) 1105 

St(>J(s So <r (i diseiission of his 

views IS to elastic constants by Saint 
Venant 19 J fust calls attention to 
dillieiilties ot inii eonstaney 1770 on 
his doetimc ol continuity 19() his 
icKults for budges subjected to lolling 
load i72 J78— 9 ( onipaiison ot his 

solution ot Willis 1 robloni with Bous 
Hiius(| H, I)5J hiB cxpciinunts on 


585 

Iceland spar cited agaanst Bankme’s 
hypothesis of aeolotropy of demsaty 
in ether, 1781 , his sedufeem of equa- 
tions for vibrahons of mffmte 
medium reached, 1526 , extension of 
his results for diffraetnm, efecg, to 
aeolotropie medium of 
1560 

Stoletow, on coeffitcient of indeed 
netisation for soft iron, 1314 

Stone, stress formulae aid elastic oon 
stants for, 314, rupture ol, 321 {h), 
1® , empirical law for crushing str^agm 
of, 1175 , strength m frozen etmdifeon, 
1176, defect of Hooke’s law m, 1177, 
important influence of mfuaner in 
which faces of cube of stone ^ 
bedded durmg test, 1175 1180 , 

strength of, 880 (6), 1133, 1153, 1176, 

1179 , strength and deflection, 1174 , 
crushing strengths and rupture sur 
faces of granite, limestone and sand 
stone, 1182 , strength and density of 
sandstone, marble and granite 1178, 

1180 , crackmg and crushmg loads of 
G-erman stones, 1181, crushing and 
transverse strength of colomal stones, 
1183 , ciushmg strength of Iridi 
Basalt, 909, of American stones 1175, 
of colonial stones, 1183 of Itahan 
stones, 1184 , rSsumS of English and 
French experiments, 1175 

Stoney, B B , on strength of long 
pillars (1864), 977 on lattice girders 
(1862) 1029—30 

Storer, H R , on bursting of gutta 
percha tubes (1856), 1160 

Stiatn pure, definition of, 1677, appro 
priated by Baukme to relative dis 
placement (1850) 419 homogeneous 
Thomson and Tait on 1672 — 80 
Kirchhoff’s tieatment, 1276 resolu 
tion of homogeneous strain mto 
stretch, slide and dilatation, 1675, 
combinations of pure strains, 1678 , 
general analysis ot Saint Venant, 4, 
Boubsinesq, by simple geometry 1456 
— 9 in terms ot piincipal stretches, 
1575 , components of, might be taken 
as the sti etches in the six edges of a 
tetrahedron 1640 Sir W Thomson’s 
general analysis of stress and stiam, 
types of lefeience orthogonal systems 
1750 — 8 principal strain types 1760 
— 1 generalised expressions foi com 
ponents ot, when shifts oi strains 
are large, 4 (5) 1248—50, 1445, 1661 , 
permanent, effect on bodies primitively 
isotropic deduction of ellipsoidal 
distiibution on multi constant lines 
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^0 — 1, initial state of, in general 
equations, 237 error of Saint 
Venant’s method of dealing -with on 
multi constant lines, 238 — 9, 1469 
apparatus for recordmg automati 
ca%, 998—9, 1032, directions of 
maxima and minima rendered visible 
by applymg acid to a planed section, 
1143 ftn , 1190, graptueally analysed 
by aid of Luders’ carves, 1190 and ftn 
m spherical condenser, 1318, m 
isotropic iron sphere due to magnetic 
force, 1319 — 21, effect of strain on 
thermo-electno properties of metals, 
1642—6, thfflunal ^ect produced by 
sudden stram, 689 — 96 1638, 1760 — 2 
O&mbtned^ slide, flexure and tor 
^on, 60, of jmsm of elliptic cross 
section, 52 , case of two equal stretches, 
two slides equal and tbimd zero, 53, 
case of two shdes vamshmg at fail 
point, elasticity asymmetrical, general 
solution for pnsm under flexure, trac 
tion and torsion 54 , case of non dis 
torted section subjected to slide and 
torsion, 55 , case of cantilever, 56 Case 
(iv) , influence of length of short rect 
angular pnsms on resistance to flexure 
and slide 56, Case (i) pnsm of circular 
cross section subjected to flexure, tor 
Sion and traction, 66, Case (iii), of ellip 
tic cross section, 1283 flexure and 
torsion in shaft, 66, Case (v) , torsion 
and flexure for prism of rectangular 
cross section, 57, Case (vi) special 
cases of skew loading, 68, flexure 
and torsion of pnsm of elliptic cross 
section, 59, numencal examples of 
combmed strain, 60 flexure, traction 
and slide, 180, torsion and flexure, 
183 , traction and flexure, 1289 , trac 
tion and shearing in case of axles, 
1000 

Strain Ellipsoids, 159, 1194 1673 1677 
inverse strain ellipsoid, 1676 Sir W 
Thomson’s stram ellipsoid 1756 

Strain Fneigy first legitimate proof that 
it depends only on strain and not on 
manner in which strain i« reached, 
1641 function only of initial and 
final configurations if equilibrium of 
temperature maintained 1463 as 
quadratic function ot stiain compo 
nents 1254 1277-8, 1709 (c), m 
terms of orthogonal strain components 
1769 in terms of principal stram 
types 1760 — 1, m terms of piincipal 
stretches 1235 , in terms of stresses, 
when elasticity is ellipsoidal, 163 
expressed symbolically 134 deduced 


from ran constancy by Lagrange’s 
process, 229, 667, when products of 
shift fluxions are not negligible, or 
shifts are large, 1250, 1444-— 6 , when 
thermal terms are mcluded, 1200, is 
of two kmds, elastic and ductile, the 
sum expressmg total resilience of body, 
1085, 1088 , ductile stram energy erro 
neously calculated by Mallet, 1128 
of rod, 1261, 1266, 1268, 1283 (6), 
ofplate, 1237, 129b, 1699, 1703, ofvTire 
(orthm rod), 1690, 1692, for mfimte 
elastic medium, with zero shifts at 
infinity, 1787, when mcompressible, 
1812 — 3, ftn , when subjected to um 
form mitial shde and mcompressible, 
1789 — 97 , for jeUy and for ideal ether, 
1812 

Strehlkey his experimental values of 
nodal circles of circular plates tested 
by Kircbhoff’s theory, 1242 — 3, his 
views on nodal Imes of square plates 
cnticised by Muttnch, C et A p 4 

Strength y ultimate (= absolute), 466 (i), 
Proof, 466 (ii) , limit to, a stretch rather 
than a stress, 6 (c), 321 (a), 321 (d), 
1327, 1348 {g)--{h), 1386 (h), 1720 in 
hard sohds, 1667 , m plastic solids a 
shear (? a shde), 236, 247, 1586 1667, 
tensile, how related to density, 891 {a) 
1039 (a), 1086 , increased by repeated 
stress, 1754, increased by straining 
up to rupture 1125, measured by 
resihence, 1128 , ought to be measured 
for iron and steel by breakmg stress 
per unit area of section of stricture, 
1150 tensile and compiessive in 
creased by solidification under pres 
sure, 1156 , cmshing, of stone increased 
by lateral suppoit, 1163, 1180, tensile, 
of wrought iron cables, 879 (e) , tensile 
and crushing of glass in various con 
ditious and forms 854—6 859 — 60, 
ratio of tensile to sheai mg for iron 
879 (d), 903, 966, for steel, 1145 (n), 
transveise or flexural 920, of beams 
under flexure produced by skew load 
mg, 65 graphical tables in case of 
beams 921 and ftn strength of 
materials used in construction views 
and theories of Ortmann, With, Gras 
hof and Koffiaen, 922 — 5 (see on 
transverse strength, Beams paiadox 
in theory of Iron Cast lion Brought, 
etc ) torsional with empirical stress 
strain i elation prisms of circular and 
rectangular cross section 184 (h) and 
(c) , mutual relations ot tensile tians 
verse, torsional and crushing strengths 
in cast iron, 1043 theory ot, 1051—2 
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application of Samt-'V^nant^s theory 
to Woolwich expe^ments, 1053 ^ee 
^so Rupture 

StresSf appropriated by Bankme to dy 
namic aspect of elasticity, 465 (a), 
to* i adopted m this sense m 
I" ) ) \i)\2 n , how d^ned by 
I 1756, defined by Saint 

Venant, 4 (e), by F Neumann, 1193 , 
definition of importance of molecular 
definition, 225, general analysis of, 

4, 1194, by simple geometry, 1456 — 

8, in terms of principal tractions, 
1575, m any direction m terms of 
stress m three non rectihnear direc 
tions, 4 (e) , symboheal representation 
of, 132 generahsed components of, 
1245, 1445 — 6, value of, on ran 
constant hypothesis, when squares of 
shift fluxions are not neglected, 234 , 
may depend on speed as well as mag 
nitude of strain, 1709 

Stress, Accumulation of, due to vibra 
tions, 970 and ftn, 992 and ftn , 
1001, 1143 

Stress Centres, used by Eankme, 466 (5), 
by Bresse, 516 

Stress Ellipsoids, 613 , discussed by F 
Neumann, 1194, by Olebsoh, 1326, 
by Sir W Thomson, 1756 Stress 
director Quadne, in tangential coordi 
nates, 1326 

Stiess Equations, obtained when there 
IS a force function, for elastic, plastic 
and pulverulent masses, 1605 (6), 
solved in case of limiting equilibrium, 
1605 (c) 

Stress, Initial, general elastic equations 
for, 129—131 , introduced into general 
elastic equations to second order, 549, 
can only be found on ran constant 
hypothesis, 130 — 131, effect of, m 
ether on propagation of light, 145 — 
6 made use of by F Neumann to ex 
plain double refraction 1216 — 7 , made 
use of by Boussinesq tor ether 1467 
— 74 use criticised by Sir W Thom 
son 1779 but aftei wards used by 
him to explain double lefraction, 1789 
—97 consideiablo strain produced by, 
effect on elastic foimulae 190 Saint 
Venant s erroneous determination of 
equations for, 198 {d) mtioducedmto 
equations of elasticity 232 effect on 
elastic constants, 240 on stretch 
modulus 241 in laige castings due 
to differential cooling, 1058 
/Stress I ineb oj Friiu ipal, in beams, 
468, 1190 

Stniui Relations, 4 (f) see also 


Eooh^s Lmy generaUsed, praoiMaliy 
assumed to be hnear by Cauchy and 
Maxwell, 227, by Kicchhoff, 1235, by 
Clebsch, 1326, why hnear, 192 (a) 
Morm’s experam^ts on its bneaniy, 
198 (<i) , how deduced {Green, Okhedi, 
W Thomson, Stokes), 299 , apjieal to 
Taylor’s or Madaunn a ^eoiW 
to law of inform olccular action, 

1635, Saint ^ enant considoTb it tiim 
Green’s stand-pomt, 301 , hrs omi^od 
terms, 302 — 3, Samt-Venant 
modifymg action, 303 — 4^ fox wood, 
stone and metals with m|unc£d ior 
mulae for the elastic constants, 314, 
non hnear for cast-iron, 729, 935, IIC^, 
1118, 1177, for wood, 1159, for steme, 
1177, for combmed tosile and tor- 
sional stram in steel pianoforte wire, 
1742 (a), for elastic fore-stram m 
caoutchouc, 1161, for eiastio fore- 
stram m orgamc tissues, 828 — 36, 
apphcation of Samt Venant’s non 
Imear relations to flexure and torsion 
of cast iron, 1053 

expressed hy curves, for iron, 879 
(a), for bronze, cast iron and cast 
steel, 1084, form of relations for elas 
tic, fluid and pulverulent masses, 1674 , 
for various types of elastic symmetry, 
117, 314, 420, for crystals see Crys 
tats 

Stress System, Banhine’s classification, 
anti barytic and abarytic, 458, homa 
lotatio 459, homaloeamptic, homa 
lostrephic, and euthygrammic, 461 
and ftn 

Stress, Uiiiplanai , general formulae for, 
463 465 (6)— (c), 1563, 1578, com 
bination of stresses m one plane, 465 
(c) , Kopytowski on, 656 
Stress Woi king, defined 466 (x) 

Stretch its value (s,.) in any direction, 4 
(5), 5 (6), 1575, stretch and slide m 
any direction given by Lam 6, 226 , for 
large shifts, 228 1445 
Stretch Limit of Safety, QQ 320 — 1 see 
lail Point Failure and Safety, Limit 
of 

Stretch Modiihib see Modulus 
Stretch Modulus Quartic 151, 1206 
Stictch Squeeze Ratio (= Poisson’s 
Ratio rj), value of, 169 (r/) , for wood, 
169 {d) , Clebsch, and at one time 
Saint Venaut, held it must be < ^ 
308 {h) determinable fiom distortion 
of cioss section in flexuie experi 
ments, 736 and ftn , detei mined by 
Wertheim by stretching hollow prisms, 
802, Wertheim on his value for it, 
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810 , enxaieoxts treatment of by 
lOOS, F Neranann on its 
value and on metliods of ascertaining 
it 1201 (a) (5) and (e), he found it 
vanable for wires, 73 d , its value for 
regular crystals, 1008 Hsmn€ of 
expmments to find this ratio, 1201 
<e), 16$fi, Eirchhoff’s detennmation 
for steel and brass, 1271 — 3 , its value 
imiy vary between wide hmits and yet 
give nearly identical results for notes 
and nodal circles of circular plates, 
1242 — 8 , its value for set at section 
of stricture in ease of east steel, 1151 
^ also Constants, Elastic 

Btriclmre, of east-steel, 1113, 1134, 
1151 , of wrought iron and steel, 1137, 
— 60, may occur at one, two or three 
sections, 1144 , effect of working and 
hardening, etc , on, 1146 , influence 
on plastic expemnents, 1569, when 
repeated, occurs at different sections 
and higher loads, 1754 

Strings, obscure treatment by Mamardi, 
680 , mextensible and flexible, heavy, 
1322, under centrifugal force, solution 
in elliptic functions, 1322, on a given 
surface, 1322, elastic and perfectiy 
flexible 1323, flexible and inexten 
sible (Thomson and Tait), 1686 , vi 
hrations of, 561 (a), when stretched 
and of vanable density, 617, point of, 
subjected to transverse motion, 681 , 
F Neumann’s deduction of equations 
for, 1222 (a) — (5) wave motion in, 
reflection and refraction of wave at 
jom of two diverse pieces, 1222 (c), 
transverse vibrations when slightly 
stretched, 1291 (c) 1374 , when very 
tightly stretched 1291 (d) musici 
note of, how affected by stiffness, 
472—3, 1374, 1432 

Struts, Eankine on Gordon’s formula, 
469 , Scheffler s theory of, based on 
eccentric loading, 649 modified form 
of this theory leading to the Gordon 
Rankine formula 650 obscure treat 
ment by Schwarz, 889 956, by 
Bitter 914 , thrust taken into account 
m lod problem, 1288, Clebsch’s treat 
ment, 1366 — 7, 1386 (e) buckling or 
not, under longitudinal impact, 407 
(2) 1552 cast iron do not obey Eu 
lerian theory, 1117 (v) see also 

Columns 

Sturm, his theory of piezometer referred 
to by F Neumann 1201 (c) 

Summary, of Saint Venant’s work 416 
of the decade 1850—60 1191 , of the 
older German Elasticians 141G of 


Boussmesq*s work, 1626, of Sir W 
Thomson’s, 1818 

Suspension Bridges see Bridges, Sus 
pension 

Syemte, hardness of, 840 
Syloestnan Umbrae, used to express stress 
symhohoally, 132, 443 
Symbolic Expressions for stresses, stram 
energy, elastic constants and equa 
tions, 132 — 4, 443 — 8 
Symmetry, Elastic, types of, orthotatic 
and oybotatic 447, rhombic, 450, 
hexagonal, 450, orthorhombic, 450, 
orthogonal, 450, oyboid, 460, 1775, 
non axial, 460 , isotropic, 450 see 
also Crystal, Aeolotropy 
Szabo, J, mfluenoe of stress on the 
molecular condition of bodies (1861), 
861 

Tache, on strength of earthenware pipes, 
1171 

Tait, G P , Treatise on Natural Philo 
Bophy see Thomson and Tait ex 
penmental results on oompressibihty 
of water, mercury and glass, 1817 
Talc, hardness of, 839 
TanahadaU, effect of twist on magnet 
ised and loaded iron wire (1889), 1735 
Tangential Cooi dinates, used for stress 
surfaces, 1326 

Tasinomic, Coefficients, table of 445, 
conditions for mcompressibihty in 
terms of, 1779, Surface or Quartic, 
expressed symbohcaUy by Bankme, 
446, 186, first given by Haughton 
136 , oases of, 138 , reduces to ellipsoid 
if there be elhpsoidal elasticity, 139, 
discussion of, 198 (e) , Bulk modulus, 
1776 

Tate J, on collapse of globes and 
cylinders and on strength of glass 
(1859) 863 — 60 assists Fairbairn in 
expenments on collapse of tubes 984 
Tearing, defined 46b (a) 

Technical Elasticity, Saint Venant s re 
searches in (i)p 105 cUeq ,01ebschs 
work in relation to, 1825, 1390 

Technical Researches of decade 1850 

60 873—1190 

Teinometer, Chi omatic, principle of, used 
by Wertheim 794, (Dynamometre 
Chromatique) 797 {e) 

Tellkampf, his treatise on suspension 
bridges (1856), 888 

Teviperatui e and E lasticity see 1 hermal 
Effect and Heat 

lempeung, effect on elasticity and 
strength of cast steel 1134 
Tenhrinclx on steel, 897 , on non bar, 902 
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T&Mon Bfitr, heavy and of equal streng^, 

{a) 

Terquem, A , on longitudinal vibrations 
of rods (1868 —9), 825 (a)— (c), on the 
coexistence of torsional and treaisverse 
vibrations in rectangular rods, 825 (f) 
Temer, his account of abacs, 921, ftn 
Testing^ shape of specimen (grooving, 
etc ) may exaggerate stren^h, 1146 , 
Machmes, 1046, 1086, 1139, 1151, 
1152, 1163, 1164, 1158, 1180 
TeatSf for metals give very different re 
suits for different kmds of same metal, 
1044 (i), 1762 

Text hooks, on technical elasticity and 
strength of materials, 873—917 
Thermal Axes, do not comoide with elastic 
and other physical axes, 1218—9 and 
ftns 

Thermal Effect, produced by stretchmg 
metal (iron wire, cast iron, copper, 
lead), 689, difference between cases of 
gutta percha and vulcanised mdia 
rubber, 689, by compressmg metals 
andvulcamsed india rubber, 690, by 
torsion of steel and copper wires, 690 
influence of change of temperature on 
length of silk and spider threads under 
tension, 697 {b), on torsipn of silk 
threads (i)p 614, ftn , on torted wires, 
714 (17) — (19), on strained bodies, 
spiral spnngs, twisted wires, india 
rubber, etc , 1638 on elasticity gene 
rally, 748 — 57 of a permanent nature, 
737 755—6, 771, of a transitory 

nature 737 752— 4, 770 on dilata 
tion modulus 1638 and ftn , on slide 
modulus 723 (a) 740, numerical 

values for copper steel and brass, 
754 for iron copper, brass 1753 (6), 
on stretch modulus, 723 {a), 740, 
numerical values for glass and metals, 
752 756 770 for steel 1753 (5), com 
parison of Kupffer s and Kohlrausch’s 
formulae, 752—4 influence of work 
mg 770 

on after strain 740, tables for 
metals 756—7 , produced by damping 
vibrating rods at points other than 
nodes 827 on tensile strength of 
wrought iron plates and rivet iron 
1115—6 112()— 7 ot a red heat on 
chains and wire ropes 1136 fiom 
heating and slowly cooling is to weaken 
iron and steel 1145 (in) of repeated 
heating on cast iron is to produce set 
11B6 on Villari critical field for soft 
non wire, 1731 

manner in which temperature at 
fects elastic constants 274 Saint 


Yenamt consid^ aH 
would disappear if an ^le 
hypotheses stresses emfy mdude tew 
terms m sbiflt-flUxKms, 274, 
terms introduced into strainhen^a^, 
1200, 1463, 1688, on 

optic axes of crysfette, 1218-^4 and 
ftns, on stram m (xy^ak, 1196^ 
1211 , F Neumann’s the^ of altei»- 
tion of crystalline axes wi4i teanpera- 
ture, 1216, 1220 see also l%esrmo^ 
elasticity 

Thermal Expansion, Coeffetmt of, 
brass, 730, for iron, 1111, supposed 
relation to stretch modulus 717 — 9 

Thermo dynamics. Second Ijaw of, gene- 
ral theory of elasticity deduced from, 
1631 

Thermo elasticiw, general equations, 
deduced by F Neumann, 119^ for 
crystalhne bodies 1197 fundamental 
formulae, 1633 1638, formulae con 
nectmg sudden application of stress 
with mcrease of temperature, 1750 
see also Thermal Effect 

Thermo electric Effects, of strain, 1642 — 
7 , of stretchmg part of iron copper 
and other wires and heatmg junction 
of stretched and unstretched parts, 
1642 — 3 changes produced in thermo 
electric scale by elastic and set strams, 
1645 effect of workmg (bammermg 
annealing, etc ) and of tort 1646 

Thei'mometer, how affected by change of 
piessure from vertical to horizontal 
position 1201 (c) 

Thlipsinomxe Coefficients, Eankme de 
fines and uses 425 448 determined 
for brass and crystal glass, 425 table 
of 448 used by Saint Venant, 307, 
311 dilatation in terms of 1779, 
conditions for incompressibility m 
terms of 1779 

Thonmn, J bis theorem as to helical 
springs cited 1269 1693 

Thomson J J cited as to magnetisation 
under stiess 818 1737 onKirchhoff’s 
theory of stiain due to magnetisation, 
1321 

Ihomson and Tait analysis of their 
Treatise on Natui al Philot>ophy (1867) 

1668— 1726 t\sist and cuivature, 

1669 — 71 treatment of stiam 1672— 
81 on impact 1682 — 4 on catenaiies, 
wires and lods, 1685 — 97 on plates 
1098 — 1708 on the general equations 
of elasticity and on elastic constants 
1709 1718 on Saint Venant s Problem 
and on stress at angles 1710 — 2 on 
boundary conditions for plate 1714 

9 
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on general solution by potentials, etc , 
of ^stic equations, 1715—6, on 
dastic spheres, 1717, on the ngidity 
^ tike earth and solid earth tides, 
1719—26 

(hied on longitudinal impact of 
bai^ 205 (1683), apply conjugate 
fijnetions to torsion of pnsm whose 
base IS sector of circle, 285, 287 

g 710), on lanematics of strain, 294 
572 II 8 I), on anticlastie curvature, 
325 (1671), on thm plate problem, 
3^, their solution for mfinite plate 
with straight contour, 1622 — 3 , on 
contour conditions for thin plate, 394, 
1440—1, 1522—4 (1704) , on elastico 
hinetio analogue, 1267, 1270 
Thomson, Sir W {Lord Kelvin), on 
meiianical representation of electnc, 
magn^e and galvanic forces (1847 
1890), 1627—30, 1808—13 on 
migration of elastic equations (1847), 
162771629—30, on the thermo elastic, 
thermo magnetic and pyro electric 
properties of matter (1857 — 1878), 
1631 — 41, on thermo-electricity in 
metals m a state of strain (1856), 
1642—3, on effects of mechanical 
stram and of magnetisation on thermo 
electric quahties of metals (1866 — 7, 
1875), 1644 — 7, elements of a mathe 
matical theory of elasticity (1866), 
1648, 1756 — 64, on the stratification 
of vesicular ice by pressure (1869), 
1649, note on gravity and cohesion 
(1862), 1650, on elastic spheroidal 
shells (1864), 1651—62 on the rigid 
ity of the Earth (1863), 1663 — 5, on 
the elasticity and viscosity of metals 
(1865) 1666, 1741 Treatise on Natu 
ral Philosophy (with Tait, 1867), 
1668 — 1726 , on electro torsion (1874), 
1727, effects of stress on magnetisa 
tion (1875—7), 1728—9, effects of 
stress on inductive magnetisation m 
soft iron (1875), 1730 effects of stress 
on magnetisation of iron nickel and 
cobalt (1878), 1731—6, on the direc 
tion of induced longitudinal current 
in iron and nickel wires by twist 
when under longitudinal magnetising 
force (1890), 1737, on rigidity of 
Earth (1872), 1738 on internal fluid 
ity of Eaith (1872) 1738 on internal 
condition of Eaith (1882) 1739, on 
aeolotropy of electrical resistance pro 
duced by aeolotropic stress (1878), 
1740 Elasticity (article in ‘Encyclo 
paedia Bntannica ’ 1878), 1741 — 64 
1817 , Lectuies on molecular dynamics 


and the wave &eary of hght (1884), 
1765 — 83 , on elasticity as a mode of 
motion (1882), 1784 on gyrostats and 
gyrostatio media (1883— 4)^ 1785 — 6, 
on the reflection and refractieu of hght 
(1888), 1787 — 8, on mitial stressr to 
explam Fresnd’s kmematics of double 
refraction (1887), 1789—97 on mole- 
cular constitution of matter (1890), 
1798^1806 , on a mechanism for con 
stitution of the ether (1890), 1806 — 7 
viscous fluid, elsstio solid and ether 
(1890), 1808—15, one^er, eleetnmty 
and ponderable matter (1890), 1816, 
summary of researches, 1818 

Cited refers to experiments on 
copper, etc , which Samt Venant finds 
discordant, 282 (4) discussion of his 
views as to elastic constants by Saint 
Venant, 193, 196, makes stram energy 
a function only of strain, (i)p 202 ftn 
(see, however, 1709), criticises Ban 
kme, 423, 426, 1781 {a) , on elasticity 
of sohd Earth, 567, 570, on general 
equation of elasticity of any stram, 
671 , his thermo elastic theory con 
firmed by Joule, 689 — 93, 696, on 
static and kmetic moduh, 728, his 
views on elastic constants for large 
stram cited, 1247, his geneialised 
equations of elasticity mvolved in 
those of Kirchhoff, 1250 , that stram 
energy is a function of six strains by 
reason of mechanical theory of heat, 
IS due to, 1254 , his contractile ether, 
1393, ftn on elastic theory of light, 
1484, ftn , first ‘potential’ solution 
due to 1628, anticipates Boussmesq 
m a certain potential solution, 1519 
(5) introduces with Clebsch ‘ solid 
spherical harmonics 1651 

Thrust, of arches, Ardant’s values for, 
0 et A pp 6 and 10 (d), Bresse s 
values, 625 — 7 see Archer, Wall, 
Pulverulence 

Tides, in solid earth force function as 
solid harmonic 1658, m polar coor 
dmates, 1721, ellipticity of spheroid 
produced in earth by tidal action, 
1723 (ill) its discussion, 1724 effect 
of elastic yielding of earth on water 
tides 1725 failure of attempt to 
evaluate effective rigidity fiom oh 
servation of fortnightly and monthly 
water tides, 1725 — (> 

Tin stretch modulus of 743 and density 
( 1 ) p 531 ratio of kinetic and static 
stretch moduli, 1751 , tensile strength, 
ductility ( 1 ) p 707, ftn increase of 
tensile stiength and density if solidified 
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under pressure, 1X56 , hardness of, (i) 
p 592, ftn , 836 (5), 846, (i) p 707, 
ffcn , molecular state of, influenced 
by vibrations, 862, thermo-electno 
properties under strain, 1645-^ , 
Luders’ curves for bars of pure tin, 
1190 

Tanning, effect on strength of iron plates, 
1145 (m) 

Tires see Wheels 

Tissotf on distortion of spherical surface 
m elastic sohd into eUipsoid, 294 

Tissues^ Organic^ their elastic fore and 
after strain, 828 — 35 

Tomlinson, H , on ViUari critical field 
for temporary magnetisation of nickel 
(1890), 1736 

Topaz, hardness of, 840, 836 (d) 

Torsion, history of problem, 315, 800, 
pubhcation of Samt Venant’s cluef 
memoir on, 1 , report on memoir on, 
1, general equation of, 4 (/c), 17, de 
finition of, 16, in case of large shifts 
and small strains, 17, 22 , of pnsm of 
elliptic cross section, 18, 1283 , com 
parison with Coulomb’s theory, 19, 
criticised by Olebsch, 1349, after 
wards used by him, 1389, variation 
of angle across pnsm’s cross section 
requires lateral load 20, fail points 
for, 23, solutions of equations of, 
24 36 of prisms of rectangular cross 
section, 25, 29 cross section remains 
perpendicular to sides of prism under, 
25 , case of plate, 29 , of square cross 
section, 30 , of any rectangle, general 
results and empirical formulae, 34, 
discussion of Duleau’s and Savart’s 
experiments, 31 , of prisms with cross 
section in form of star, square with 
acute angles square with rounded 
angles, 37, and fail points for these 
sections, 39 uselessness of projecting 
angles in icsistance to, 37 example 
of erioneous lesults obtained from old 
theoiy ot, 18, of prisms of triangular 
cross section 40 — 42 67, of prism of 
any cioss S( ction 43 when there aie 
unequal slide moduli in cross section 

44 general ecpiations of in this case, 

45 solution tor elliptic cioss section, 

4(» 1283 tor lectangular cross section 
47 othci cross sections 48 table of 
values of slide foi points of cioss 
so( tion of pi ism with unequal slide 
moduli under (i) p 39 ot hollow 
pusinb 49 (a)—(h) cross section 

bounded by contocal ellipses, 1348 ot 
railway rail 49 (c) 182 (5) , longitudi 
nal stretch produced by, varies as cube 


of torsion, 51, 681, 800, fki thal re- 
sistance of, IS due to shde first stated 
by Young, 51, combined with other 
strains, 50, for eixcalar cross-aedaftm, 
1280 for elliptic cross-seetaon, ^ 
69, 1283 for rectangu^r eross^sectimi, 
67, Case (vi) ctreular seefeon, §6^ 
Cases (m) and (v), elemeaitary proof 
of formulae for, 109, of pr^ns wi& 
cro^ sections m form of 
symmetrical quartic curves, 110, ee- 
centric axis about which bar is torted, 
does not affect amount, 110, 181 {<Q, 
1434 (e) of right circ^ar eylmder, 
182 (a), strain energy due to, 157, 
deduction of general equatimi of, &om 
prmciple of work, 157, general equa- 
tions of, elementary proofs for, 181, 
maximum shde and position of the 
fail pomts, 181 (e ) , general formulae 
and examples 182, of railway rail, 
182 (6) , of pnsms with cross-sections 
bounded by curves of four^ d^ree, 
182 (d ) , when cross section ne^ly 
an isosceles triangle 182 (d), with 
variation of slide modulus across cross 
section, cases of wooden and iron 
cylinders, 186, numerical examples 
of, 187 , general equations of, 190 (d) , 
of prism with only one plane of elastic 
symmetry, case of elhptio cross section, 
190 (d), comparison of Wertheim, 
Duleau and Savart’s experiments on, 
with theory, 191 producing plasticity, 
265 of pnsms whose base is the sector 
of a circle, 285 — 290 expression for 
shift, 286 numencal table of torsional 
moment, 288 annular sectors, 288, 
1710 on slide and fail points, 289 — 
90, formula giving very approximately 
the value of moment of, for great 
variety of cross sections 291 , assump 
tions made by Samt Venant and 
reasons for them, 316—18 
Weitheim s researches angles of 
torsion not proportional to loads even 
for elastic ‘Strain, 803 (c) not to length 
of pnsms 803 (d) torsion decreases 
inteiioi cavity of hollow prism, his 
formulae foi diminution in case of 
circular cylinders without theoietical 
basis 803 (c) also in case of lect 
angulai pnsms 806 • i « r 

ot cavity in case of sheet iron «u8, 
accoiding to Weitheim his experi 
ments foi hollow and solid circular 
cylindeis give better lesults for 7j=^ 
than 77 = ^ 804, of c>lindei& on elliptic 
bases, obscure tieatment of Saint 
Tenant s theory, 805 , experiments 
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<m hollow soM reofcaii^ilar 
puflmfl, use of Cauchy’s erroneous 
f-OTiauIae, 806, they confirm Samt 
T^iaat’s ^eory, 807, of aeolotropio 
hoihes (sheet-iron and wood), obscurely 
dealt W 1 & Wertheim, 808, Wer 
ihemi’s views of rupture by torbon in 
case of hard and soft bodies ddO 
Clehsch 8 treatment of Samt 
Veriant^ Problem (combined torsion 
and flexure), symmetrical 

cross section, 1347, solution by cmi 
jugate functions, 1348 (c), special 
ease of tormon of pnsm with cross 
^secfeK)n bounded by two confooal 

i el^pees^ 1348 (d) — (e), Kirchhoffs 
treatment specif cases, for circular 
section, 1280 for elliptic section, 
,1^, Boussinesq’s analysis, 1434 
( 4 »)— (6), Thomson and Tait’s treat- 
m^t, 1710, conjugate functions and 
torsion of pnsms with cross sections 
like annu]ar sectors, 1710, P Neu 
mann’s erroneous theory of torsion of 
crystalline rods, 1230, Rankme on, 
469, untenable theories of, Segnitz, 
481, Bitter, 916 (c), ‘bundle of fibres,’ 
481 (581, 800, ftn ), ontioised by 
Clebsoh, 1349 

Torsion^ JSxpenTnents on, Duleau and 
Savart, 31, 191, Wertheim, 191, 
803 — 10, Kupffer, 736 — 41, on oast 
iron shaftmg 882 , on impulsive and 
repeated loadmg on bars and axles, 
991 — 4, 999 — 1003, on cast iron 
beams of various cross sections 1039 
(c) — (d) , apphcation of Saint Yenant’s 
non Imear stress strain i elation to 
experimental results for torsion of 
cast iron 1053 see also Tort 

Torsion, injiuence of flaws on, 1348 (/) , 
Boussmesq[ on cavities in cross section, 
1430 

Torsion, hydro dynamical analogues to, 
1419 (c), 1430, 1460, 1710 

Torsion and Magnetitation torsion due 
to non axial magnetisation of iron 
wire, 1727 effect on magnetisation of 
loaded wiies of torsion, 1734 — 5, 
Wertheim’s researches, 811 — 7 m 

fluence of toision on temporary and 
peimanent magnetisation, 814, m 
fluence of torsional elastic strain and 
set on magnetisation, 815 — 6, effect 
of impulsive and repeated loading by 
torsion on magnetic properties of 
axles 994 Wiedemann on relations 
of toision to magnetisation, 714 (12) — 
(16) seeahoToH 

Tosional Resilience, bll 


Tomonal Set sea Tort 

Tomonai Yihrutwm^ how affected 
by resistance af ai^ jfceiqf^eratmfe, 
weight of vibrator, influenced 

by traction, 736 7^ (S)? how 

affected by after stram, 738^9^ 751 
(d), m siik threads, how izflhi^eed 
by nse of temperature^ (l) p 514, ft^ , 
Wertheim on, 809, subrndenoe of 
torsional oscillations m wires, viscous 
action how influenced b\ longitudinal 
traction, different Mbrators, etc , etc , 
174S^ 

Tort (= torsional set) dev^ps aeolo 
tropy m wires and ^ters stafetoh- and 
slide-moduli, 1755, laws of toirsaoaial 
set, 714, 803 (a) — (6), m^uenee of 
temperature on, 714 (17) — (19), its 
effect on thermo electric properties of 
metals, 1646 , electro magnetic effect 
of, 702, 714, 709, 790 , comparison of 
tort and magnetic phenomena, 714, 
correlation of tort and magnetisation, 
714 (12) — (16), 815 — 6, remarks on, 
1734, 1737 

Tortuosity, of curves discussed, 1669 — 
71 

Toughness, defined, 466 (iv) 

Traction, of pnsm with three planes of 
elastic symmetry, 6, of heavy pnsm, 
74, fail limit for, 185, combmed with 
flexure and slide, 180, its effect on 
torsional vibrations, 735, 741 (5) 

Ti actions, Principal expressions for 
traction and shear m any direction m 
terms of, 1277 

Treadwell D , on the strength of cast 
iron pillars (1860) 976, on the con 
struction of cannon by shrinking on 
hoops (1857), 1075 

Tredgold, erroneous theory for strength 
of cast iron cylinders, 962 his modu 
lus of resihence, 340 (ii), 1089, 1091 

Ti esca, Samt Yenant’s report on Tresca’s 
communications to Academy, 233 
Saint Yenant’s proof of his experi 
mental result as to ooelhcients of 
plasticity, 236 , his principle that 
plastic pressure is transmitted as in 
fluids, 259 — 00 , his results do not agree 
with Saint Yenant s, 262, recognises 
importance of plastic experiments 
suggested by Saint Yenant, 207, Saint 
Yenant on the theoretical aim of his 
researches, 293 , considers that there 
IS a mid state between elasticity and 
plasticity, 244, demonstrates the 
constant value of maximum shear 
for plastic stress 247 on problems 
in plasticity, 1002 (c)—{d), on the 



action of a puncli, 1511, 1602 (d), 
on the elasticity and strength of sted 
plates, 1134, on the elasticity of 
aluminium, 1164 

TriisSi history of, 0 et A p 5 (i) see 
JBramework 

Tubes, strength of simple tubes and 
tubes strengthened by belts, 654 — 5 , 
collapse of tubes, used as boiler flues, 
experiments and empirical formulae, 
982 — 4, bursting of, by internal 
pressure, 983, empirical formulae for 
collapse of, 986 — 7, bui sting of gutta 
percha, 1160 of earthenware, 1171 — 
2 see also Flues, Pipes 
Tuhula/r Bridges and Gtrders, 1007, 
1015 

Twist, geometrical discussed, hodograph 
for, 1669 — 71 , components of strain, 
1679 , expression of mtegral tangential 
shift in terms of, 1681 
Twisting, defined, 466 (a) 

Uchatius, steel prepared by his process, 
1114 

Undulatory Theot y see Light and Ether 
Uni constancy see Constants, St'i etch 
Squeeze Batio, Ran constancy, etc 
Uniqueness, of solution of equations of 
elasticity, 1198, 1199, 1240, 1255, 
1278 

Unwin, W C , assists Fairbairn m ex 
penments on collapse of tubes (1858), 
984 his Jesting of Matenals of Con 
stniction (1888), 1046 

Variations, Calc ulus of, use of in elastic 
problems, 229, 667 — 9 
Vector Polygon defined, (i) p 354, ftn , 
used in theory of arches 518 
Velocity, of pressural and slide waves 
proved in elemental y manner 219, of 
elastic waves of various types in di 
verse materials 1817 
Vent on statically indeterminate leac 
tions (i) p 411, ftn 

Verdet bibliography and criticism of 
Wertheim s reseaiehes, 820 
Vibnitions mode of eoimtmg 822 Lis 
sajous mode of reiideiing visible and 
of eonipounding 82() thermal effect 
of damping 827 influence of in 
changing constitution of metal, 1185 
1189 (see also ]\}oti<iht) coexis 

tcnce of longitudinal and transveiso 
vibrations 825 of toisional and trans 
verso, 825 , influence of on magnetisa 
tion 811, gencial laws of 578 
Vibiatiom of b Las tic Media, isotropic, 
iiaukino s foim of solution, 434, To 


pofPs solution, 510 Bot&^mesq’s (So- 
lution by aid of potentials, 14^, by 
aid of ‘spherical’ potenfe^ 1^, 
form eff, whmi started hyvanotas types 
of elementary vibrators, 1767—9, 
about a fixed and rigid ^heo^ sirr 
face, 1392—1410, aeeloteopic, 1764, 
when there are three pbrnes-cf 
symmetry, 594, of a medium obtained 
by deformation of an isotn^pio m&- 
dium, 1557 

Vibrations, Stability of, in case of 
sohds, 1328 — 30 

Vibrations of Special Bodies of 
soidal shell, 544 — 8 , of sphere, radj^ 
551 (i), 1327, at plates, 613, 1241 — 4, 
1296 bis, 1300 (5), 1383— 4,when«fiO«o. 
tropic, 1415, when vr^mte, 1462, of 
rneinbranes,bbl{jh) 1223 1300(c) 1385, 
when stiff, 1439, of rods, dedu^ from 
systems of particles, 550—1, feans- 
verse, 614—6, 821—2, 825, 1228, 1291, 
1372—3, 1431, when loaded, 751 (c), 
759 (a) 769, 774—84, 1431, when 
cross section vanes, 1302 — 7, longi 
tudinal, 823—4, 825, 1224, 1291,1373, 
1431, torsional (for pnsm, rod or wire), 
191, 751 (d), 1373—4, 809, 1291, 1431, 
subsidence of 734, 739, 1744—8, of 
curved lods, Bresse’s equation, 534, 
of stnngs, 617, 1291, 1374, deduced 
from those of systems of particles, 
550—1 

Vicat his experiments on rupture cited 
by Saint Venant, 32, by Morm, 880 
(6) on cohesive power of cements, 
1168 

Vignolcs, on adaptation of suspension 
bridges to railway traffic (1857), 1025 
Villarceaux, Y , on hydrostatic arch, 
468 

Villan, on relation of stiess to magneti 
sation (1865), 1729, 1731 
Villan Critical Field, for soft iron, 1730 
— 1, 1733, for cobalt, 1736, for nickel, 
1736 

Viiqile his memoir, ciiticised by Samt 
Venant, 122 

\utual VeloLities, applied to theory of 
elasticity 427—9, 667, 1195 
Vibcosity of 1 luidb, equations for, 1744, 
ftn 1809 

Viseositif of Solidb 734 748 7o0 in 
Sii W Thomson s sense, 1666 , con 
fusion of altei strain with frictional 
resistance 750, 1718 (b) 1743 how 
related to plasticity, 1743 according 
to Sir W Thomson no simple law 
between viscous resistance and strain 
velocity, 1744, expel iments on subsi 
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pertmeats on, 0 et A p 7 , oolmnns 
of, 880 

Wor^ thmctiony Clap^ron*s Theorem for 
^wmrk done elaetio forces, 608 , de 
^ dnohon of xe^miee of torsional, 
iSextiral and tensional springs, 600 — 
li, expressed symbolically, 184, m 
temis of stresses, 168 see also Stratn- 
Energy 

Working^ effect on elasticity, 732, 1129 , 
effect of roUmg and hammering on 
stretch modulns of brass and iron, 
741 (a ) , effect of, on after stram, 750 
^ect of, on modulus of gold, 
Ti^f nature of, probably accounts for 
nregnlanty m set, 803 (b), effect of 
hardening m ^atcr and oil suddenly 
coohng, cold rolling gahamsjng etc , 
on sce^ and iron, 114o, its iniluenoe 
(m denmty iron and ^eel, 1149 its 
^ect on thermo eleetnc properties of 
metals, 1646 

WrmcMng, defined, 466 (a) 

Wnng, d^ned, 466 (a), ftn 
W E E 1 on beams of strongest cross 
section (1868), 961 

Wundty TT , on elasticity and after stram 
m moist orgamc tissues (1857), 829 — 
30 , controversy with Voliunann, 881 


- low Metaly strength of, 1166 
Yield-Point 169 (6), relation to Fail 
Point, 169 (g)y is identical with Ca 
valh’s * limit of stability,’ 1084 
Youngy first stated longitudmal stretch 
of pnsm under torsion vanes as cube 
of torsion, 51, first stated that tor 


sional resistance is due to shde, 51 , 
his theorems on impact of elastic bar, 
340, 363 , his theorem in resilience, 
proved for flat springs, 493 (c), for 
spiral spnngs, 675, his theorem for 
maximum velocity of longitudmal im 
pact, 1068, generalised for transverse 
impact on rod, 1537, for transverse 
impact on plate, 1538, for longitudmal 
impact of truncated spmdies and 
sohds of resolution, 1542 
Yaung^s Modulus see Modulus, Stretch 

ZdboTOwshiy J y on cohesion (1856), 867 
Zehfim, G , deflection and stress for uni 
formly loaded, bmlt m circular plate 
(1860), 657—9 

Zetzsche, F, proper form for heavy 
column treated as ‘sohd of equal 
resistance’ (1859), 656 
Zinc, thermo elastic properties of, 752, 
756 , after stram and temperature, 
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(i) p 531 , ratio of kmetio and static 
sketch moduh, 1751 , fracture, tensile 
strength, etc, of, (i) p 707, ftn , 
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COREIGENDA 
Art 922 

I have used an expression in this article with regard to 
Weyrauch’s contribution to the problem of rari-constancy which is 
undoubtedly liable to misinterpretation It might be supposed 
from what I have written that Weyrauch had obtained ran- 
constant equations on the assumption that the intermolecular action 
although central was any function whatever, eg a function of 
'aspect’ or involving 'modified action terms’ What he really 
dots {Theo't've elashscher Korpei, 1884, p 132) is to take a central 
action jR between two elements of masses m and m\ at distance 
r of the form 

R = mm {F (r) — i} (i), 

where, in his own words 

ganz allgemtin erne Function derjenigen Grossen 
bcdeutet, welche iicbcn der Entfernung 7 auf R Emfluss nehmen ” 

This of course is something different from taking R of the 
form 

R — mmF{r, ^) (n) 

Further, if 7 ^ represents the value of % before strain or at time 
U, and % th( value at time t, Weyrauch assumes (p 134) that 
7 - for the matciial m the neighbourhood of the element m may 
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be treated as constant and brought outside the sign of summation 
ixc elementary actions This would be impossible, if were 
due to ‘modified action,’ because the modifying elements (or 
molecules) would be themselves in the immediate neighbourhood 
of m, and the modifying action would probably be a function of 
their distances which are themselves commensurable with the 
Imear dimensions of the “ neighbourhood of the element m ” 

By taking i2 of the form (i) and not (ii) Weyrauch much limits 
the generality of his results, and by choosing ^ — ^o a constant for 
the neighbourhood of an element, he practically reduces his (i — ^o) 
to httle more than the temperature-effect But even this may 
serve to mdicate that wider laws of mtermolecular action than 
that in which it is central and a function of the distance only may 
be found to lead to ran-constant equations. 


Art 959 


The formulae for the buckling load on struts were taken from 
notes of mine in which 21 and not I was the length of the strut 
This, however, does not apply to the point of maximum traction 
or other results of this same Article We have with this correction 
the following results for a strut of length I 

Buckling force for doubly built-in strut 

4}7r®/c® 

1 +-^ 

Buckling force for built-in pivoted strut 


= jE'o) 


2 2 

^ 2 047 

1 + 5 ^ 20 « 


Buckling force for doubly pn oted strut 
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I mucli regret that this error should have escaped my attentiOD, 
and trust all possessors of the first volume will make the above 
changes in the text 


Arts 795 — 6 * 

I have reproduced an error of Neumann’s which I ought to 
have seen and corrected The wrong signs are given to all the 
quantities M, AT, P in Art 796 If these are corrected a 
negative sign must be inserted in the second table of Art 795 
before all the 1/P’s The value of 1/E in Art 799 is then 
accurate 


Arts 1392—-3 

The word ^ copper’ should be replaced throughout by 'brass’ 
Art 1467 

The form of the beam section, which is X , has droppec 
the type 


Index, p 899, Column (ii) and Aits 813 — 16 

The title Bresse has been inserted between Bevan and Binet, 
when it ought to follow Braun on p 900, Column (i) There should 
also be a reference under Bresse to Arts 813 — 16 I find that the 
lithographed course of lectures there referred to is due to this 
scientist, to whom we thus piobably owe the first theory of the 
‘ core ’ 
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Arts. 352, 353, 364—5, 745—6 

A paper by A. Mtittnch on Ohladni’s figures for square- 
plates appeared m 1837 in the Oeschichte des altstadtischen 
Qymriimu'im Lreizehntes Stuck, Konigsberg It is entitled 
Bevtrag zur Lehre von den Schwingungen der Flachen, and contains 
8 pages and a plate of figures Pp 1 — 5 suggest practical 
methods of supporting the plates, of setting them vibrating, 
and of keeping their surfaces dry and clean Pp 6 — 8 give 
Mnttnch’s conclusions and the grounds on which he bases them 
v.f them are opposed to Strehlke’s views of 1825 as given 
Au our Vol I , Art 354, namely Muttrich holds 

(i) Straight lines are possible forms for the nodal lines of 
plates with free edges 

(u ) Nodal lines can intersect one another 

The experimental proof of these results lies m the demonstra- 
tion of a gradual transition from one system of nodal lines to 
another, when intermediate stages are necessarily intersecting 
straight lines 

Muttnch’s third conclusion is that the nodal lines themselves 
are in a state of vibration and that only their nodal points are 
true nodes for the plate It seems to me possible that this 
oscillation of the nodal lines results from longitudinal vibrations 
in the plate which again are due to its sensible thickness, or to 
the mode of support and excitation 

Art 937 

A copy of Aidant's work which was printed as a separate 
publication by “order of the minister of war" has reached me since 
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the pnntmg of Vol i The title is Etudes th&mques ^ e^pA^ 
mmtales sur V dtablissement des oharpmtes d grande por^ee, 

1840 It contains Avertmement pp i — v , the report rdmeA to 
m our Vol I, Art 937, pp vi— xvii, the text of the moxk 
pp 1—94 , Appendice pp 95—122, and concludes with five pages 
(123 — 127) of contents and twenty-nine plates of figures. It is 
obvious that the work is one of cousiderable size, md as 
possesses some importance, I give here a rdsumd of its coute^ 

[i] Chapter I (pp 1 — 11) briefly describe the ongin 
history of wooden trusses designed to cross considerable 
more especially roof-trusses These range from the 4th c^tury 
roof of the Basilica of Samt-Paurs, through the frame la 
Palladio,’ the arched truss of Philibert de TOrme, and the Gothic 
roof to the English truss with iron tie-bars, and to the arched forms 
common in France in 1840 Ardant gives at the end of the 
chapter a summary of the conclusions he has formed upon the 
comparative merits of arched timber trusses and trusses built up 
of straight pieces of timber He believes the former to be very 
inferior to the latter in both economy and strength , while the 
latter can be easily made to present as pleasing an artistic effect 
He holds the adoption of the former to have arisen partly from 
the mistaken notion that a semi-circular arch produced little or 
no thiust on the abutments, partly from an unreasoning extension 
of the theory of stone arches to wood and iron 

Dans la premiere de ees constructions, on utihse la pesanteur, la 
iigidit6 tt Tinflexibilite lelatives des pierres, dans les secondes, c^est 
Iclisticite et la eoliesion des parties qui sont les qualites essentielles 

(p 10) 

Chaptei II gives an account of the fifteen arches and frames 
(with spins so luge as 1212 metres and use so large as 5 41 
metres), upon whieh experiments weie made, as well as the 
apparatus with which they were made 

[ii ] Chapters III , IV and V cite the theoretical results of 
the Appendix for the thrust in terms of the load in the cases of 
circular arches and of a simple roof-truss of straight timbers The 
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for the latter is not inatenalhy greater than 4haiyifo3f* the 
Jbrnahr Hence no gam is obtained by combining the two, which 
appear to haye been frequ^tly done m practice > » i * 

f 

On tirera de cette comparaisoii une conclusion asseaf oppos^e & 
Foptoion de la plupart des constructeurs, savoir , ^ 

dans les cas ordinaires de la pratique, un cintre demi-cireulaire 
exerce autant de pouss4e que la ferme droite sans tirant, k laquelle on 
le r4nmb pour composer line charpente en arc , et que, par consequent, 
on pourrait, en augmentant P^quarnssage de cette ferme, suppnmer le 
cantre sans qu'il en r4sulMt sur les appuis, une action honzontale plus 
€!OTisid4rable (p 25) 

These chapters then compare the experimental measure of the 
thrust with that given by theory The comparison gives an 
accordance fairly within the limits of experimental error Un- 
fortunately Ardant did not make a sufficiently wide range of 
observations for the results to he quite conclusive He cites an 
experiment of Emy which led the latter to believe that circular 
arches had no thnist He then considers experiments made by 
Reibell at Lonent These appear to be the only other important 
experiments which had been made on large circular wooden arches 
An account of them was published in the Annales mantimes et 
colomales 22® ann^e, 2® sene, T xi, p 1009 Reibell did not get 
nd of the friction at the terminals of the arch, but allowing for 
this Ardant finds the corrected values of the thrusts agree well 
with his formulae (pp 32 — 33) From this double set of experi- 
ments he draws the following conclusions 

(а) The thrust of a semi-circulai arch due to an isolated 
central load never exceeds | of the load 

(б) Whatever be the manner m which a continuous load is 
distnbuted along the arch, the thrust for a semi-circular arch never 
exceeds i to ^ of the total load 

(e) That flatter arches produce thrusts which are to those 
which arise in the case of a semi-circular arch in the ratio of the 
half span to the rise 

(y) That the thrust is independent of the particular mode of 
construction of the arch, when its figure, dimensions and the load- 
distribution are the same 







Oh^er V shews thati tiie thrust-formula ohtaaned in ^ ' 
lppeB<iix for the truss with straight timbers, and without a tie, is 
onfirmed by experiment > i ^ ^ I 


[ill] Chapter VI begins with some general <itsousslon ^on 
lasticity, the elastic constants and the coefidcaonts of rupture, 
^rdant then cites a formula of the following kind for the deleo- 
fy ^ circular arch at the summit, the terminals being both 
uvoted 




PTX 
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inhere 2X is the span, F the rise, E the btretch-modiihu, coK^'th^ 
aoment of inertia of the cross-section, P the total Ic^d and K a 
onstant depending on the distribution of the load etc Here the 
rch is supposed to be of continuous homogeneous material and of 
iniform cross-section Ardant now apphes this formula to the 
leflections he has found by expenment for his arches built up of 
urved pieces or planks pinned or bound together The results 
;iven in Chapter VII he holds to satisfy this formula, provided ^ 
>e given values depending on the nature of the structure, from | uu 
\ of its value for a continuous arch or beam of the same material 
"^he experiments even on the same arch seem to me to give such 
iivcrgent values for P, that I think this method of exhibiting the 
icflection can only be looked upon as an expression of expen- 
aental results for practical purposes With ceitam assumptions 
lidant also obtains an expression for the deflection of a roof truss 
athout tic, built up of straight beams (pp 48 — 49) I do not 
onsider tins expression to be theoretically or experimentally 
ustifiod Ardant proceeds at the end of Chapter VII (pp 
, 1 — n<S) to ddcimme the resistance to rupture of his arches 
Tore he applies to rupture a formula deduced from the theory of 
ontiniioiis arches on the hypothesis that linear elasticity holds up 

0 rii]iture At best the theory could only apply to the fail point 

1 e failure of linear elasticity) of continuous arches A like treat- 
unt of iiiptiiie leads to absurd results in the case of the flexure 
f b( anis, so it e in haidly be expected to give better results m the 
ase of arches seeourVol I Art 1491 and Vol ii -Art 178 Thus, 
s we might naturally expect his “coefficient of rupture varies 

36 
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from arch to arch, and its ratio in each case to the coefiicaait of 
xnptare ^ foe a, continuous arch is equally variable The results 
ho^^ever, of his experiments resumed on (pp 67 — 8) are Suggestive 
for the prac^ncal design of such arches and roof-trusses as he has 
experimented on 

[iv] In Chapter VIII, it is sufficient to notice here Ardant’s 
(Minclusion that the truss built up of straight beams is for the same 
amount of material stronger than the built-up wooden arch 

II semble d’apr^s oela que si les ehai^ientes en arc conservent quelque 
ayantage sur les fermes droites, c’est umquement celui d^avoir une 
forme plus graciense, et que sous les rapports importants de la solidity 
et de riconomie, les premieres sont tr^s inf^neures aux autres (p 75) 

Chapter IX gives methods of calculating suitable cross- 
sections for the various parts of arches of the types on which 
Ardant has experimented It also gives some attention (pp 77 — 
80) to the thickness and height of the masonry which will stand 
the thrust of a given roof-truss It concludes with two numerical 
examples of the application of the formulae of the appendix to the 
calculation of the dimensions of metal arches 

[v ] We now reach the Appendice, which is entitled Thiorie 
de la fleanon des corps pnsmaUques dont Vaxe moyen est une droite 
ou une courbe plane (pp 95—122) This contains the first theory 
of circular arches which attains to anything like completeness (see 
our Vol I Arts 100, 278, 914), and it anticipates Bresse's later 
work on this subject see our Vol I Aits 1457—8, and Vol ir 
Chaptei XI for an account of the book referred to in these Articles 
We note a few points with regard to this Appendix 

(a) Pp 95—100 give the ordinary Beriioulli-Eulerian theory 
of flexure On p 98 Ardant speaks of the product of the stretch- 
modulus and moment of inertia of the cross-section (namely Ecoic^ 
in our notation) as improperly termed the moment d'dasticite It is 
the moment de roideur of Euler {EV in his notation see oui Vol i 
Art 65) or the ‘ moment of stiffness ' This ‘ moment of stiffness/ 
Eco/c^, occurs so frequently that we have ventuied to term it the 
' rigidity ' of a beam It follows from this definition tint tlif pioduct 





of the rigidity and curvature is equal to the bendingr-moiaent. 
Thus for the same value of the bendmg-moment the curvatures of 
a senes of beams vary inversely as their rigidities ^ 

(b) Pp 100 — 103 deal with rupture on the old Ime% ue. as if 
linear elasticity lasted up to rupture The results ohtan^ 
thus only of value when we treat the "coefficient of rupture’ M 
which occurs in them as the " fail-limit ’ Aocordmgly the Tahte 
on p 103 for rupture-stresses are meaningless when apphed to the 
previous flexure formulae On pp 99 and 101 we have the 
rigidity and fail-moment (here called moment de rwptwre) ejacu- 
lated for " skew-loading ’ or for the case when the load-plane does 
not pass through a principal axis of inertia of each cross-sectuH^ . 
see our Vol l Arts 811, 1581, 7ol n Arts. 14, 171 To judge 
by Ardant’s reference to Persy’s lithographed CourSy the latter 
possibly did more for the theory of skew-loading than I judged 
from an examination of only one edition of that Cours see Vol L 
Art 811 The value given by Ardant on p 101 for the fail-moment 
of a beam of rectangular cross-section under skew-loading is incor 
rect, it applies only to the case of square cross section The true 
value IS given in our Vol il Art 14 

(c) Pp 104 — 115 are occupied with a consideration of the 
elastic line under various systems of loading in the case of straight 
beams, besides a discussion of combined strain The lesults 
obtairud are afterwards applied to various types of simple loof or 
budge trusses, in which the members are supposed mortised and 
not merely pinned at the joints Ardant’s treatment of these 
trusses seems to me fiom the theoretical standpoint extiemely 
doubtful, and I should hesitate before applymg his results even 
to the practical calculation of dimensions The remark in § 34, 
p 107, on the sign to be given to a certain quantity is, I think, erro- 
neous The f iil-point of a beam is not necessarily where the st) ess 
IS gieitest, xs Ardant like Weisbach (see Vol i Art 1378) holds 
It will be at the point of maximum stietch, and this will be at the 
side of tlie cross-section m tension oi compiession according as 
the load-point is outside or inside the whorl of the cioss-section 
sec Vol I p 879 
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{d) Pp 115 — 121 contain tlie theory of flexnte of circular 
ribs or arches Ardant’s work here was up to his the most 
complete treatment of the subject, and his Table ota p. 4*5 for 
thrust and deflection based upon this theory may even now be of 
practical service He obtains the thrust and deflection for circular 
ribs with an isolated load, or with uniform loading distributed 
along either the span or nb, when the terminals of the nb are 
p%mied. He finds also for a complete semi-circle, that the points 
bf maximum horizontal shift are about 63^ from the vertical He 
throws all his results into very simple approximate forms, which 
he holds accurate enough for practice I refrain from quotmg these 
theoretical results, because they have been worked out with greater 
generality and accuracy by Bresse in a work with which I shall deal 
fully in Chapter XI At the same time Ardant's researches must 
be remembered as an important historical link between those of 
Navier and Bresse That the latter had studied them may be 
seen from our Vol I Art 1459 

What I have noted in Aidant's memoir will probably be 
sufficient to mark its importance Experiments on such large 
wooden arches and frames have I believe not been repeated and 
it seems improbable that they ever vn.!! be The results obtained 
will therefore remain of value, so far as roof-structures of the 
types with which Ardant dealt are concerned In addition to the 
experimental data of the memoir I may mark Ardarit's conclusion, 
that the same theoretical formulae hold for an arch of continuous 
material and one built-up of bent pieces of wood or planks bolted 
or bound together, provided we reduce the btretch-inodulus iii a 
ceitain proportion Finally I have already noted the historical 
value of the memoir as a step in the theory of circular arches 
or ribs 

Alt 974 

Poncelet Cows de mdcamque indiistrielle, fait aim 
et ouvneis messitis, pendant les hiveib de 1827 a 1828, et de 
1828 a 1829 Fiemiere paitie Pi^hminaires et applications 
Metz, 1829 I have piocured a copy of this work since the 
publication of Vol i It contains xvi pages of prefatory mattei, 
240 pages of text, and 8 pages of contents at the end The first 





pjeliDcwfcary 14i5 sections agree with those in the<ttsHfetefo^J^ 

Kretz (1870) In the Apphcahom the Metz edifaen 

■with Kretz’s up to section 197 , after this it deafc -v^ 40 

resistance and motion of fluids, thus containing nothmg 

the resistance of solids to which the Deimdme 

edition IS devoted The few paragraphs on the EhshottijM 

Y-iW 1? 20 5*11 it rvT>»T» e.tiTv.'/C/^a- 

our Vol I Art 976 The chief mterest of the work is the phtao- 
it takes in the origin of modern technical instruction > jj, 


Alt 1249 


A further memoir by Brix which had escaped my attentum 
may be referred to here Ueher die J ragfijlngkeit aus Eisen- 
bahnschienen zmamrmngesetzter honzontaler Trager Ths is 
offprint from the Verhanilungen des Vereins zur Befordermg de^ 
&ewerbjleisses in Preussen, Berlin, 1848, 16 pages and a plate 
Owing to some pecuhar local conditions at a Berhn mill it was 
necessary to build bridges, of which the girder-depth had to be 
very small, over the mill-races For this purpose pairs of railway 
rails with flat bases {‘sogenannte Vignolsche’) were placed base to 
base and used as girders The bases were riveted together at short 
intervals Experiments were made on the flexure and ultimate 
strength ot two such girders , in the one the bases were riveted 
close togctliei, lu the other there were placed at the rivets small 
intcivcumg blocks ot cast-iron The fiist part of the paper 

(pp I 0) IS occupied with an account of the experiments made 

upon these two gliders, tor the details of which— too individual to 
be ot mueh geiiei il use— I must leter to the paper itself The 
rupture, by sliearmg ot the rivets, only seems to shew that the 
area ot the iivetmg was very insufficient, as the load required to 
pruduee t uluie in a bar under flexure by longitudinal shearing is 
immensely greater than that inquired to pioduce failure by stretch 
in the ‘tibies,’ the Older of the ratio of these loads being practically 
th it ot the length to the diameter of the bar 

The second pait of the paper— that specially due to Biix— 
deals with the theory ot the flexure of a beam (a) with both 
terminals supported, (6) with one terminal supported and one 
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femlt-m, (c) mth botk terminals bralt-in — the 
partially uniform and continuous and partially isolated and central 
S&e tarea^^ment of these problems by the Bernoulh-Eule^an^ theory 
presents no difficultiC'^, but it has long been known 
atmoMe ^emgik of beams under flexure calculated by this theory* 
W very lar from according with expenment (see our Vol II 
^ 3 ^ 178) Hence there does not seem much value in the 
niEmencal results given on pp 12 — 16 and based on the preceding 
ex^nments Two points in Bnx’s work may be noticed He 
mmmm the maximum cuivature (which gives the maximum 
sketch and so the fail-point) to be either at the built-in end or 
the centre of the beam m case (6), but this is by no means obvious, 
it require^ an investigation similar to that given by Grashof in Arts 
58 — 9 of bis Theone der Mastiaitat, 1878 Secondly, he shews, 
I believe for the first time, that the fail-point for a umformly 
loaded beam, either doubly-built-in or built-in and supported, is at 
the built-m end , in the former case the bending-moment at the 
centre is only half its value at the built-in ends 


Arts 1180 and 1402, ftn 

A copy of Seebeck's paper in the Prog'iamm of the Diesden 
Technical School (1846) has reached me It contains a good deal 
of valuable matter, and I have taken the oppoitunity of referring 
to it with other papers of Seebeck's in the course of Vol ii 
Art 474 
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